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Preface

The books by Athreya and Ney (1972), Harris (1963) and Jagers (1975) contain a
lot about finite-dimensional branching processes and their applications. Measure-
valued branching processes with abstract underlying spaces were constructed in
Watanabe (1968), who showed those processes arose as high-density limits of
branching particle systems. The connection of measure-valued branching processes
with stochastic evolution equations was investigated in Dawson (1975). A special
class of measure-valued branching processes are known as Dawson–Watanabe su-
perprocesses, which have been undergoing rapid development thanks to the contri-
butions of a great number of researchers. The developments have been stimulated
from different subjects including classical branching processes, interacting particle
systems, stochastic partial differential equations and nonlinear partial differential
equations. The study of superprocesses leads to better understanding of results in
those subjects as well. We refer the reader to Dawson (1992, 1993), Dynkin (1994,
2002), Etheridge (2000), Le Gall (1999) and Perkins (1995, 2002) for detailed treat-
ments of different aspects of the developments in the past decades. Branching pro-
cesses give the mathematical modeling for populations evolving randomly in iso-
lated environments. A useful and realistic modification of the branching model is
the addition of immigration from outside sources. From the viewpoint of applica-
tions, branching models allowing immigration are clearly of great importance and
physical appeal; see, e.g., Athreya and Ney (1972). This modification is also famil-
iar in the setting of measure-valued processes; see, e.g., Dawson (1993), Dawson
and Ivanoff (1978) and Dynkin (1991a).

The main purpose of this book is to give a compact and rigorous treatment of
the basic theory of measure-valued branching processes and immigration processes.
In the first part of the book, we give an analytic construction of Dawson–Watanabe
superprocesses with general branching mechanisms. The spatial motions of those
processes can be general Borel right processes in Lusin topological spaces. We
show that the superprocesses arise as high-density limits of branching particle sys-
tems, giving the intuitive interpretations of the former. Under natural assumptions,
it is shown that the superprocesses have Borel right realizations. From the gen-
eral model, we use transformations to derive the existence and regularity of several

v



vi Preface

different forms of the superprocesses including those in spaces of tempered mea-
sures, multitype models, age-structured models and time-inhomogeneous models.
This unified treatment of the different models simplifies their constructions and
gives useful perspectives for their properties. When the underlying space shrinks
to a single point, the superprocess reduces to a one-dimensional continuous-state
branching process. We discuss briefly extinction probabilities and limit theorems
related to the latter. The theory of the one-dimensional processes requires much less
prerequisite knowledge and is helpful for the reader in developing their intuitions
for superprocesses. Under Feller type assumptions, several martingale problems for
superprocesses are formulated and their equivalence are established. The martingale
measures induced by those martingale problems are not necessarily orthogonal, but
they are still worthy. To make the book essentially self-contained, overlaps of the
first part with Dawson (1993) and Dynkin (1994) cannot be avoided completely, but
we have made them as little as possible.

In the second part of the book we investigate the immigration structures asso-
ciated with measure-valued branching processes. For that purpose, we first give
some characterizations of entrance laws for those processes. We define immigra-
tion processes in an axiomatic way using skew convolution semigroups as in Li
(1995/6). It is then proved that the skew convolution semigroups associated with a
given measure-valued branching process are in one-to-one correspondence with its
infinitely divisible probability entrance laws. The immigration superprocess has reg-
ularities similar to those of the Dawson–Watanabe superprocess if the corresponding
probability entrance law is closable. Instead of establishing the results by repeating
the techniques in the first part, we concentrate on the genuinely new or different
aspects of the immigration processes and develop the theory on the bases of the pro-
cesses without immigration. In this way, we hope to give the book a more compact
and unified form.

The concept of skew convolution semigroups can actually be introduced in an
abstract setting. Roughly speaking, such a semigroup gives the law of evolution of a
system with branching structure under the perturbation of random extra forces. The
immigration process is only a special case of this formulation. There is another spe-
cial case investigated by Bogachev and Röckner (1995) and Bogachev et al. (1996),
who formulated Ornstein–Uhlenbeck type processes on Hilbert spaces using gener-
alized Mehler semigroups. Skew convolution semigroups were also used in Dawson
and Li (2006) to study the affine Markov processes introduced in mathematical fi-
nance. In the last part of the book, we discuss briefly characterizations of generalized
Mehler semigroups and properties of the corresponding Ornstein–Uhlenbeck type
processes. We also show that a typical class of those processes arise as fluctuation
limits of immigration superprocesses.

The main theory of Dawson–Watanabe superprocesses and immigration super-
processes is developed for general branching mechanisms that are not necessarily
decomposable into local and non-local parts. Most of the results were obtained be-
fore only for specific classes of branching mechanisms. The emphasis here is the
basic structures and regularities, rather than intensive properties of specific models.
The setting of Borel right processes we have chosen is very convenient for the de-



Preface vii

velopment of the theory. The title of the book stresses the applications of techniques
from the theory of general Markov processes. Our main references for those are
Ethier and Kurtz (1986) and Sharpe (1988). In the appendix we give a summary of
the basic concepts and results that are frequently used. We hope the summary will
help the reader in a quick start of the main parts of the book. In the last section of
each chapter, comments on the history and recent development are given. This book
can be used as a reference of the basics of Dawson–Watanabe superprocesses and
immigration superprocesses. It can also be used in a course for graduate students
specialized in probability and stochastic processes.

I would like to express my sincere thanks to Professor Zikun Wang for his advice
and encouragement given to me for many years. I am deeply grateful to Profes-
sor Mufa Chen for his enormous help in my work. My special thanks are given to
Professors Donald A. Dawson, Eugene B. Dynkin and Tokuzo Shiga, from whom
I learned the theory of measure-valued processes. I have also benefited from stim-
ulating discussions on this subject with many other experts including Professors
Patrick J. Fitzsimmons, Klaus Fleischmann, Luis G. Gorostiza, Zhiming Ma, Hao
Wang, Shinzo Watanabe, Jie Xiong and Xiaowen Zhou. I thank Professors Marco
Fuhrman, Michael Röckner, Byron Schmuland, Wei Sun and Fengyu Wang for their
advice on generalized Mehler semigroups. I am very grateful to Professors Peter
Jagers, Thomas G. Kurtz, Jean-François Le Gall and Renming Song for valuable
comments on earlier versions of this book. I want to thank Professors Wenming
Hong, Yanxia Ren, Yongjin Wang, Kainan Xiang and Mei Zhang for helpful dis-
cussions. The materials in this book have been used for graduate courses in Beijing
Normal University. I am indebted to my colleagues and students here, who provide
a very pleasant research environment. In particular, I thank Congzao Dong, Hui He,
Chunhua Ma, Rugang Ma, Li Wang and Xu Yang for reading the manuscript care-
fully and pointing out numerous typos and errors. I would like to express sincere
gratitude to Dr. Marina Reizakis, the PIA series editor at Springer, for her advice
and help. I want to thank the Natural Science Foundation and the Ministry of Edu-
cation of China, who have supported my research in the past years. Finally I thank
my wife and my son for their continuing moral support.

Beijing, China Zenghu Li
May 18, 2010
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Chapter 1
Random Measures on Metric Spaces

In this chapter, we discuss the basic properties of Laplace functionals of random
measures, which provide an important tool in the study of measure-valued pro-
cesses. In particular, we give some characterizations of the convergence of random
measures in terms of their Laplace functionals. Based on these results, a general
representation for the distributions of infinitely divisible random measures is estab-
lished. We also give some characterizations of continuous functions on the posi-
tive half line with Lévy–Khintchine type representations. The reader is referred to
Kallenberg (1975) for more complete discussions of random measures and Laplace
functionals.

1.1 Borel Measures

Given a class G of functions on or subsets of some space E, let σ(G ) denote the
σ-algebra on E generated by G . If F is a class of functions, we define the classes
bF = {f ∈ F : f is bounded} and pF = {f ∈ F : f is positive}. Let R denote
the real line and let R+ = [0,∞) denote the positive half line.

For a topological space E, let B(E) denote the σ-algebra on E generated by
the class of open sets, which is referred to as the Borel σ-algebra. A real function
defined on E is called a Borel function if it is measurable with respect to B(E).
We also use B(E) to denote the set of Borel functions on E. Let B(E) = bB(E)
denote the Banach space of bounded Borel functions on E endowed with the supre-
mum/uniform norm ‖·‖. For any a ≥ 0, let Ba(E) be the set of functions f ∈ B(E)
satisfying ‖f‖ ≤ a. Let C(E) denote the space of bounded continuous real func-
tions on E. We use the superscript “+” to denote the subsets of positive elements
of the function spaces, and the superscript “++” is used to denote those of positive
elements bounded away from zero, e.g., B(E)+, C(E)++. If a metric d is specified
on E, we denote by Cu(E) := Cu(E, d) the subset of C(E) of d-uniformly contin-
uous real functions. If E is a locally compact space, then C0(E) denotes the space
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2 1 Random Measures on Metric Spaces

of functions in C(E) vanishing at infinity. Therefore C0(E) = C(E) when E is
compact.

A Borel measure, or simply a measure, on some topological space E means
a measure on the space (E,B(E)). We write μ(f) or 〈μ, f〉 for the integral of
a function f with respect to a measure μ if the integral exists. The unit measure
concentrated at a point x ∈ E is denoted by δx. A measure μ on E is said to
be purely atomic if it has the decomposition μ =

∑
i aiδxi for countable families

{ai} ⊂ [0,∞) and {xi} ⊂ E. We say μ is a diffuse measure if it does not charge
any singleton.

Theorem 1.1 Suppose that (E, d) is a metric space and A is a non-empty subset of
E. For x ∈ E let d(x,A) = inf{d(x, y) : y ∈ A}. Then we have

|d(x,A) − d(y,A)| ≤ d(x, y), x, y ∈ E. (1.1)

In particular, x 
→ d(x,A) is a uniformly continuous function on E.

Proof. For any x, y ∈ E and z ∈ A we have

d(x,A) − d(y, z) ≤ d(x, z) − d(y, z) ≤ d(x, y).

Then we take the supremum over z ∈ A in both sides to get

d(x,A) − d(y,A) ≤ d(x, y).

By the symmetry of d(·, ·) we have

d(y,A) − d(x,A) ≤ d(x, y).

Combining the two preceding inequalities gives (1.1). �


Corollary 1.2 For any metric space (E, d), we have σ(Cu(E)+) = B(E).

Proof. Since a continuous function is measurable, we have σ(Cu(E)+) ⊂ B(E).
Given a proper open subset G ⊂ E, let fn(x) = (1 ∧ d(x,Gc))1/n for x ∈ E
and n ≥ 1. By Theorem 1.1 we have {fn} ⊂ Cu(E)+. It is easy to see fn → 1G

as n → ∞, implying G ∈ σ(Cu(E)+). But we have E ∈ σ(Cu(E)+) clearly, so
σ(Cu(E)+) contains all open subsets of E. That implies B(E) ⊂ σ(Cu(E)+). �


For a topological space E, let M(E) denote the space of finite Borel measures
on E and let P (E) be the subset of M(E) consisting of probability measures.
We say a sequence {μn} ⊂ M(E) converges weakly to μ ∈ M(E) and write
limn→∞ μn = μ or μn → μ if limn→∞ μn(f) = μ(f) for every f ∈ C(E). The
weak convergence is a topological concept. For functions f1, . . . , fk ∈ C(E) and
open sets G1, . . . , Gk ⊂ R let

U(f1, . . . , fk; G1, . . . , Gk) = {ν ∈ M(E) : ν(fi) ∈ Gi, 1 ≤ i ≤ k}. (1.2)
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It is easy to show that the family U0 of sets U(f1, . . . , fk; G1, . . . , Gk) obtained
by varying k ≥ 1 and {(f1, G1), . . . , (fk, Gk)} satisfies the axioms of a base for
a topology of M(E), which is called the topology of weak convergence. It is clear
that limn→∞ μn = μ if and only if μn converges to μ in this topology.

Proposition 1.3 Let (E, d) be a metric space and let G be a set of functions on E
which is closed under bounded pointwise convergence. Then

(1) Cu(E) ⊂ G implies B(E) ⊂ G ;
(2) Cu(E)++ ⊂ G implies B(E)+ ⊂ G .

Proof. Since Cu(E) is a vector space which contains 1E and is closed under multi-
plication, the first assertion follows from Proposition A.2 and Corollary 1.2. Under
the condition of the second assertion, we have

Cu(E) ⊂ {f : ef ∈ Cu(E)++} ⊂ {f : ef ∈ G }.

Then the first assertion implies B(E) ⊂ {f : ef ∈ G }. In particular, for any
h ∈ B(E)++ we have log h ∈ B(E) ⊂ {f : ef ∈ G } and hence h = elog h ∈ G .
That proves B(E)++ ⊂ G , implying the second assertion since G is closed under
bounded pointwise convergence. �


Corollary 1.4 Let (E, d) be a metric space and let μ, ν ∈ M(E). If μ(f) = ν(f)
for every f ∈ Cu(E), we have μ = ν.

Proof. Let G be the family of functions f ∈ B(E) such that μ(f) = ν(f). Then
Cu(E) ⊂ G . By dominated convergence it is easy to show that G is closed under
bounded pointwise convergence. Consequently, we have B(E) ⊂ G by Proposi-
tion 1.3. �


Corollary 1.5 Let (E, d) be a metric space. Then for every f ∈ B(E) the mapping
μ 
→ μ(f) from M(E) to R is Borel measurable.

Proof. Let G be the family of functions f ∈ B(E) such that μ 
→ μ(f) is Borel
measurable. Then G is closed under bounded pointwise convergence. For any f ∈
Cu(E) the mapping μ 
→ μ(f) is continuous and hence Borel measurable. In other
words, we have Cu(E) ⊂ G . Then Proposition 1.3 implies B(E) ⊂ G . �


Theorem 1.6 Suppose that (E, d) is a metric space. For any μ ∈ M(E) and any
sequence {μn} ⊂ M(E) the following statements are equivalent:

(1) limn→∞ μn = μ;
(2) limn→∞ μn(f) = μ(f) for every f ∈ Cu(E);
(3) limn→∞ μn(1) = μ(1) and lim supn→∞ μn(C) ≤ μ(C) for every closed set

C ⊂ E;
(4) limn→∞ μn(1) = μ(1) and lim infn→∞ μn(G) ≥ μ(G) for every open set

G ⊂ E;
(5) limn→∞ μn(B) = μ(B) for every B ∈ B(E) with μ(∂B) = 0, where ∂B is

the boundary of B.
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Proof. The results are obvious if μ(1) = 0. If μ(1) > 0, then there is an index
n0 ≥ 1 so that μn(1) > 0 for all n ≥ n0. Let μ̂ = μ(1)−1μ ∈ P (E) and let
μ̂n = μn(1)−1μn ∈ P (E) for n ≥ n0. It is easy to see that limn→∞ μn = μ if
and only if limn→∞ μn(1) = μ(1) and limn→∞ μ̂n = μ̂. Then the theorem follows
from the results in the special case of probability measures; see, e.g., Ethier and
Kurtz (1986, p.108) and Parthasarathy (1967, pp.41–42). �


Theorem 1.7 Suppose that E is a Borel subspace of a metrizable topological space
F . Let μ ∈ M(E) and let {μn} ⊂ M(E) be a sequence. Let ν and νn denote
respectively the extensions of μ and μn to F such that ν(F \E) = νn(F \E) = 0.
Then limn→∞ νn = ν in M(F ) if and only if limn→∞ μn = μ in M(E).

Proof. Since the restriction of a bounded continuous function is also a bounded
continuous function, limn→∞ μn = μ in M(E) implies limn→∞ νn = ν in M(F ).
For the converse, suppose that limn→∞ νn = ν in M(F ). Then we have

lim
n→∞

μn(E) = lim
n→∞

νn(F ) = ν(F ) = μ(E).

For any closed subset C of E, there is a closed subset D of F such that C = D∩E.
It follows that

lim sup
n→∞

μn(C) = lim sup
n→∞

νn(D) ≤ ν(D) = μ(C).

Then limn→∞ μn = μ in M(E) by Theorem 1.6. �


If E is a separable metric space, its topology can be defined by a totally bounded
metric (x, y) 
→ d(x, y). Indeed, E is homeomorphic to a subset of the countable
product space [0, 1]∞ furnished with the product metric; see, e.g., Kelley (1955,
p.125). Then the set of uniformly continuous functions Cu(E) endowed with the
supremum norm ‖ · ‖ is a separable Banach space; see, e.g., Parthasarathy (1967,
p.43).

Theorem 1.8 If E is a separable metric space, then M(E) is separable.

Proof. Let Q be a countable dense subset of [0,∞) and F a countable dense subset
of E. We claim that the countable set

M1 :=
{ n∑

i=1

αiδxi : x1, . . . , xn ∈ F ; α1, . . . , αn ∈ Q; n ≥ 1
}

is dense in M(E). To see that we first fix a totally bounded metric d on E compatible
with its topology. Then for each integer n ≥ 1 the space E has a finite covering
{Bn,i : i = 1, . . . , pn} consisting of open balls of radius 1/n. Take xn,i ∈ Bn,i∩F
for i = 1, . . . , pn. Let An,1 = Bn,1 and let An,i = Bn,i \ (Bn,1 ∪ · · · ∪Bn,i−1) for
i = 2, . . . , pn. Given μ ∈ M(E) we take αn,i ∈ Q so that |αn,i−μ(An,i)| ≤ 1/npn

and define μn =
∑pn

i=1 αn,iδxn,i ∈ M1. Then for any f ∈ Cu(E) we have
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|μn(f) − μ(f)| ≤
pn∑

i=1

|αn,if(xn,i) − μ(f1An,i)|

≤
pn∑

i=1

|αn,i − μ(An,i)||f(xn,i)|

+
pn∑

i=1

|μ(An,i)f(xn,i) − μ(f1An,i)|

≤ ‖f‖
pn∑

i=1

1
npn

+
pn∑

i=1

sup
y∈An,i

|f(xn,i) − f(y)|μ(An,i)

≤ ‖f‖
n

+ sup
d(x,y)≤2/n

|f(x) − f(y)|μ(E).

By the uniform continuity of f ∈ Cu(E), the right-hand side of the above inequality
tends to zero as n → ∞. Then M1 is dense in M(E). �


Theorem 1.9 Suppose that E is a separable metric space and d is a totally bounded
metric on E for its topology. Let S(E, d) = {f0, f1, f2, . . .} be a dense sequence
in Cu(E) with f0 ≡ 1. Then μn → μ in M(E) if and only if μn(fi) → μ(fi) for
every fi ∈ S(E, d).

Proof. It is clear that μn → μ in M(E) implies μn(fi) → μ(fi) for every fi ∈
S(E, d). Conversely, suppose that μn(fi) → μ(fi) for every fi ∈ S(E, d). For
f ∈ Cu(E) and fi ∈ S(E, d) we have

|μn(f) − μ(f)| ≤ μn(|f − fi|) + μ(|f − fi|) + |μn(fi) − μ(fi)|
≤ ‖f − fi‖[μn(1) + μ(1)] + |μn(fi) − μ(fi)|.

Since there is a sequence {fki} ⊂ S(E, d) satisfying ‖fki − f‖ → 0, it is easy to
conclude |μn(f) − μ(f)| → 0. Then μn → μ by Theorem 1.6. �


Corollary 1.10 Suppose that E is a separable metric space and d is a totally
bounded metric on E for its topology. Let S1(E, d) = {h0, h1, h2, . . .} be a dense
sequence in {f ∈ Cu(E)+ : ‖f‖ ≤ 1} with h0 ≡ 1. Then μn → μ in M(E) if and
only if μn(hi) → μ(hi) for every hi ∈ S1(E, d).

Proof. If μn → μ in M(E), we clearly have μn(hi) → μ(hi) for every hi ∈
S1(E, d). Conversely, suppose that μn(hi) → μ(hi) for every hi ∈ S1(E, d). Then
μn(f) → μ(f) for every f ∈ Q, where Q = {ahi + bhj : hi, hj ∈ S1(E, d) and
a, b are rationals} is a countable dense subset of Cu(E). Then we have μn → μ in
M(E) by Theorem 1.9. �


Given a separable metric space E, we fix a totally bounded metric d compatible
with its topology and let S1(E, d) be as in Corollary 1.10. Then a metric ρ on M(E)
is defined by

ρ(μ, ν) =
∞∑

i=0

1
2i

(1 ∧ |μ(hi) − ν(hi)|), μ, ν ∈ M(E). (1.3)
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This metric is compatible with the weak convergence topology of M(E). In other
words, we have μn → μ in M(E) if and only if ρ(μn, μ) → 0. The countable
family U1 of sets

U(h0, h1, . . . , hk; (a0, b0), (a1, b1), . . . , (ak, bk))

obtained by varying the integer k ≥ 1, the functions hi ∈ S1(E, d) and the pairs of
rationals ai < bi is a countable base of the topology of M(E).

Theorem 1.11 For a separable metric space E we have B(M(E)) = σ({μ 
→
μ(f) : f ∈ C(E)+}) = σ({μ 
→ μ(f) : f ∈ C(E)}).

Proof. It is easy to see that B0 := σ({μ 
→ μ(f) : f ∈ C(E)+}) con-
tains the countable family U1. Since every open subset of M(E) is the union
of some elements of this family, all those open subsets belong to B0 and hence
B(M(E)) ⊂ B0 ⊂ σ({μ 
→ μ(f) : f ∈ C(E)}). On the other hand, for
any f ∈ C(E) the mapping μ 
→ μ(f) is continuous on M(E). Then we have
σ({μ 
→ μ(f) : f ∈ C(E)}) ⊂ B(M(E)). �


Corollary 1.12 If E is a separable metric space, then B(M(E)) = σ({μ 
→
μ(f) : f ∈ B(E)}) = σ({μ 
→ μ(A) : A ∈ B(E)}).

Proof. Let B1 = σ({μ 
→ μ(f) : f ∈ B(E)}) and B2 = σ({μ 
→ μ(A) :
A ∈ B(E)}). Then B1 ⊃ B2 obviously. By Theorem 1.11 it is easy to see
B(M(E)) ⊂ B1. Then Corollary 1.5 implies B(M(E)) = B1. For a simple
function f ∈ B(E), the mapping μ 
→ μ(f) is clearly measurable with respect to
B2. By an approximation argument one sees μ 
→ μ(f) is measurable with respect
to B2 for an arbitrary f ∈ B(E). Then B2 ⊃ B1. �


Theorem 1.13 Suppose that (F, F ) is a general measurable space and E is a sep-
arable metric space. For A ∈ B(E) and μ ∈ M(E) write lA(μ) = μ(A). Then
ψ is a measurable map from (F, F ) to (M(E), B(M(E))) if and only if for every
A ∈ B(E) the composition lA ◦ ψ is a measurable real function on (F, F ).

Proof. Suppose that ψ is a measurable map from (F, F ) to (M(E), B(M(E))).
By Corollary 1.12 the real function lA on M(E) is Borel for every A ∈ B(E). Then
the composition lA ◦ψ is a measurable function on (F, F ). Conversely, suppose for
every A ∈ B(E) the composition lA ◦ ψ is a measurable function on (F, F ). Then
for B ∈ B(R) we have ψ−1(l−1

A (B)) ∈ F , so ψ−1({l−1
A (B) : A ∈ B(E), B ∈

B(R)}) ⊂ F . It follows that

F ⊃ σ(ψ−1({l−1
A (B) : A ∈ B(E), B ∈ B(R)}))

= ψ−1(σ({l−1
A (B) : A ∈ B(E), B ∈ B(R)}))

= ψ−1(σ({lA : A ∈ B(E)})) = ψ−1(B(M(E))).

Then ψ is a measurable map from (F, F ) to (M(E), B(M(E))). �
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Theorem 1.14 If E is a compact metric space, then M(E) is a locally compact
separable and metrizable space. Moreover, for any b ≥ 0 the set Mb := {μ ∈
M(E) : μ(E) ≤ b} is compact.

Proof. Since E is a compact metric space, it is separable. Then M(E) is separable
by Theorem 1.8. Let d be a metric on E for its topology and let S1(E, d) be as
in Corollary 1.10. The topology of M(E) can be defined by the metric ρ given by
(1.3). For any μ ∈ M(E) let T (μ) = (μ(h0), μ(h1), μ(h2), . . .). It is easy to see
that T is a homeomorphism between M(E) and a subset of the countable product
space R

∞
+ . Observe that T (Mb) ⊂ [0, b]∞ ⊂ R

∞
+ . We claim that T (Mb) is closed

in [0, b]∞. To see this, suppose that {μn} ⊂ Mb and T (μn) → (α0, α1, α2, . . .) in
[0, b]∞. We need to show (α0, α1, α2, . . .) ∈ T (Mb). For f ∈ Cu(E)+ satisfying
‖f‖ ≤ 1 let {hik

} ⊂ S1(E, d) be a sequence so that ‖hik
− f‖ → 0 as k → ∞.

For n ≥ m ≥ 1 we have

|μn(f) − μm(f)| ≤ ‖f − hik
‖[μn(1) + μm(1)] + |μn(hik

) − μm(hik
)|

and hence

lim sup
m,n→∞

|μn(f) − μm(f)| ≤ 2α0‖f − hik
‖.

Then letting k → ∞ gives

lim sup
m,n→∞

|μn(f) − μm(f)| = 0.

By linearity, the above relation holds for all f ∈ Cu(E), so the limit λ(f) =
limn→∞ μn(f) exists for each f ∈ Cu(E). Clearly, f 
→ λ(f) is a positive linear
functional on Cu(E). By the Riesz representation theorem, there exists μ ∈ M(E)
so that μ(f) = λ(f) for every f ∈ Cu(E). In particular, μ(hi) = λ(hi) = αi for
all i ≥ 0. It follows that μ(1) = α0 = limn→∞ μn(1) ≤ b and hence μ ∈ Mb.
That shows (α0, α1, α2, . . .) = T (μ) ∈ T (Mb). Then T (Mb) is a closed subset of
[0, b]∞. Since [0, b]∞ is compact, so is T (Mb). It follows that Mb is compact and
M(E) locally compact. �


Corollary 1.15 Let E be a compact metric space and let M̄(E) := M(E)∪{Δ} be
the one-point compactification of M(E). Then μn → Δ if and only if μn(E) → ∞.

Proof. It is easy to see that {M̄(E) \ Mb : b ≥ 0} is a local base at Δ. Then the
assertion is evident. �


A metrizable space E is called a Lusin topological space if it is homeomorphic
to a Borel subset of a compact metric space. Such a space is clearly separable. A
measurable space (F, F ) is called a Lusin measurable space if it is measurably
isomorphic to (E,B(E)) with E being a Lusin topological space.

Theorem 1.16 If E is a Lusin topological space, then M(E) is a Lusin topological
space.
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Proof. Since E is a Lusin topological space, we may embed it into some compact
metric space F as a Borel subset. Theorem 1.7 implies that M(E) is homeomorphic
to {μ ∈ M(F ) : μ(F \ E) = 0}. By Corollary 1.12 the mapping μ 
→ μ(F \ E)
is B(M(F ))-measurable. Then {μ ∈ M(F ) : μ(F \ E) = 0} is a Borel subset
of the locally compact separable and metrizable space M(F ), which is an open
subset of its one-point compactification M̄(F ) := M(F ) ∪ {Δ}. Therefore M(E)
is homeomorphic to a Borel subset of the compact metrizable space M̄(F ). �

Example 1.1 Let [0, 1]∞ be the countable product of the unit interval furnished with
the product metric q. Suppose that (E, d) is a separable metric space with the dense
sequence F := {x1, x2, . . .}. For any x ∈ E write

g(x) = (1 ∧ d(x, x1), 1 ∧ d(x, x2), . . .).

Then g is a homeomorphism between E and g(E) ⊂ [0, 1]∞. This homeomorphism
induces a totally bounded metric on E compatible with its original topology. For
ε > 0 let

g(F )ε = {y ∈ [0, 1]∞ : q(y, g(xi)) < ε for some i ≥ 1}.

Clearly, each g(F )ε is an open set in the compact metric space [0, 1]∞. If (E, d) is
complete in addition, then g(E) = ∩∞

n=1g(F )1/n. Consequently, a complete sepa-
rable metric space is a Lusin topological space.

1.2 Laplace Functionals

In this section, we assume E is a Lusin topological space. Recall that M(E) is the
space of finite measures on E equipped with the topology of weak convergence.
Given a finite measure Q on M(E), we define the Laplace functional LQ of Q by

LQ(f) =
∫

M(E)

e−ν(f)Q(dν), f ∈ B(E)+. (1.4)

Theorem 1.17 A finite measure on M(E) is uniquely determined by the restriction
of its Laplace functional to C(E)+.

Proof. Suppose that Q1 and Q2 are finite measures on M(E) and LQ1(f) =
LQ2(f) for all f ∈ C(E)+. Let K = {ν 
→ e−ν(f) : f ∈ C(E)+} and let L =
{F ∈ B(M(E)) : Q1(F ) = Q2(F )}. Then K is closed under multiplication and
L is a monotone vector space containing K . By Theorem 1.11 it is easy to show
σ(K ) = B(M(E)). Then Proposition A.1 implies L ⊃ bσ(K ) = B(M(E)).
That proves the desired result. �

Theorem 1.18 Let Q1, Q2, . . . and Q be finite measures on M(E). If Qn → Q
weakly, then LQn(f) → LQ(f) for f ∈ C(E)+. Conversely, if LQn(f) → LQ(f)
for all f ∈ C(E)++ ∪ {0}, then Qn → Q weakly.
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Proof. If Qn → Q weakly, we have limn→∞ LQn(f) = LQ(f) for f ∈ C(E)+

clearly. Now assume limn→∞ LQn(f) = LQ(f) for all f ∈ C(E)++ ∪ {0}. Let
F be a compact metric space so that E is embedded into F as a Borel subset.
Then M(F ) is a locally compact separable and metrizable space. Let M̄(F ) =
M(F )∪{Δ} be its one-point compactification, which is a compact metrizable space
by Theorem 1.14. We identify M(E) with the Borel subset of M(F ) consisting of
measures supported by E and regard Q1, Q2, . . . and Q as finite measures on M̄(F ).
Then

lim
n→∞

Qn(M̄(F )) = lim
n→∞

Qn(M(E)) = lim
n→∞

LQn(0) = LQ(0), (1.5)

and hence {Qn} ⊂ M(M̄(F )) is a bounded sequence. By another application of
Theorem 1.14 we conclude that {Qn} is relatively compact. Let {Qnk

} ⊂ {Qn} be
a subsequence that converges to some Q̄ ∈ M(M̄(F )). By (1.5) we have

Q̄(M̄(F )) = lim
k→∞

Qnk
(M̄(F )) = LQ(0). (1.6)

Moreover, for any f̄ ∈ C(F )++,
∫

M̄(F )

e−ν(f̄)Q̄(dν) = lim
k→∞

∫

M̄(F )

e−ν(f̄)Qnk
(dν) = LQ(f), (1.7)

where f = f̄ |E denotes the restriction of f̄ to E and e−Δ(f̄) = 0 by convention. By
letting f → 0+ in (1.7) we find Q̄(M(F )) = LQ(0), so Q̄ is supported by M(F ).
From (1.7) we have

∫

M(F )

e−ν(f̄)Q̄(dν) = LQ(f) =
∫

M(E)

e−ν(f)Q(dν).

Then the uniqueness of Laplace functionals implies Q̄ is supported by M(E) and its
restriction to M(E) coincides with Q. By Theorem 1.7 we have limn→∞ Qnk

= Q
weakly on M(E). In the same way, one shows that every convergent subsequence
of {Qn} has the same limit Q. Thus limn→∞ Qn = Q weakly on M(E). �


A Lusin topological space E with the Borel σ-algebra is isomorphic to a compact
metric space with the Borel σ-algebra. Indeed, a complete separable metric space
is at most of the cardinality of the continuum and two Borel subsets of complete
separable metric spaces are isomorphic if and only if they have the same cardinal-
ity; see, e.g., Parthasarathy (1967, pp.8–14). Consequently, (E,B(E)) is in fact
isomorphic to a compact subset of the real line with its Borel σ-algebra. Then we
can and do introduce a metric r into E so that (E, r) becomes a compact metric
space while the Borel σ-algebra induced by r coincides with B(E). Let S2(E, r)
be a dense sequence in C(E, r)++ including all strictly positive rationals and let
S̄2(E, r) = S2(E, r) ∪ {0}.

Proposition 1.19 Suppose that L is a functional on S̄2(E, r) and there is a se-
quence {fn} ⊂ S2(E, r) such that limn→∞ fn = 0 in bounded pointwise conver-
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gence and limn→∞ L(fn) = L(0). If there is a sequence of finite measures {Qn}
on M(E) such that

lim
n→∞

LQn(f) = L(f), f ∈ S̄2(E, r), (1.8)

then there is a finite measure Q on M(E) such that LQ(f) = L(f) for every f ∈
S̄2(E, r) and limn→∞ Qn = Q weakly on M(E, r).

Proof. This is a modification of the proof of Theorem 1.18. By Theorem 1.14,
the space M(E, r) is locally compact, separable and metrizable. Let M̄(E, r) =
M(E, r) ∪ {Δ} be its one-point compactification. Then (1.8) implies that {Qn} is
a bounded sequence of measures on M̄(E, r). By Theorem 1.14 the sequence is
relatively compact in M(M̄(E, r)). Choose any subsequence {Qnk

} ⊂ {Qn} that
converges to a finite measure Q ∈ M(M̄(E, r)). Then

Q(M̄(E, r)) = lim
k→∞

Qnk
(M̄(E, r)) = lim

k→∞
LQnk

(0) = L(0). (1.9)

By (1.8) for any f ∈ S2(E, r) we have
∫

M̄(E,r)

e−ν(f)Q(dν) = lim
k→∞

∫

M̄(E,r)

e−ν(f)Qnk
(dν) = L(f), (1.10)

where e−Δ(f) = 0 by convention. It follows that

Q(M(E, r)) = lim
n→∞

∫

M̄(E,r)

e−ν(fn)Q(dν) = lim
n→∞

L(fn) = L(0). (1.11)

In view of (1.9) and (1.11) we have Q({Δ}) = 0, so (1.10) implies LQ(f) = L(f)
for f ∈ S2(E, r). By Theorem 1.7 we have limk→∞ Qnk

= Q weakly on M(E, r).
In the same way, if {Q′

nk
} ⊂ {Qn} is another subsequence converging to a finite

measure Q′ on M̄(E, r), then Q′({Δ}) = 0 and LQ′(f) = L(f) for f ∈ S2(E, r).
Consequently,

∫

M(E)

e−ν(f)Q(dν) =
∫

M(E)

e−ν(f)Q′(dν)

first for f ∈ S2(E, r) and then for all f ∈ C(E, r)+ by dominated convergence, so
Q = Q′ by Theorem 1.17. Therefore we must have limn→∞ Qn = Q weakly on
M(E, r). �


Theorem 1.20 Let {Qn} be a sequence of finite measures on M(E) and let L be a
functional on B(E)+ continuous with respect to bounded pointwise convergence. If
limn→∞ LQn(f) = L(f) for all f ∈ B(E)+, then there is a finite measure Q on
M(E) such that L = LQ and limn→∞ Qn = Q by weak convergence.

Proof. By Proposition 1.19, there is a finite measure Q on M(E) such that LQ(f) =
L(f) for all f ∈ S̄2(E, r) and limn→∞ Qn = Q weakly on M(E, r). Let
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G = {f ∈ B(E)+ : LQ(f) = L(f)}. Then S̄2(E, r) ⊂ G . Since both
f 
→ L(f) and f 
→ LQ(f) are continuous in bounded pointwise convergence
and S̄2(E, r) is dense in C(E, r)+, we have C(E, r)+ ⊂ G , so Proposition 1.3
implies B(E)+ ⊂ G . That is, LQ(f) = L(f) for all f ∈ B(E)+. It then follows
that limn→∞ LQn(f) = LQ(f) for all f ∈ B(E)+. By Theorem 1.18, we have
limn→∞ Qn = Q weakly on M(E). �


Corollary 1.21 Let {Qn} be a sequence of finite measures on M(E). If LQn(f) →
L(f) uniformly in f ∈ Ba(E)+ for each a ≥ 0, then there is a finite measure Q on
M(E) such that L = LQ and limn→∞ Qn = Q by weak convergence.

Theorem 1.22 Suppose that (F, F ) is a measurable space and to each z ∈ F there
corresponds a finite measure Qz(dν) on M(E). If z 
→ LQz(f) is F -measurable
for every f ∈ C(E)+, then Qz(dν) is a kernel from (F, F ) to (M(E), B(M(E))).

Proof. Let L denote the set of functions G ∈ B(M(E)) so that z 
→ Qz(G) is F -
measurable. Then L ⊃ K := {ν 
→ e−ν(f) : f ∈ C(E)+}. By Proposition A.1
and Theorem 1.11 we have L ⊃ bσ(K ) = B(M(E)). Then Qz(dν) is a kernel
from (F, F ) to (M(E), B(M(E))). �


Let M(E)◦ = M(E)\{0}, where 0 is the null measure. We often use a variation
of the Laplace functional in dealing with σ-finite measures on M(E)◦. A typical
case is considered in the following:

Theorem 1.23 Let Q1 and Q2 be two σ-finite measures on M(E)◦. If for every
f ∈ C(E)+,

∫

M(E)◦

(
1 − e−ν(f)

)
Q1(dν) =

∫

M(E)◦

(
1 − e−ν(f)

)
Q2(dν) (1.12)

and the value is finite, then we have Q1 = Q2.

Proof. By setting Q1({0}) = Q2({0}) = 0 we extend Q1 and Q2 to σ-finite mea-
sures on M(E). Taking the difference of (1.12) for f and f + 1 we obtain

∫

M(E)

e−ν(f)
(
1 − e−ν(1)

)
Q1(dν) =

∫

M(E)

e−ν(f)
(
1 − e−ν(1)

)
Q2(dν).

Then the result of Theorem 1.17 implies that
(
1 − e−ν(1)

)
Q1(dν) =

(
1 − e−ν(1)

)
Q2(dν)

as finite measures on M(E). Since 1 − e−ν(1) is strictly positive on M(E)◦, it
follows that Q1 = Q2 as σ-finite measures on M(E)◦. �


For any integer m ≥ 1, we can also consider the Laplace functionals of finite
measures on the product space M(E)m. The results proved above can be modified
obviously to the multi-dimensional setting. In particular, we have the following:
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Theorem 1.24 Let Q1, Q2, . . . and Q be finite measures on M(E)m. Then Qn →
Q weakly if and only if

lim
n→∞

∫

M(E)m

exp
{
−

m∑

i=1

νi(fi)
}

Qn(dν1, . . . ,dνm)

=
∫

M(E)m

exp
{
−

m∑

i=1

νi(fi)
}

Q(dν1, . . . ,dνm)

for all {f1, . . . , fm} ⊂ C(E)+.

Suppose that h ∈ pB(E) is a strictly positive function and let Mh(E) be the
space of Borel measures μ on E satisfying μ(h) < ∞, which is sometimes referred
to as the space of tempered measures. A topology on Mh(E) can be defined by the
convention:

μn → μ in Mh(E) if and only if μn(hf) → μ(hf) for all f ∈ C(E).

In particular, if h is a strictly positive continuous function on E, we have

μn → μ in Mh(E) if and only if μn(f) → μ(f) for all f ∈ Ch(E),

where Ch(E) is the set of continuous functions f on E such that |f | ≤ const · h.
A random variable X taking values in Mh(E) is also called a random measure on
E. Let Bh(E) be the set of functions f ∈ B(E) satisfying |f | ≤ const · h. Given a
finite measure Q on Mh(E), we define the Laplace functional LQ of Q by

LQ(f) =
∫

Mh(E)

e−ν(f)Q(dν), f ∈ Bh(E)+. (1.13)

This is a generalization of (1.4). By increasing limits we can easily extend the
Laplace functional to all functions f ∈ B(E)+, or even to all f ∈ pB(E), with the
convention e−∞ = 0. We shall make those extensions whenever they are needed.
The Laplace functional of a random measure X taking values in Mh(E) means the
Laplace functional of its distribution on Mh(E). It is easy to see that the mapping
μ(dx) 
→ h(x)μ(dx) defines a homeomorphism between Mh(E) and M(E). Then
the results proved above can also be modified to the space Mh(E).

If E = {a1, . . . , ad} is a finite set containing d elements, the mapping μ 
→
(μ({a1}), . . . , μ({ad})) gives a homeomorphism between M(E) and R

d
+. Then

the results for M(E) can be restated for the space R
d
+. In particular, we define the

Laplace transform of a finite measure G on R
d
+ by

LG(λ) =
∫

R
d
+

e−(λ,u)G(du), λ ∈ R
d
+, (1.14)

where (·, ·) denotes the Euclidean inner product on R
d. This is essentially a special

form of the Laplace functional defined by (1.4).
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1.3 Poisson Random Measures

Suppose that E is a Lusin topological space. Let h ∈ pB(E) be a strictly positive
function and let λ ∈ Mh(E). A random measure X on E taking values from Mh(E)
is called a Poisson random measure with intensity λ provided:

(1) for each B ∈ B(E) with λ(B) < ∞, the random variable X(B) has the
Poisson distribution with parameter λ(B), that is,

P{X(B) = n} =
λ(B)n

n!
e−λ(B), n = 0, 1, 2, . . . ;

(2) if B1, . . . , Bn ∈ B(E) are disjoint and λ(Bi) < ∞ for each i = 1, . . . , n, then
X(B1), . . . , X(Bn) are mutually independent random variables.

Theorem 1.25 A random measure X on E is Poissonian with intensity λ ∈ Mh(E)
if and only if its Laplace functional is given by

E exp{−X(f)} = exp
{

−
∫

E

(1 − e−f(x))λ(dx)
}

, f ∈ Bh(E)+. (1.15)

Proof. Suppose that X is a Poisson random measure on E with intensity λ. Let
B1, . . . , Bn ∈ B(E) be disjoint sets satisfying λ(Bi) < ∞ for each i = 1, . . . , n.
For any constants α1, . . . , αn ≥ 0 we can use the above two properties to see

E exp
{

−
n∑

i=1

αiX(Bi)
}

= exp
{

−
n∑

i=1

(1 − e−αi)λ(Bi)
}

. (1.16)

Then we get (1.15) by approximating f ∈ Bh(E)+ by simple functions and us-
ing dominated convergence. Conversely, if the Laplace functional of X is given by
(1.15), we may apply the equality to the simple function f =

∑n
i=1 αi1Bi to get

(1.16). Then X satisfies the above two properties in the definition of a Poisson ran-
dom measure on E with intensity λ. �


Corollary 1.26 Suppose that X1 and X2 are independent Poisson random mea-
sures on E with intensities λ1 and λ2 ∈ Mh(E), respectively. Then X1 + X2 is a
Poisson random measure on E with intensity λ1 + λ2.

Theorem 1.27 For any λ ∈ Mh(E), there exists a Poisson random measure with
intensity λ.

Proof. We assume λ �= 0 to avoid triviality. Let {E1, E2, . . .} ⊂ B(E) be a se-
quence of disjoint sets so that E = ∪∞

i=1Ei and 0 < λ(Ei) < ∞. For each i ≥ 1
let ηi be a Poisson random variable with parameter λ(Ei) and let {ξi1, ξi2, . . .} be a
sequence of random variables on E with identical distribution λ(Ei)−1λ|Ei , where
λ|Ei denotes the restriction of λ to Ei. Suppose that {ηi, ξij : i, j = 1, 2, . . .}
are mutually independent. Then we can define a σ-finite random measure on E by
X :=

∑∞
i=1

∑ηi

j=1 δξij . For f ∈ Bh(E)+ we have
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E exp{−X(f)} = E exp
{

−
∞∑

i=1

ηi∑

j=1

f(ξij)
}

=
∞∏

i=1

∞∑

n=0

e−λ(Ei)
λ(Ei)n

n!
E

[

exp
{

−
n∑

j=1

f(ξij)
}]

=
∞∏

i=1

∞∑

n=0

e−λ(Ei)
1
n!

[ ∫

Ei

e−f(x)λ(dx)
]n

=
∞∏

i=1

exp
{

− λ(Ei) +
∫

Ei

e−f(x)λ(dx)
}

= exp
{

−
∫

E

(
1 − e−f(x)

)
λ(dx)

}

.

Thus X is a Poisson random measure on E with intensity λ. �


Proposition 1.28 Suppose that X is a Poisson random measure on E with intensity
λ ∈ Mh(E). Let X̃ = X − λ. Then for f, g ∈ Bh(E)+ we have:

(1) E[X(g)e−X(f)] = λ(ge−f )E[e−X(f)];
(2) E[X(g)2e−X(f)] = [λ(g2e−f ) + λ(ge−f )2]E[e−X(f)];
(3) E[X̃(f)4] = λ(f4) + 3λ(f2)2.

Proof. For any θ ≥ 0 we may apply (1.15) to the function x 
→ f(x)+ θg(x) to get

E
[
exp{−X(f + θg)}

]
= exp

{

−
∫

E

(
1 − e−f(x)−θg(x)

)
λ(dx)

}

.

By differentiating both sides with respect to θ ≥ 0 at zero we get (1). The other two
results can be obtained in similar ways. �


Theorem 1.29 Suppose that λ is a finite measure on E and μ is a probability mea-
sure on (0,∞) satisfying

∫ ∞

0

(1 ∧ u)μ(du) < ∞.

Then there is a probability measure Q on M(E) with Laplace functional given by

LQ(f) = exp
{

−
∫

E

λ(dx)
∫ ∞

0

(
1 − e−uf(x)

)
μ(du)

}

. (1.17)

Proof. We assume λ �= 0 to avoid triviality. Let η be a Poisson random variable
with parameter λ(E) and let {ξ1, ξ2, . . .} be a sequence of random variables on
E identically distributed according to λ(E)−1λ. In addition, let {θ1, θ2, . . .} be a
sequence of random variables with identical distribution μ. Suppose that {η, ξj , θj :
j = 1, 2, . . .} are mutually independent. Then a finite random measure on E is
defined by X =

∑η
j=1 θjδξj . As in the proof of Theorem 1.27 it is simple to see
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E exp{−X(f)} = exp
{

−
∫

E

λ(dx)
∫ ∞

0

(
1 − e−uf(x)

)
μ(du)

}

.

for f ∈ B(E)+. Then X has distribution Q on M(E) given by (1.17). �


A random measure X on E with distribution Q given by (1.17) is called a com-
pound Poisson random measure with intensity λ and height distribution μ. The in-
tuitive meanings of the parameters are clear from the construction of the random
measure given in the above proof.

1.4 Infinitely Divisible Random Measures

Let E be a Lusin topological space. For probability measures Q1 and Q2 on M(E),
the product Q1 × Q2 is a probability measure on M(E)2. The image of Q1 × Q2

under the mapping (μ1, μ2) 
→ μ1 + μ2 is called the convolution of Q1 and Q2 and
is denoted by Q1 ∗ Q2, which is a probability measure on M(E). According to the
definition, for any F ∈ bB(M(E)) we have

∫

M(E)

F (μ)(Q1 ∗ Q2)(dμ)

=
∫

M(E)2
F (μ1 + μ2)Q1(dμ1)Q2(dμ2). (1.18)

Clearly, if X1 and X2 are independent random measures on E with distributions
Q1 and Q2 on M(E), respectively, the random measure X1 + X2 has distribution
Q1 ∗ Q2. It is easy to show that

LQ1∗Q2(f) = LQ1(f)LQ2(f), f ∈ B(E)+. (1.19)

Let Q∗0 = δ0 and define Q∗n = Q∗(n−1) ∗ Q inductively for integers n ≥ 1. We
say a probability distribution Q on M(E) is infinitely divisible if for each integer
n ≥ 1, there is a probability Qn such that Q = Q∗n

n . In this case, we call Qn the
n-th root of Q. A random measure X on E is said to be infinitely divisible if its
distribution on M(E) is infinitely divisible.

Example 1.2 Poisson random measures and compound Poisson random measures
are infinitely divisible. The n-th roots of their distributions can be obtained by re-
placing the intensity λ with λ/n.

The main purpose of this section is to give a characterization for the class of
infinitely divisible probability measures on M(E). Let I (E) denote the convex
cone of all functionals U on B(E)+ with the representation

U(f) = λ(f) +
∫

M(E)◦

(
1 − e−ν(f)

)
L(dν), f ∈ B(E)+, (1.20)
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where λ ∈ M(E) and (1∧ ν(1))L(dν) is a finite measure on M(E)◦. Let S2(E, r)
be defined as in Section 1.2.

Proposition 1.30 The measures λ and L in (1.20) are uniquely determined by the
functional U ∈ I (E).

Proof. Suppose that U can also be represented by (1.20) with (λ,L) replaced by
(γ, G). For any constant θ ≥ 0, we can evaluate U(f + θ) − U(θ) with the two
representations and get

γ(f) +
∫

M(E)◦

(
1 − e−ν(f)

)
e−ν(θ)G(dν)

= λ(f) +
∫

M(E)◦

(
1 − e−ν(f)

)
e−ν(θ)L(dν).

Letting θ → ∞ gives γ(f) = λ(f), and hence γ = λ. Then the above equality and
Theorem 1.23 imply e−ν(θ)G(dν) = e−ν(θ)L(dν), and so G(dν) = L(dν). �


Proposition 1.31 Suppose that J is a functional on S2(E, r) and there is a se-
quence {fn} ⊂ S2(E, r) such that limn→∞ fn = 0 in bounded pointwise conver-
gence and limn→∞ J(fn) = 0. If there is a sequence {Un} ⊂ I (E) so that

lim
n→∞

Un(f) = J(f), f ∈ S2(E, r), (1.21)

then J is the restriction to S2(E, r) of a functional U ∈ I (E).

Proof. Recall that P (E) denotes the space of probability measures on E. For ν ∈
M(E)◦ let |ν| = ν(E) and ν̂ = |ν|−1ν. The mapping F : ν 
→ (|ν|, ν̂) is clearly
an homeomorphism between M(E)◦ and the product space (0,∞) × P (E). For
0 ≤ u ≤ ∞, π ∈ P (E) and f ∈ B(E)+ let

ξ(u, π, f) =

⎧
⎨

⎩

(1 − e−u)−1(1 − e−uπ(f)) if 0 < u < ∞,
π(f) if u = 0,
1 if u = ∞.

(1.22)

Suppose that Un ∈ I (E) is given by (1.21) with (λ,L) replaced by (λn, Ln). Let
πn ∈ P (E) be such that λn = |λn|πn and let Hn(du, dπ) be the image of Ln(dν)
under the mapping F . Define the finite measure Gn(du, dπ) on [0,∞] × P (E) by
Gn({(0, πn)}) = |λn|, Gn(({0,∞}× P (E)) \ {(0, πn)}) = 0 and Gn(du, dπ) =
(1 − e−u)Hn(du, dπ) for 0 < u < ∞ and π ∈ P (E). Then we have

Un(f) =
∫

[0,∞]

∫

P (E)

ξ(u, π, f)Gn(du, dπ), f ∈ B(E)+.

By (1.21) it is evident that {Gn} is a bounded sequence in M([0,∞] × P (E)). Let
(E, r) be the compact metric space as described in Section 1.2. Then Theorem 1.14
implies that {Gn} viewed as a sequence of measures on [0,∞] × P (E, r) is rela-
tively compact. Take any subsequence {Gnk

} ⊂ {Gn} such that limk→∞ Gnk
= G
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weakly for a finite measure G on [0,∞]× P (E, r). For any f ∈ S2(E, r) the map-
ping (u, π) 
→ ξ(u, π, f) is clearly continuous on [0,∞] × P (E, r). By (1.21) we
have

J(f) =
∫

[0,∞]

∫

P (E)

ξ(u, π, f)G(du, dπ), f ∈ S2(E, r).

Observe also that limn→∞ J(fn) = 0 implies G({∞} × P (E)) = 0. Then the
desired conclusion follows by a change of the integration variable. �


Theorem 1.32 Suppose that U is a functional on B(E)+ continuous with respect
to bounded pointwise convergence. If there is a sequence {Un} ⊂ I (E) such that
U(f) = limn→∞ Un(f) for all f ∈ B(E)+, then U ∈ I (E).

Proof. This is similar to the proof of Theorem 1.20 with an application of Proposi-
tion 1.31. �


Corollary 1.33 Suppose that {Un} ⊂ I (E) and U is a functional on B(E)+. If
Un(f) → U(f) uniformly in f ∈ Ba(E)+ for each a ≥ 0, then U ∈ I (E).

Corollary 1.34 Suppose that {Un} ⊂ I (E) and there is a measure π ∈ M(E) so
that Un(f) ≤ π(f) for all n ≥ 1 and f ∈ B(E)+. If U(f) = limn→∞ Un(f) for
all f ∈ B(E)+, then we have U ∈ I (E).

Proof. Let Un be given by (1.20) with (λ,L) replaced by (λn, Ln). For f ∈ B(E)+

we can use monotone convergence to see

λn(f) +
∫

M(E)◦
ν(f)Ln(dν) = lim

θ→0+
θ−1Un(θf) ≤ π(f).

Consequently, for any f and g ∈ B(E)+ we have

|Un(f) − Un(g)| ≤ λn(|f − g|) +
∫

M(E)◦
ν(|f − g|)Ln(dν)

≤ π(|f − g|),

and hence |U(f)−U(g)| ≤ π(|f −g|). Then U is continuous in bounded pointwise
convergence and so U ∈ I (E) by Theorem 1.32. �


Suppose that U ∈ I (E) has the representation (1.20). Let N(dν) be a Poisson
random measure on M(E)◦ with intensity measure L. By Theorem 1.25 it is easy
to show that

X := λ +
∫

M(E)◦
νN(dν) (1.23)

defines a random measure on E with − log LX = U . Let Q be the distribution of
X on M(E). By the same reasoning, for any integer n ≥ 1 there is a probability
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measure Qn on M(E) satisfying − log LQn = n−1U , implying Q∗n
n = Q. There-

fore Q is infinitely divisible. We write Q = I(λ,L) if Q is an infinitely divisible
probability measure on M(E) with U = − log LQ ∈ I (E) represented by (1.20).
The construction (1.23) for the corresponding random measure is called a cluster
representation.

Theorem 1.35 The equation U = − log LQ establishes a one-to-one correspon-
dence between functionals U ∈ I (E) and infinitely divisible probability measures
Q on M(E).

Proof. By the above comments we only need to show if Q is an infinitely divisible
probability measure on M(E), then U := − log LQ ∈ I (E). For n ≥ 1 let Qn be
the n-th root of Q. Then

U(f) = lim
n→∞

n[1 − e−n−1U(f)] = lim
n→∞

∫

M(E)◦

(
1 − e−ν(f)

)
nQn(dν)

and the convergence is uniform in f ∈ Ba(E)+ for each a ≥ 0. By Corollary 1.33
we have U ∈ I (E). �


Theorem 1.36 Suppose that V : f 
→ v(·, f) is an operator on B(E)+ so that
v(x, ·) ∈ I (E) for all x ∈ E. Then we have the representation

v(x, f) = λ(x, f) +
∫

M(E)◦

(
1 − e−ν(f)

)
L(x,dν), f ∈ B(E)+, (1.24)

where λ(x,dy) is a bounded kernel on E and (1 ∧ ν(1))L(x,dν) is a bounded
kernel from E to M(E)◦.

Proof. Under the assumption, for any fixed x ∈ E we have the representation
(1.24), where λ(x, ·) ∈ M(E) and (1∧ν(1))L(x,dν) is a finite measure on M(E)◦.
For every f ∈ B(E)+,

x 
→ w(x, f) := 2v(x, f + 1) − v(x, f + 2) − v(x, f)

is a bounded Borel function on E. Observe also that

w(x, f) =
∫

M(E)◦
e−ν(f)

(
1 − e−ν(1)

)2
L(x,dν).

By Theorem 1.22 we see that (1− e−ν(1))2L(x,dν) is a bounded kernel from E to
M(E)◦. In view of (1.24),

x 
→
∫

M(E)◦

(
1 − e−ν(1)

)
L(x,dν)

is a bounded function on E. It follows that (1 ∧ ν(1))L(x,dν) is a bounded kernel
from E to M(E)◦. By another application of the relation (1.24) one sees that x 
→
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λ(x, f) is a bounded Borel function on E for every f ∈ B(E)+. Then λ(x,dy) is a
bounded kernel on E. �


Theorem 1.37 If U ∈ I (E) and if V : f 
→ v(·, f) is an operator on B(E)+ such
that v(x, ·) ∈ I (E) for all x ∈ E, then U ◦ V ∈ I (E).

Proof. By Theorem 1.36 it is easy to see that for any μ ∈ M(E) the functional f 
→
μ(V f) belongs to I (E). Then there is an infinitely divisible probability measure
Q(μ, ·) on M(E) satisfying − log LQ(μ,·)(f) = μ(V f). By Theorem 1.22 we see
that Q(μ,dν) is a probability kernel on M(E). Let G be the infinitely divisible
probability measure on M(E) with − log LG = U and define

Q(dν) =
∫

M(E)

G(dμ)Q(μ,dν), ν ∈ M(E).

It is not hard to show that − log LQ = U ◦ V . By the same reasoning, for each
integer n ≥ 1 there is a probability measure Qn such that − log LQn = n−1U ◦ V .
Then Q = Q∗n

n and hence Q is infinitely divisible. By Theorem 1.35 we conclude
that U ◦ V ∈ I (E). �


The following result gives a useful method for the calculation of the moments of
infinitely divisible probability measures on M(E).

Proposition 1.38 Let U ∈ I (E) be given by (1.20). Then for any f ∈ B(E)+ we
have

d
dθ

U(θf) = λ(f) +
∫

M(E)◦
ν(f)e−θν(f)L(dν) (1.25)

and

dn

dθn
U(θf) = (−1)n−1

∫

M(E)◦
ν(f)ne−θν(f)L(dν) (1.26)

for 0 < θ < ∞ and n = 2, 3, . . ..

Proof. For any n ≥ 1 the function z 
→ zne−z achieves its maximal value on [0,∞)
at z = n. It follows that

ν(f)ne−θν(f) ≤ nnθ−n
0 e−n, θ ≥ θ0 > 0, ν ∈ M(E).

Fix θ0 > 0 and f ∈ B(E)+ and let Fn(ν) = nnθ−n
0 e−n ∧ ν(f)n. It is easy to see

that L(Fn) < ∞ and

ν(f)ne−θν(f) ≤ Fn(ν), θ ≥ θ0, ν ∈ M(E).

Then we have (1.25) and (1.26) by dominated convergence. �
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To close this section we give a characterization of infinitely divisible probability
measures on the half line [0,∞). Write ψ ∈ I if λ 
→ ψ(λ) is a positive function
on [0,∞) with the representation

ψ(λ) = βλ +
∫ ∞

0

(1 − e−λu)l(du), (1.27)

where β ≥ 0 and (1 ∧ u)l(du) is a finite measure on (0,∞). As a consequence of
Theorem 1.35 we have the following:

Theorem 1.39 The relation ψ = − log Lμ establishes a one-to-one correspon-
dence between the functions ψ ∈ I and infinitely divisible probability measures
μ on [0,∞).

Example 1.3 Let b > 0 and α > 0. The Gamma distribution γ on [0,∞) with
parameters (b, α) is defined by

γ(B) =
αb

Γ (b)

∫

B

xb−1e−αxdx, B ∈ B([0,∞)).

This reduces to the exponential distribution when b = 1. The Gamma distribution
has Laplace transform

Lγ(λ) =
( α

α + λ

)b

, λ ≥ 0.

It is easily seen that γ is infinitely divisible and its n-th root is the Gamma distribu-
tion with parameters (b/n, α).

Example 1.4 For c > 0 and 0 < α < 1 the function λ 
→ cλα admits the represen-
tation (1.27). Indeed, it is simple to show

λα =
α

Γ (1 − α)

∫ ∞

0

(1 − e−λu)
du

u1+α
, λ ≥ 0. (1.28)

The infinitely divisible probability measure ν on [0,∞) satisfying − log Lν(λ) =
cλα is known as the one-sided stable distribution with index 0 < α < 1. This
distribution does not charge zero and is absolutely continuous with respect to the
Lebesgue measure on (0,∞) with continuous density. For α = 1/2 it has density

q(x) :=
c

2
√

π
x−3/2e−c2/4x, x > 0.

For a general index the density can be given using an infinite series; see, e.g., Sato
(1999, p.88).
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1.5 Lévy–Khintchine Type Representations

In this section, we present some criteria for continuous functions on [0,∞) to have
Lévy–Khintchine type representations. The results are useful in the study of high-
density limits of discrete branching processes. For an interval T ⊂ R let C (T )
denote the set of continuous (not necessarily bounded) functions on T . For any
c ≥ 0 we define the difference operator Δc by

Δcf(λ) = f(λ + c) − f(λ), λ, λ + c ∈ T, f ∈ C (T ).

Let Δ0
c be the identity and define Δn

c = Δn−1
c Δc for n ≥ 1 inductively. Then we

have

Δm
c f(λ) = (−1)m

m∑

i=0

(
m

i

)

(−1)if(λ + ic). (1.29)

We call θ ∈ C ([0,∞)) a completely monotone function if it satisfies

(−1)iΔi
cθ(λ) ≥ 0, λ ≥ 0, c ≥ 0, i = 0, 1, 2, . . . . (1.30)

The Bernstein polynomials of a function f ∈ C ([0, 1]) are given by

Bf,m(s) =
m∑

i=0

(
m

i

)

Δi
1/mf(0)si, 0 ≤ s ≤ 1, m = 1, 2, . . . .

It is well-known that

Bf,m(s) → f(s), s ∈ [0, 1], (1.31)

uniformly as m → ∞; see, e.g., Feller (1971, p.222).

Theorem 1.40 A function θ ∈ C ([0,∞)) is the Laplace transform of a finite mea-
sure G on [0,∞) if and only if it is completely monotone.

Proof. If θ ∈ C ([0,∞)) is the Laplace transform of a finite measure on [0,∞) it is
clearly a completely monotone function. Conversely, suppose that (1.30) holds. For
fixed a > 0, we let γa(s) = θ(a − as) for 0 ≤ s ≤ 1. The complete monotonicity
of θ implies

Δi
1/mγa(0) ≥ 0, i = 0, 1, . . . ,m.

Then the Bernstein polynomial Bγa,m(s) has positive coefficients, so Bγa,m(e−λ/a)
is the Laplace transform of a finite measure Ga,m on [0,∞). By Theorem 1.20,

θ(λ) = lim
a→∞

lim
m→∞

Bγa,m(e−λ/a), λ ≥ 0,

is the Laplace transform of a finite measure on [0,∞). �
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Now let us consider a general Lévy–Khintchine type representation for continu-
ous functions on [0,∞). For u ≥ 0 and λ ≥ 0 let

ξn(u, λ) = e−λu − 1 − (1 + un)−1
n−1∑

i=1

(−λu)i

i!
, n = 1, 2, . . . .

We are interested in functions φ ∈ C ([0,∞)) with the representation

φ(λ) =
n−1∑

i=0

aiλ
i +

∫ ∞

0

ξn(u, λ)(1 − e−u)−nG(du), λ ≥ 0, (1.32)

where n ≥ 1 is an integer, {a0, . . . , an−1} is a set of constants and G(du) is a
finite measure on [0,∞). The value at u = 0 of the integrand in (1.32) is defined by
continuity as (−λ)n/n!.

Lemma 1.41 A function η ∈ C ([0,∞)) is a polynomial of degree less than n ≥ 1
if and only if Δn

c η(0) = 0 for all c ≥ 0.

Proof. If η ∈ C ([0,∞)) is a polynomial of degree less than n ≥ 1, one sees easily
Δn

c η(0) = 0 for all c ≥ 0. For the converse, suppose that η ∈ C ([0,∞)) and
Δn

c η(0) = 0 for all c ≥ 0. Fix a > 0 and let ηa(s) = η(as) for 0 ≤ s ≤ 1. Since

Δn
c ηa(0) = 0, 0 ≤ c ≤ n−1,

the polynomials of ηa have degree less than n, that is,

Bηa,m(s) =
n−1∑

i=0

b
(m)
i si, m = n, n + 1, . . . .

The coefficients b
(m)
i here can be represented as linear combinations of

Bηa,m(1/n), Bηa,m(2/n), . . . , Bηa,m(n/n).

By (1.31) the limits

lim
m→∞

b
(m)
i = bi, i = 0, 1, . . . , n − 1

exist and hence ηa(s) =
∑n−1

i=0 bis
i for 0 ≤ s ≤ 1. Setting ai = a−1bi we get

η(s) =
n−1∑

i=0

ais
i, 0 ≤ s ≤ a.

Clearly, this formula holds in fact for all s ≥ 0. �


Theorem 1.42 A function φ ∈ C ([0,∞)) has the representation (1.32) if and only
if for every c ≥ 0 the function
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θc(λ) := (−1)nΔn
c φ(λ), λ ≥ 0 (1.33)

is the Laplace transform of a finite measure on [0,∞).

Proof. Suppose that φ is given by (1.32). Using (1.29) it is simple to see

θc(λ) =
∫ ∞

0

e−λu(1 − e−cu)n(1 − e−u)−nG(du),

where the integrand is defined as cn at u = 0 by continuity. Thus θc is the Laplace
transform of a finite measure on [0,∞). Conversely, assume θc is the Laplace trans-
form of a finite measure Gc on [0,∞), that is,

θc(λ) =
∫ ∞

0

e−λuGc(du), λ ≥ 0. (1.34)

From (1.29) and the relation

(−1)nΔn
1 θc(λ) = Δn

1Δn
c φ(λ) = Δn

c Δn
1φ(λ) = (−1)nΔn

c θ1(λ)

it follows that
∫ ∞

0

e−λu(1 − e−u)nGc(du) =
∫ ∞

0

e−λu(1 − e−cu)nG(du),

where G = G1. Therefore

Gc(du) = (1 − e−cu)n(1 − e−u)−nG(du), 0 < u < ∞ (1.35)

by the uniqueness of the Laplace transform. Let

φ0(λ) =
∫ ∞

0

ξn(u, λ)(1 − e−u)−nG(du), λ ≥ 0. (1.36)

The function η(λ) := φ(λ) − φ0(λ) is continuous and

(−1)nΔn+1
c η(λ) = (−1)nΔc[Δn

c φ(λ) − Δn
c φ0(λ)]

= Δc

[
θc(λ) −

∫ ∞

0

e−λu(1 − e−cu)n(1 − e−u)−nG(du)
]

= Δc[Gc({0}) − cnG({0})] = 0,

where we used (1.35) for the third equality. By Lemma 1.41 the function η is a
polynomial of degree less than n + 1, say η(λ) =

∑n
i=0 aiλ

i. By (1.33) and (1.36),
we have

n!an = Δn
1η(λ) = (−1)n

[
θ1(λ) −

∫ ∞

0

e−λuG(du)
]

= 0.

Then φ has the representation (1.32). �
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Based on the above two theorems we can give canonical representations for the
limit functions of some sequences involving probability generating functions. Let
{αk} be a sequence of positive numbers and let {gk} be a sequence of probability
generating functions, that is,

gk(z) =
∞∑

i=0

pkiz
i, |z| ≤ 1,

where pki ≥ 0 and
∑∞

i=0 pki = 1. We first consider the sequence of functions {ψk}
defined by

ψk(λ) = αk[1 − gk(1 − λ/k)], 0 ≤ λ ≤ k. (1.37)

Theorem 1.43 If the sequence {ψk} defined by (1.37) converges to some ψ ∈
C ([0,∞)), then the limit function belongs to the class I defined by (1.27).

Proof. For any c, λ ≥ 0 and sufficiently large k ≥ 1 we have

Δcψk(λ) = −αkΔcgk(1 − ·/k)(λ).

Since for each integer i ≥ 1 the i-th derivative g
(i)
k is a power series with positive

coefficients, so is Δm
c g

(i)
k for any m ≥ 1. In particular, we have

(−1)i di

dλi
Δcψk(λ) = −k−iαkΔcg

(i)
k (1 − ·/k)(λ) ≥ 0.

By the mean-value theorem, one sees inductively (−1)iΔi
hΔcψk(λ) ≥ 0. Letting

k → ∞ we obtain (−1)iΔi
hΔcψ(λ) ≥ 0. Then Δcψ(λ) is a completely monotone

function of λ ≥ 0, so by Theorem 1.40 it is the Laplace transform of a finite measure
on [0,∞). Since ψ(0) = limk→∞ ψk(0) = 0, by Theorem 1.42 there is a finite
measure F on [0,∞) so that

ψ(λ) =
∫ ∞

0

(
1 − e−λu

)
(1 − e−u)−1F (du),

where the value of the integrand at u = 0 is defined as λ by continuity. Then (1.27)
follows with β = F ({0}) and l(du) = (1 − e−u)−1F (du) for u > 0. �


Example 1.5 Suppose that g is a probability generating function so that β :=
g′(1−) < ∞. Let αk = k and gk(z) = g(z). Then the sequence ψk(λ) defined
by (1.37) converges to βλ as k → ∞.

Example 1.6 For any 0 < α ≤ 1 the function ψ(λ) = λα has the representation
(1.27). For α = 1 that is trivial, and for 0 < α < 1 that follows from (1.28).
Let ψk(λ) be defined by (1.37) with αk = kα and gk(z) = 1 − (1 − z)α. Then
ψk(λ) = λα for 0 ≤ λ ≤ k.
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In the study of limit theorems of branching models, we shall also need to consider
the limit of another function sequence defined as follows. Let {αk} and {gk} be
given as above and let

φk(λ) = αk[gk(1 − λ/k) − (1 − λ/k)], 0 ≤ λ ≤ k. (1.38)

Theorem 1.44 If the sequence {φk} defined by (1.38) converges to some φ ∈
C ([0,∞)), then the limit function has the representation

φ(λ) = aλ + cλ2 +
∫ ∞

0

(
e−λu − 1 +

λu

1 + u2

)
m(du), (1.39)

where c ≥ 0 and a are constants, and m(du) is a σ-finite measure on (0,∞) satis-
fying

∫ ∞

0

(1 ∧ u2)m(du) < ∞. (1.40)

Proof. Since φ(0) = limk→∞ φk(0) = 0, arguing as in the proof of Theorem 1.43
we see that φ has the representation (1.32) with n = 2 and a0 = 0, which can be
rewritten into the equivalent form (1.39). �


Now let us consider a special case of the function φ ∈ C ([0,∞)) given by (1.39).
Observe that if the measure m(du) satisfies the integrability condition

∫ ∞

0

(u ∧ u2)m(du) < ∞, (1.41)

we have

φ(λ) = bλ + cλ2 +
∫ ∞

0

(
e−λu − 1 + λu

)
m(du), (1.42)

where

b = a −
∫ ∞

0

u3

1 + u2
m(du).

Proposition 1.45 The function φ ∈ C ([0,∞)) with the representation (1.39) is
locally Lipschitz if and only if (1.41) holds.

Proof. For computational convenience we first rewrite (1.39) as

φ(λ) = b1λ + cλ2 +
∫ ∞

0

(
e−λu − 1 + λu1{u≤1}

)
m(du), (1.43)

where

b1 = a +
∫ ∞

0

( u

1 + u2
− u1{u≤1}

)
m(du).
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By applying dominated convergence to (1.43), for each λ > 0 we have

φ′(λ) = b1 + 2cλ +
∫

(0,1]

u
(
1 − e−λu

)
m(du) −

∫

(1,∞)

ue−λum(du).

Then we use monotone convergence to the two integrals to get

φ′(0+) = b1 −
∫

(1,∞)

um(du).

If φ is locally Lipschitz, we have φ′(0+) > −∞ and the integral on the right-hand
side is finite. This together with (1.40) implies (1.41). Conversely, if (1.41) holds,
then φ′ is bounded on each bounded interval and so φ is locally Lipschitz. �


Corollary 1.46 If the sequence {φk} defined by (1.38) is uniformly Lipschitz on
each bounded interval and φk(λ) → φ(λ) for all λ ≥ 0 as k → ∞, then the limit
function has the representation (1.42).

Example 1.7 Suppose that g is a probability generating function so that g′(1−) = 1
and c := g′′(1−)/2 < ∞. Let αk = k2 and gk(z) = g(z). By Taylor’s expansion
it is easy to show that the sequence φk(λ) defined by (1.38) converges to cλ2 as
k → ∞.

Example 1.8 For 0 < α < 1 the function φ(λ) = −λα has the representation
(1.39). That follows from (1.28) as we notice

∫ ∞

0

( u

1 + u2

) du

u1+α
=

∫ ∞

0

( 1
1 + u2

)du

uα
< ∞.

The function is the limit of the sequence φk(λ) defined by (1.38) with αk = kα and
gk(z) = 1 − (1 − z)α.

Example 1.9 For any 1 ≤ α ≤ 2 the function φ(λ) = λα can be represented in the
form of (1.42). In particular, for 1 < α < 2 we have

λα =
α(α − 1)
Γ (2 − α)

∫ ∞

0

(e−λu − 1 + λu)
du

u1+α
, λ ≥ 0.

Let φk(λ) be defined by (1.38) with αk = αkα and gk(z) = z+α−1(1−z)α. Then
φk(λ) = λα for 0 ≤ λ ≤ k.

1.6 Notes and Comments

For the theory of convergence of probability measures on metric spaces we refer to
Billingsley (1999), Ethier and Kurtz (1986) and Parthasarathy (1967). The standard
reference of random measures is Kallenberg (1975).
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A slightly different form of Proposition 1.19 was given in Dynkin (1989a). The-
orem 1.20 can be found in Dynkin (1989b, 1991a). See Dynkin (1989b) for another
proof of Theorem 1.23. Some earlier forms of Theorem 1.32 were given in Silver-
stein (1969) and Watanabe (1968). Theorem 1.40 is a modification of a theorem of
Bernstein; see, e.g., Feller (1971, p.439) or Berg et al. (1984, p.135). The proof of
Theorem 1.42 is from Li (1991).

The Laplace transform provides an important tool for the study of probability
measures on the half line R+. To characterize a probability measure μ on the real
line R one usually uses its characteristic function defined by

μ̂(t) :=
∫

R

eitxμ(dx), t ∈ R.

It is well-known that the probability measure is infinitely divisible if and only if its
characteristic function is given by the Lévy–Khintchine formula:

μ̂(t) = exp
{

iat − ct2 +
∫

R\{0}

(
eity − 1 − ity1{|y|≤1}

)
L(dy)

}

, (1.44)

where c ≥ 0 and a are constants and L(dy) is a σ-finite (Lévy) measure on R \ {0}
such that

∫

R\{0}
(1 ∧ y2)L(dy) < ∞.

For the infinitely divisible probability measure μ given by (1.44) we have
∫

R

|x|μ(dx) < ∞

if and only
∫

R\{0}
(|y| ∧ y2)L(dy) < ∞;

see, e.g., Sato (1999, p.163). In this case, we can rewrite the Lévy–Khintchine rep-
resentation into

μ̂(t) = exp
{

ibt − ct2 +
∫

R\{0}

(
eity − 1 − ity

)
L(dy)

}

, (1.45)

where

b =
∫

R

xμ(dx).
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In particular, a one-sided stable distribution with index 1 < α < 2 is obtained by
taking b = c = 0 and L(dy) = hy−1−α1{y>0}dy for some constant h > 0 in
(1.45).



Chapter 2
Measure-Valued Branching Processes

A measure-valued process describes the evolution of a population that evolves ac-
cording to the law of chance. In this chapter we provide some basic characteriza-
tions and constructions for measure-valued branching processes. In particular, we
establish a one-to-one correspondence between those processes and cumulant semi-
groups. Some results for nonlinear integral evolution equations are proved, which
lead to an analytic construction of a class of measure-valued branching processes,
the so-called Dawson–Watanabe superprocesses. We shall construct the superpro-
cesses for admissible killing densities and general branching mechanisms that are
not necessarily decomposable into local and non-local parts. A number of moment
formulas for the superprocesses are also given.

2.1 Definitions and Basic Properties

Suppose that E is a Lusin topological space and (Qt)t≥0 is a conservative transition
semigroup on M(E). We say (Qt)t≥0 satisfies the branching property provided

Qt(μ1 + μ2, ·) = Qt(μ1, ·) ∗ Qt(μ2, ·), t ≥ 0, μ1, μ2 ∈ M(E). (2.1)

Given the transition semigroup (Qt)t≥0, for t ≥ 0 and f ∈ B(E)+ let

Vtf(x) = − log
∫

M(E)

e−ν(f)Qt(δx, dν), x ∈ E. (2.2)

We say (Qt)t≥0 satisfies the regular branching property if for every t ≥ 0 and
f ∈ B(E)+ the function Vtf belongs to B(E)+ and

∫

M(E)

e−ν(f)Qt(μ,dν) = exp{−μ(Vtf)}, μ ∈ M(E). (2.3)

Z. Li, Measure-Valued Branching Markov Processes,
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Clearly, (Qt)t≥0 has the branching property (2.1) if it satisfies the regular branching
property (2.3).

Theorem 2.1 If (Qt)t≥0 satisfies the branching property (2.1), then for any proba-
bility measures N1 and N2 on M(E) we have

(N1 ∗ N2)Qt = (N1Qt) ∗ (N2Qt), t ≥ 0. (2.4)

Proof. For any t ≥ 0 and f ∈ B(E)+,
∫

M(E)

e−ν(f)(N1 ∗ N2)Qt(dν)

=
∫

M(E)

(N1 ∗ N2)(dμ)
∫

M(E)

e−ν(f)Qt(μ,dν)

=
∫

M(E)2
N1(dμ1)N2(dμ2)

∫

M(E)

e−ν(f)Qt(μ1 + μ2, dν)

=
∫

M(E)2
N1(dμ1)N2(dμ2)

∫

M(E)2
e−ν1(f)−ν2(f)Qt(μ1, dν1)Qt(μ2, dν2)

=
∫

M(E)

e−ν1(f)(N1Qt)(dν1)
∫

M(E)

e−ν2(f)(N2Qt)(dν2).

Then (2.4) follows by the uniqueness of the Laplace functional. ��

Proposition 2.2 If (Qt)t≥0 satisfies the branching property (2.1) and K is an in-
finitely divisible probability measure on M(E), then KQt is an infinitely divisible
probability measure on M(E) for any t ≥ 0.

Proof. For n ≥ 1 let Kn be the n-th root of K. By applying (2.4) inductively we
have (KnQt)∗n = (K∗n

n )Qt = KQt. Then KQt is infinitely divisible. ��

Suppose that T is an interval on the real line and (Ft)t∈T is a filtration. A
Markov process {(Xt, Ft) : t ∈ T} in M(E) with transition semigroup (Qt)t≥0

satisfying the branching property (2.1) is called a measure-valued branching pro-
cess (MB-process). In particular, we call {(Xt, Ft) : t ∈ T} a regular MB-process
if (Qt)t≥0 satisfies the regular branching property defined by (2.2) and (2.3).

Theorem 2.3 Suppose that {(Xt, Ft) : t ∈ T} and {(Yt, Gt) : t ∈ T} are two
independent MB-processes with transition semigroup (Qt)t≥0. Let Zt = Xt + Yt

and Ht = σ(Ft ∪ Gt). Then {(Zt, Ht) : t ∈ T} is also an MB-process with
transition semigroup (Qt)t≥0.

Proof. Let r ≤ t ∈ T and suppose F ∈ bFr and G ∈ bGr. For any f ∈ B(E)+

we use the independence of {(Xt, Ft) : t ∈ T} and {(Yt, Gt) : t ∈ T} and the
branching property (2.1) to see that

E
[
FG exp{−Zt(f)}

]

= E
[
F exp{−Xt(f)}

]
E

[
G exp{−Yt(f)}

]
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= E
[
F

∫

M(E)

e−ν(f)Qt−r(Xr, dν)
]
E

[
G

∫

M(E)

e−ν(f)Qt−r(Yr, dν)
]

= E
[
FG

∫

M(E)

e−ν(f)Qt−r(Zr, dν)
]
.

Then Proposition A.1 implies

E
[
H exp{−Zt(f)}

]
= E

[
H

∫

M(E)

e−ν(f)Qt−r(Zr, dν)
]

for any H ∈ bHr. That gives the desired result. ��

Recall that I (E) denotes the convex cone of functionals on B(E)+ with the
representation (1.20). Let (Vt)t≥0 be a family of operators on B(E)+ and let
vt(x, f) = Vtf(x). We call (Vt)t≥0 a cumulant semigroup provided:

(1) vt(x, ·) ∈ I (E) for all t ≥ 0 and x ∈ E;
(2) VrVt = Vr+t for every r, t ≥ 0.

By Theorem 1.36, if (Vt)t≥0 is a cumulant semigroup, each operator Vt has the
canonical representation

Vtf(x) = λt(x, f) +
∫

M(E)◦

(
1 − e−ν(f)

)
Lt(x,dν), f ∈ B(E)+, (2.5)

where λt(x,dy) is a bounded kernel on E and (1 ∧ ν(1))Lt(x,dν) is a bounded
kernel from E to M(E)◦.

Theorem 2.4 The relation (2.3) establishes a one-to-one correspondence between
cumulant semigroups (Vt)t≥0 on B(E)+ and transition semigroups (Qt)t≥0 on
M(E) satisfying the regular branching property.

Proof. Suppose that (Vt)t≥0 is a cumulant semigroup. By Theorem 1.35 we see that
(2.3) defines an infinitely divisible probability measure Qt(μ, ·) on M(E). From
VrVt = Vr+t we have QrQt = Qr+t. That is, (Qt)t≥0 is a transition semigroup
on M(E). Conversely, suppose that (Qt)t≥0 is a transition semigroup on M(E)
satisfying the regular branching property. Then Qt(μ, ·) is an infinitely divisible
probability measure on M(E). This is true in particular for μ = δx, and so Vtf(x)
has the representation (2.5) by Theorems 1.35 and 1.36. The semigroup property of
(Vt)t≥0 follows from that of (Qt)t≥0. ��

Example 2.1 Let Ma(E) and Md(E) denote respectively the subset of M(E) of
purely atomic measures and that of diffuse measures. Then each μ ∈ M(E) has
the unique decomposition μ = μa + μd for μa ∈ Ma(E) and μd ∈ Md(E). The
mappings μ 
→ μa and μ 
→ μd are measurable; see Kallenberg (1975, pp.10–
11). Take two distinct real constants ca and cd and let Qt(μ, ·) be the unit mass
concentrated at ecatμa+ecdtμd. Then (Qt)t≥0 satisfies the branching property (2.1),
but it is not regular in the sense of (2.3).
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Theorem 2.5 Suppose that E is a compact metric space. If (Vt)t≥0 is a cumulant
semigroup on E preserving C(E)++ and Vtf(x) → f(x) pointwise as t → 0 for
every f ∈ C(E)++, then (2.3) defines a Feller semigroup (Qt)t≥0 on M(E). Con-
versely, if (Qt)t≥0 is a Feller semigroup having the branching property (2.1), then it
satisfies the regular branching property (2.3) with cumulant semigroup (Vt)t≥0 pre-
serving C(E)++ and Vtf(x) → f(x) pointwise as t → 0 for every f ∈ C(E)++.

Proof. If (Vt)t≥0 is a cumulant semigroup on E that preserves C(E)++ and
Vtf(x) → f(x) pointwise as t → 0 for every f ∈ C(E)++, it is simple to
see that (2.3) defines a Feller semigroup on M(E). For the converse, suppose
that (Qt)t≥0 is a Feller semigroup on M(E) having the branching property (2.1).
Given f ∈ B(E)+ we define Vtf(x) by (2.2). For any f ∈ C(E)++ we clearly
have Vtf ∈ C(E)+. If μ =

∑n
i=1(pi/qi)δxi for xi ∈ E and integers pi and

qi ≥ 1, we have (2.3) by easy calculations based on (2.1). By an approximating
argument, the equality holds for all μ ∈ M(E) and f ∈ C(E)++. The exten-
sion from f ∈ C(E)++ to f ∈ B(E)+ is immediate by Proposition 1.3. Then
(Qt)t≥0 satisfies the regular branching property. If there exists f ∈ C(E)++

so that Vtf /∈ C(E)++, the compactness of E assures the existence of a point
x0 ∈ E satisfying Vtf(x0) = 0, so the function μ 
→ exp{−μ(Vtf)} does not
belong to C0(M(E)), yielding a contradiction. Then (Vt)t≥0 preserves C(E)++.
Since QtF (μ) → F (μ) pointwise as t → 0 for every F ∈ C0(M(E)), we have
Vtf(x) → f(x) pointwise as t → 0 for every f ∈ C(E)++. ��

In the rest of the book, we will only consider regular MB-processes and will omit
the adjective “regular”. Given the transition semigroup (Qt)t≥0 of an MB-process
in M(E), we use (Q◦

t )t≥0 to denote its restriction to M(E)◦.

Proposition 2.6 Suppose that (Qt)t≥0 is defined by (2.3) with (Vt)t≥0 given by
(2.5). If N = I(η, H) is an infinitely divisible probability measure on M(E), then
NQt = I(ηt, Ht) is infinitely divisible for every t ≥ 0, where

ηt =
∫

E

η(dy)λt(y, ·) and Ht =
∫

E

η(dy)Lt(y, ·) + HQ◦
t . (2.6)

Proof. We first note that NQt is infinitely divisible by Proposition 2.2. For t ≥ 0
and f ∈ B(E)+ we have

− log
∫

M(E)

e−ν(f)NQt(dν)

= η(Vtf) +
∫

M(E)◦

(
1 − e−ν(Vtf)

)
H(dν)

=
∫

E

η(dy)λt(y, f) +
∫

E

η(dy)
∫

M(E)◦

(
1 − e−ν(f)

)
Lt(y, dν)

+
∫

M(E)◦

(
1 − e−ν(f)

)
HQ◦

t (dν).

Then NQt = I(ηt, Ht) with (ηt, Ht) given by (2.6). ��
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Corollary 2.7 Suppose that (Qt)t≥0 is defined by (2.3) with (Vt)t≥0 given by (2.5).
Then for any t ≥ r ≥ 0 and x ∈ E we have

λr+t(x, ·) =
∫

E

λr(x,dy)λt(y, ·) (2.7)

and

Lr+t(x, ·) =
∫

E

λr(x,dy)Lt(y, ·) +
∫

M(E)◦
Lr(x,dμ)Q◦

t (μ, ·). (2.8)

Proof. This follows by applying Proposition 2.6 to the infinitely divisible probabil-
ity measure Qr(δx, ·) on M(E). ��

Suppose that (Qt)t≥0 is the transition semigroup of an MB-process defined by
(2.3). In general, the corresponding cumulant semigroup (Vt)t≥0 has the represen-
tation (2.5). Let E◦ be the set of points x ∈ E such that λt(x,E) = 0 for all t > 0.
Then x ∈ E◦ if and only if

Vtf(x) =
∫

M(E)◦

(
1 − e−ν(f)

)
Lt(x,dν), t > 0, f ∈ B(E)+. (2.9)

In view of (2.8), we have the following:

Proposition 2.8 For any x ∈ E◦ the family of σ-finite measures {Lt(x, ·) : t > 0}
on M(E)◦ constitute an entrance law for the restricted semigroup (Q◦

t )t≥0.

2.2 Integral Evolution Equations

Let E be a Lusin topological space. Suppose that ξ = (Ω,F , Ft, ξt,Px) is a Borel
right process in E with transition semigroup (Pt)t≥0. Let {K(t) : t ≥ 0} be a
continuous additive functional of ξ which is admissible in the sense that each ω 
→
Kt(ω) is measurable with respect to the σ-algebra F 0 := σ({ξt : t ≥ 0}) and

k(t) := sup
x∈E

Px

[
K(t)

]
→ 0, t → 0. (2.10)

For any β ∈ B(E) we write

Kt(β) =
∫ t

0

β(ξs)K(ds), t ≥ 0.

Let bE (K) denote the set of functions β ∈ B(E) so that t 
→ e−Kt(β) is a locally
bounded stochastic process. Recall that ‖·‖ denotes the supremum norm of functions
on E.
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Proposition 2.9 Let f ∈ B(E) and b, β ∈ bE (K). If the two locally bounded
functions h, u ∈ B([0,∞) × E) satisfy

u(t, x) = Px

[
e−Kt(β)f(ξt)

]
+ Px

[ ∫ t

0

e−Ks(β)h(t − s, ξs)K(ds)
]

, (2.11)

they also satisfy

u(t, x) = Px

[
e−Kt(b)f(ξt)

]
+ Px

{∫ t

0

e−Ks(b)h(t − s, ξs)K(ds)
}

−Px

{∫ t

0

e−Ks(b)[β(ξs) − b(ξs)]u(t − s, ξs)K(ds)
}

. (2.12)

Proof. Let Kr
t (β) = Kt(β) − Kr(β) for t ≥ r ≥ 0. Since s 
→ Fs is a right

continuous filtration, the process

s 
→ Px[e−Ks
t (β)f(ξt)|Fs] = eKs(β)Px[e−Kt(β)f(ξt)|Fs]

is a.s. right continuous. Let g = β − b ∈ bE (K). By the Markov property of ξ,

Px

{ ∫ t

0
g(ξs)e−Ks(b)Pξs

[
e−Kt−s(β)f(ξt−s)

]
K(ds)

}

= Px

{ ∫ t

0
g(ξs)e−Ks(b)Px

[
e−Ks

t
(β)f(ξt)|Fs

]
K(ds)

}

= lim
n→∞

Px

{ n∑

i=1

∫ it/n

(i−1)t/n

g(ξs)e−Ks(b)Px

[
e−Kit/n

t
(β)f(ξt)|Fit/n

]
K(ds)

}

= lim
n→∞

n∑

i=1

Px

{

Px

[ ∫ it/n

(i−1)t/n

g(ξs)e−Ks(b)e−Kit/n
t

(β)f(ξt)K(ds)
∣
∣
∣Fit/n

]}

= lim
n→∞

n∑

i=1

Px

{ ∫ it/n

(i−1)t/n

g(ξs)e−Ks(b)e−Kit/n
t

(β)f(ξt)K(ds)

}

= Px

{ ∫ t

0
g(ξs)e−Ks(b)e−Ks

t
(β)f(ξt)K(ds)

}

= Px

{ ∫ t

0
g(ξs)e−Kt(b)e−Ks

t
(g)f(ξt)K(ds)

}

= Px

{
f(ξt)e

−Kt(b)(1 − e−Kt(g))
}

.

By similar calculations we have

Px

{ ∫ t

0
g(ξs)e−Ks(b)Pξs

[ ∫ t−s

0
e−Kr(β)h(t − s − r, ξr)K(dr)

]

K(ds)

}

= Px

{ ∫ t

0
g(ξs)e−Ks(b)K(ds)

∫ t−s

0
e−Ks

s+r
(β)h(t − s − r, ξs+r)K(s + dr)

}

= Px

{ ∫ t

0
g(ξs)e−Ks(b)K(ds)

∫ t

s

e−Ks
r
(β)h(t − r, ξr)K(dr)

}

= Px

{ ∫ t

0
h(t − r, ξr)e−Kr(b)K(dr)

∫ r

0
g(ξs)e−Ks

r
(g)K(ds)

}

= Px

{ ∫ t

0
h(t − r, ξr)e−Kr(b)(1 − e−Kr(g))K(dr)

}

.
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Then we add up both sides of the two equations and use (2.11) to get (2.12). ��
In the sequel, we assume β ∈ bE (K) and f 
→ φ(·, f) is an operator from

B(E)+ into B(E) which is bounded on Ba(E)+ for every a ≥ 0. For f ∈ B(E)+

we consider the integral evolution equation

vt(x) = Px

[
e−Kt(β)f(ξt)

]
− Px

[ ∫ t

0

e−Ks(β)φ(ξs, vt−s)K(ds)
]

. (2.13)

For the convenience of statement of the results, we formulate the following condi-
tions:

Condition 2.10 There is a constant L ≥ 0 so that −φ(x, f) ≤ L‖f‖ for x ∈ E
and f ∈ B(E)+.

Condition 2.11 For every a ≥ 0 there is a constant La ≥ 0 so that

sup
x∈E

|φ(x, f) − φ(x, g)| ≤ La‖f − g‖, f, g ∈ Ba(E)+.

Proposition 2.12 Let r ≥ 0 and f ∈ B(E)+. Then (t, x) 
→ vt(x) satisfies (2.13)
for t ≥ 0 if and only if it satisfies the equation for 0 ≤ t ≤ r and (t, x) 
→ vr+t(x)
satisfies

vr+t(x) = Px

[
e−Kt(β)vr(ξt)

]
− Px

[ ∫ t

0
e−Ks(β)φ(ξs, vr+t−s)K(ds)

]

. (2.14)

Proof. Suppose that (t, x) 
→ vt(x) satisfies (2.13) for 0 ≤ t ≤ r and (t, x) 
→
vr+t(x) satisfies (2.14) for t ≥ 0. Then we have

vr+t(x) = Px

[
e−Kt(β)vr(ξt)

]
− Px

[ ∫ t

0
e−Ks(β)φ(ξs, vr+t−s)K(ds)

]

= Px

{
e−Kt(β)Pξt

[
e−Kr(β)f(ξr)

]}

−Px

{

e−Kt(β)Pξt

[ ∫ r

0
e−Ks(β)φ(ξs, vr−s)K(ds)

]}

−Px

[ ∫ t

0
e−Ks(β)φ(ξs, vr+t−s)K(ds)

]

= Px

[
e−Kr+t(β)f(ξr+t)] − Px

[ ∫ r

0
e−Kt+s(β)φ(ξt+s, vr−s)K(t + ds)

]

−Px

[ ∫ t

0
e−Ks(β)φ(ξs, vr+t−s)K(ds)

]

= Px

[
e−Kr+t(β)f(ξr+t)] − Px

[ ∫ r+t

t

e−Ks(β)φ(ξs, vr+t−s)K(ds)

]

−Px

[ ∫ t

0
e−Ks(β)φ(ξs, vr+t−s)K(ds)

]

= Px

[
e−Kr+t(β)f(ξr+t)] − Px

[ ∫ r+t

0
e−Ks(β)φ(ξs, vr+t−s)K(ds)

]

.

Therefore (t, x) 
→ vt(x) satisfies (2.13) for t ≥ 0. For the converse, suppose that
(2.13) holds for t ≥ 0. The equation certainly holds for 0 ≤ t ≤ r. By calculations
similar to the above we see (t, x) 
→ vr+t(x) satisfies (2.14). ��
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Corollary 2.13 If for every f ∈ B(E)+ there is a unique locally bounded positive
solution (t, x) 
→ vt(x, f) to (2.13), then the operators Vt : f 
→ vt(·, f) on B(E)+

constitute a semigroup.

Proof. Fix r ≥ 0 and define ut = vt for 0 ≤ t ≤ r and ur+t = vt(·, vr) for
t ≥ 0. By Proposition 2.12 we see (t, x) 
→ ut(x) solves (2.13) for t ≥ 0. Then
the uniqueness of the solution implies ur+t = vr+t for all t ≥ 0. That gives the
semigroup property of (Vt)t≥0. ��

Proposition 2.14 Suppose that Condition 2.10 holds. Then there is an increasing
function t 
→ C(t) on [0,∞) so that for any locally bounded positive solution
(t, x) 
→ vt(x, f) to (2.13) we have

sup
0≤s≤t

‖vs(·, f)‖ ≤ C(t)‖f‖, t ≥ 0. (2.15)

Proof. Let t 
→ l(t) be an increasing function so that e−Kt(β) ≤ l(t) for all t ≥ 0.
By (2.13) and Condition 2.10 we have

‖vt(·, f)‖ ≤ l(t)‖f‖ + Ll(t) sup
x∈E

Px

[ ∫ t

0

‖vt−s(·, f)‖K(ds)
]

.

It follows that

sup
0≤s≤t

‖vs(·, f)‖ ≤ l(t)‖f‖ + Lk(t)l(t) sup
0≤s≤t

‖vs(·, f)‖.

Let δ > 0 be sufficiently small so that Lk(δ)l(δ) < 1. For 0 ≤ t ≤ δ the above
inequality implies

sup
0≤s≤t

‖vs(·, f)‖ ≤ l(t)
[
1 − Lk(t)l(t)

]−1‖f‖.

Then the desired result follows by Proposition 2.12 and a successive application of
the above estimate. ��

Proposition 2.15 If Condition 2.11 holds, there is at most one locally bounded pos-
itive solution (t, x) 
→ vt(x, f) to (2.13).

Proof. Suppose that (t, x) 
→ ut(x) and (t, x) 
→ vt(x) are two locally bounded
positive solutions of (2.13). Let ht(x) = ut(x) − vt(x) and let l(t) be as in the
proof of Proposition 2.14. For fixed T > 0 we can use Proposition 2.14 to find a
constant a ≥ 0 so that ‖ut‖ ≤ a and ‖vt‖ ≤ a for all 0 ≤ t ≤ T . By (2.13) and
Condition 2.11 we have

‖ht‖ ≤ l(t)Px

[ ∫ t

0

|φ(ξs, ut−s) − φ(ξs, vt−s)|K(ds)
]

≤ Lal(t) sup
x∈E

Px

[ ∫ t

0

‖ht−s‖K(ds)
]

.
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Then it is easy to get

sup
0≤s≤t

‖hs‖ ≤ Lak(t)l(t) sup
0≤s≤t

‖hs‖, 0 ≤ t ≤ T.

Take 0 < δ ≤ T so that Lak(δ)l(δ) < 1. The above inequality implies ‖ht‖ = 0
and hence ut = vt for 0 ≤ t ≤ δ. Then an application of Proposition 2.12 gives the
uniqueness of the solution to (2.13). ��

Proposition 2.16 Let {φn} be a sequence of operators from B(E)+ into B(E)
satisfying Conditions 2.10 and 2.11 with the constants L and La independent of
n ≥ 1. Suppose that limn→∞ φn(x, f) = φ(x, f) uniformly on E × Ba(E)+ for
every a ≥ 0 and for fn ∈ B(E)+ there is a unique locally bounded positive solution
t 
→ vn(t) = vn(t, x) to the equation

vn(t, x) = Px

[
e−Kt(β)fn(ξt)

]
− Px

[ ∫ t

0
e−Ks(β)φn(ξs, vn(t − s))K(ds)

]

. (2.16)

If limn→∞ fn = f in the supremum norm, then the limit limn→∞ vn(t, x) = vt(x)
exists and is uniform on [0, T ] × E for every T ≥ 0. Moreover, (t, x) 
→ vt(x) is a
solution of (2.13).

Proof. Choose a sufficiently large constant a ≥ 0 so that {fn} ⊂ Ba(E)+. By
Proposition 2.14 there is an increasing t 
→ C(t) on [0,∞) so that

sup
0≤s≤t

‖vn(s)‖ ≤ C(t)‖fn‖ ≤ aC(t), t ≥ 0.

Fix T > 0 and let c = aC(T ). For ε > 0 let N = N(ε, c) be an integer so that
‖fn − f‖ ≤ ε and ‖φn(·, h) − φ(·, h)‖ ≤ ε for n ≥ N and h ∈ Bc(E)+. Let l(t)
be as in the proof of Proposition 2.14 and let

Ht(n1, n2) = sup
0≤s≤t

‖vn2(s) − vn1(s)‖.

By (2.16) and Condition 2.11 we have

Ht(n1, n2) ≤ 2l(t)[1 + k(t)]ε + Lck(t)l(t)Ht(n1, n2)

for 0 ≤ t ≤ T and n1, n2 ≥ N . Take 0 < δ ≤ T so that Lck(δ)l(δ) < 1. The above
inequality implies

Ht(n1, n2) ≤ 2l(t)[1 + k(t)][1 − Lck(t)l(t)]−1ε

for 0 ≤ t ≤ δ. Then vn(t, x) converges uniformly on [0, δ] × E. By repeating the
above arguments and applying Proposition 2.12 we see the limit limn→∞ vn(t, x) =
vt(x) exists and is uniform on [0, T ] × E. Then letting n → ∞ in (2.16) we obtain
(2.13). ��
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2.3 Dawson–Watanabe Superprocesses

In this section we give the construction of a general class of Dawson–Watanabe su-
perprocesses. For this purpose we need to discuss the existence of solutions of some
nonlinear integral evolution equations which define cumulant semigroups. Let E be
a Lusin topological space. Suppose that ξ is a Borel right process in E with tran-
sition semigroup (Pt)t≥0 and {K(t) : t ≥ 0} is a continuous admissible additive
functional of ξ.

Lemma 2.17 Suppose that b ∈ B(E) and γ(x,dy) is a bounded kernel on E. Then
for each f ∈ B(E) there is a unique locally bounded solution (t, x) 
→ πtf(x) to
the linear evolution equation

πtf(x) = Pxf(ξt) + Px

{∫ t

0

γ(ξs, πt−sf)K(ds)
}

−Px

{ ∫ t

0

b(ξs)πt−sf(ξs)K(ds)
}

, (2.17)

which defines a locally bounded semigroup (πt)t≥0 of kernels on E.

Proof. Let b+ = 0 ∨ b and b− = 0 ∨ (−b). By Proposition A.41 there is a unique
locally bounded solution (t, x) 
→ πtf(x) to the equation

πtf(x) = Px

[
e−Kt(b

+)f(ξt)
]
+ Px

{∫ t

0

e−Ks(b+)γ(ξs, πt−sf)K(ds)
}

+Px

{∫ t

0

e−Ks(b+)b−(ξs)πt−sf(ξs)K(ds)
}

,

which defines a locally bounded semigroup (πt)t≥0 of kernels on E. By Proposi-
tion 2.9 the above equation is equivalent to (2.17). ��

Suppose that η(x,dy) is a bounded kernel on E and ν(1)H(x,dν) is a bounded
kernel from E to M(E)◦. We consider a function b ∈ B(E) and an operator f 
→
ψ(·, f) on B(E)+ with the representation

ψ(x, f) = η(x, f) +
∫

M(E)◦

(
1 − e−ν(f)

)
H(x,dν). (2.18)

From η(x,dy) and H(x,dν) we can define the bounded kernel γ(x,dy) on E by

γ(x,dy) = η(x,dy) +
∫

M(E)◦
ν(dy)H(x,dν). (2.19)

Let β ≥ 0 be a constant so that b(x) ≤ β for all x ∈ E. For fixed f ∈ B(E)+ set
u0(t, x) = 0 and define un(t, x) = un(t, x, f) inductively by

un+1(t, x) = Px[e−Kt(β)f(ξt)] + Px

{ ∫ t

0
e−Ks(β)ψ(ξs, un(t − s))K(ds)

}
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+Px

{ ∫ t

0
e−Ks(β)[β − b(ξs)]un(t − s, ξs)K(ds)

}

. (2.20)

Proposition 2.18 For every f ∈ B(E)+ there is a unique locally bounded positive
solution (t, x) 
→ ut(x, f) to the evolution equation

ut(x) = Px[f(ξt)] + Px

{∫ t

0

[ψ(ξs, ut−s) − b(ξs)ut−s(ξs)]K(ds)
}

. (2.21)

Moreover, we have πtf(x) ≥ ut(x, f) =↑ limn→∞ un(t, x, f) for all t ≥ 0 and
x ∈ E, where (πt)t≥0 is the semigroup defined by (2.17).

Proof. The operator f 
→ ψ(·, f) − bf clearly satisfies Condition 2.11 with La =
‖b‖ + ‖γ(·, 1)‖ for all a ≥ 0. By Proposition 2.15 there is at most one locally
bounded positive solution to (2.21). We next claim that

0 ≤ un−1(t, x, f) ≤ un(t, x, f) ≤ πtf(x), t ≥ 0, x ∈ E (2.22)

for every n ≥ 1. By Proposition 2.9 we can also define (t, x) 
→ πtf(x) by the
evolution equation

πtf(x) = Px[e−Kt(β)f(ξt)] + Px

{∫ t

0

e−Ks(β)γ(ξs, πt−sf)K(ds)
}

+Px

{∫ t

0

e−Ks(β)[β − b(ξs)]πt−sf(ξs)K(ds)
}

. (2.23)

Then for n = 1 the inequalities in (2.22) are trivial. Suppose they are true for some
n ≥ 1. By the monotonicity of the operator f 
→ ψ(·, f) + (β − b)f we have

0 ≤ un(t, x, f) ≤ un+1(t, x, f) ≤ v(t, x, f),

where

v(t, x, f) = Px[e−Kt(β)f(ξt)] + Px

{∫ t

0

e−Ks(β)ψ(ξs, πt−sf)K(ds)
}

+Px

{∫ t

0

e−Ks(β)[β − b(ξs)]πt−sf(ξs)K(ds)
}

. (2.24)

In view of (2.23) and (2.24) we have v(t, x, f) ≤ πtf(x). Then (2.22) holds for
all n ≥ 1. Let ut(x, f) =↑limn→∞ un(t, x, f). From (2.20) we see that (t, x) 
→
ut(x, f) is a locally bounded positive solution of

ut(x) = Px[e−Kt(β)f(ξt)] + Px

{ ∫ t

0

e−Ks(β)ψ(ξs, ut−s)K(ds)
}

+Px

{ ∫ t

0

e−Ks(β)[β − b(ξs)]ut−s(ξs)K(ds)
}

,
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which is equivalent to (2.21) by Proposition 2.9. ��

Proposition 2.19 In the case where K(ds) = ds is the Lebesgue measure, we have
ut(x, f) =↑limn→∞ un(t, x, f) uniformly on [0, T ]×E×Ba(E)+ for every T ≥ 0
and a ≥ 0.

Proof. Let Dn(t) = sup0≤s≤t ‖un(s) − un−1(s)‖. From (2.20) it is easy to get

Dn(t) ≤ (β + ‖b‖ + ‖γ(·, 1)‖)
∫ t

0

Dn−1(s1)ds1

≤ (β + ‖b‖ + ‖γ(·, 1)‖)2
∫ t

0

ds1

∫ s1

0

Dn−2(s2)ds2

≤ · · ·

≤ (β + ‖b‖ + ‖γ(·, 1)‖)n−1

∫ t

0

ds1

∫ s1

0

· · ·
∫ sn−2

0

‖f‖dsn−1

≤ 1
(n − 1)!

(β + ‖b‖ + ‖γ(·, 1)‖)n−1tn−1‖f‖,

and hence

D(t) :=
∞∑

n=1

Dn(t) ≤ ‖f‖ exp{(β + ‖b‖ + ‖γ(·, 1)‖)t} < ∞.

Then limn→∞ un(t, x, f) = ut(x, f) uniformly on [0, T ] × E × Ba(E)+. ��

Now we consider a more general operator f 
→ φ(·, f) as follows. Let b ∈ B(E)
and c ∈ B(E)+. Let η(x,dy) be a bounded kernel on E and H(x,dν) a σ-finite
kernel from E to M(E)◦. Suppose that

sup
x∈E

∫

M(E)◦

[
ν(1) ∧ ν(1)2 + νx(1)

]
H(x,dν) < ∞, (2.25)

where νx(dy) denotes the restriction of ν(dy) to E \ {x}. For x ∈ E and f ∈
B(E)+ write

φ(x, f) = b(x)f(x) + c(x)f(x)2 −
∫

E

f(y)η(x,dy)

+
∫

M(E)◦

[
e−ν(f) − 1 + ν({x})f(x)

]
H(x,dν). (2.26)

By Taylor’s expansion it is easy to see that

e−ν(f) − 1 + ν({x})f(x) = −νx(f) +
1
2
e−θν(f)2,

where 0 ≤ θ ≤ ν(f). Observe also that
∣
∣e−ν(f) − 1 + ν({x})f(x)

∣
∣ ≤ ν(f) + ν({x})f(x).
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Then the second integral on the right-hand side of (2.26) is bounded on E×Ba(E)+

for every a ≥ 0. Moreover, we can rewrite (2.26) into

φ(x, f) = b(x)f(x) + c(x)f(x)2 −
∫

E

f(y)γ(x,dy)

+
∫

M(E)◦

[
e−ν(f) − 1 + ν(f)

]
H(x,dν), (2.27)

where

γ(x,dy) = η(x,dy) +
∫

M(E)◦
νx(dy)H(x,dν). (2.28)

For each integer n ≥ 1 define

φn(x, f) = b(x)f(x) + 2nc(x)f(x) +
∫

M(E)◦
ν(f)hn(ν)H(x,dν)

−
∫

E

f(y)γ(x,dy) − 2n2c(x)(1 − e−f(x)/n)

−
∫

M(E)◦

(
1 − e−ν(f)

)
hn(ν)H(x,dν), (2.29)

where hn(ν) = 1 ∧ [nν(1)]. It is easy to see φn(x, f) → φ(x, f) increasingly as
n → ∞. For n ≥ 1 and f ∈ B(E)+ we consider the equation

v(t, x) = Px[f(ξt)] − Px

{∫ t

0

φn(ξs, v(t − s))K(ds)
}

. (2.30)

This is clearly a special case of (2.21). By Proposition 2.18 there is a unique locally
bounded positive solution (t, x) 
→ vn(t, x, f) to (2.30).

Proposition 2.20 Suppose that φ and γ are defined respectively by (2.27) and
(2.28). Let (πt)t≥0 be defined by (2.17). Then for every f ∈ B(E)+ there is a
unique locally bounded positive solution (t, x) 
→ vt(x, f) to

vt(x) = Pxf(ξt) − Px

[ ∫ t

0

φ(ξs, vt−s)K(ds)
]

, t ≥ 0, x ∈ E. (2.31)

Moreover, we have πtf(x) ≥ vt(x, f) =↓limn→∞ vn(t, x, f) for t ≥ 0 and x ∈ E.

Proof. Since φn(x, f) is increasing in n ≥ 1 and f ∈ B(E)+, by Proposition 2.18
we see vn(t, x, f) is decreasing in n ≥ 1. Let vt(x, f) = limn→∞ vn(t, x, f) ≤
πt(x, f). In view of (2.29) and (2.30), we conclude by dominated convergence that
(t, x) 
→ vt(x, f) is a locally bounded positive solution of (2.31). For a ≥ 0 and
f, g ∈ Ba(E)+ we can use (2.27) to see

|φ(x, f) − φ(x, g)| ≤ (‖b‖ + 2a‖c‖)‖f − g‖ + γ(x, 1)‖f − g‖
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+
∫

M(E)◦
|ν(f − g) + e−ν(f) − e−ν(g)|H(x,dν).

By the mean-value theorem we have

ν(f − g) + e−ν(f) − e−ν(g) = ν(f − g)(1 − e−θ),

where ν(f ∧ g) ≤ θ ≤ ν(f ∨ g) ≤ aν(1). It follows that

|ν(f − g) + e−ν(f) − e−ν(g)| ≤ ‖f − g‖(ν(1) ∧ aν(1)2).

Then f 
→ φ(·, f) satisfies Condition 2.11 for some constant La ≥ 0 and the unique-
ness of the solution of (2.31) follows by Proposition 2.15. ��

Theorem 2.21 Let φ be given by (2.26) or (2.27). For every f ∈ B(E)+ let
(t, x) 
→ Vtf(x) denote the unique locally bounded positive solution of (2.31).
Then the operators (Vt)t≥0 constitute a cumulant semigroup.

Proof. By (2.20) and Theorem 1.37 one checks inductively un(t, x, ·) ∈ I (E)
for each n ≥ 1. Now Corollary 1.34 and Propositions 2.18 and 2.20 imply first
ut(x, ·) ∈ I (E) for the solution of (2.21), and then vt(x, ·) ∈ I (E) for the solu-
tion of (2.31). The semigroup property of (Vt)t≥0 follows from Corollary 2.13. ��

Let φ be given by (2.26) or (2.27) and let (Vt)t≥0 be the cumulant semigroup
defined by (2.31). Then we can define a Markov transition semigroup (Qt)t≥0 on
M(E) by

∫

M(E)

e−ν(f)Qt(μ,dν) = exp{−μ(Vtf)}, f ∈ B(E)+. (2.32)

If X is a Markov process in M(E) with transition semigroup (Qt)t≥0, we call it a
Dawson–Watanabe superprocess with parameters (ξ, K, φ), or simply a (ξ, K, φ)-
superprocess, where ξ is the spatial motion, K is the killing functional or killing
density, and φ is the branching mechanism. If K(ds) = ds is the Lebesgue measure,
we call X a (ξ, φ)-superprocess. In this case, we can rewrite (2.31) into

vt(x) = Ptf(x) −
∫ t

0

ds

∫

E

φ(y, vs)Pt−s(x,dy), x ∈ E, t ≥ 0. (2.33)

We say the branching mechanism is spatially constant if f 
→ φ(·, f) maps constant
functions to constant functions. In Chapter 4 we shall give some intuitive interpreta-
tions of the superprocesses in terms of limit theorems of branching particle systems.

Theorem 2.22 A realization {Xt : t ≥ 0} of the (ξ, K, φ)-superprocess is right
continuous in probability.

Proof. Let f ∈ C(E)+. Since ξ is right continuous, the map t 
→ Ptf(x) is right
continuous for every x ∈ E, so (2.31) implies limt→0 Vtf(x) = f(x). From (2.32)
we get
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lim
t→0

∫

M(E)

e−ν(f)Qt(μ,dν) = exp{−μ(f)}.

Then we have limt→0 Qt(μ, ·) = δμ weakly. For any ε > 0 let B(μ, ε)c = {ν ∈
M(E) : ρ(ν, μ) > ε}, where ρ is the metric on M(E) defined by (1.3). Then we
infer limt→0 Qt(μ, B(μ, ε)c) = 0. Using the Markov property of X and dominated
convergence we get

lim
t→r+

P{ρ(Xt, Xr) > ε} = lim
t→r+

P{Qt−r(Xr, B(Xr, ε)c)} = 0

for every r ≥ 0. Therefore t 
→ Xt is right continuous in probability. ��

For the (ξ, φ)-superprocess we can give an alternate characterization of the cu-
mulant semigroup. Given a function b ∈ B(E), we define a locally bounded semi-
group of Borel kernels (P b

t )t≥0 on E by the following Feynman–Kac formula:

P b
t f(x) = Px

[
e−

∫ t
0 b(ξs)dsf(ξt)

]
, x ∈ E, f ∈ B(E). (2.34)

Then (2.17) can be rewritten into

πtf(x) = Ptf(x) +
∫ t

0

Pt−s(γ − b)πsf(x)ds, t ≥ 0, x ∈ E, (2.35)

which is equivalent to

πtf(x) = P b
t f(x) +

∫ t

0

P b
t−sγπsf(x)ds, t ≥ 0, x ∈ E. (2.36)

From Proposition A.41 we have

πtf(x) = P b
t f(x) +

∞∑

n=1

∫ t

0
ds1 · · ·

∫ sn−1

0
P b

t−s1
γP b

s1−s2
· · · γP b

sn
f(x)dsn. (2.37)

Let b+ = 0 ∨ b and b− = 0 ∨ (−b). By Proposition A.49 we have ‖πt‖ ≤ ec0t for
all t ≥ 0, where c0 = ‖b−‖ + ‖γ(·, 1)‖.

Theorem 2.23 Suppose that φ and γ are defined respectively by (2.27) and (2.28).
Let (πt)t≥0 be defined by (2.35). Then (2.33) is equivalent to the evolution equation

vt(x) = πtf(x) −
∫ t

0

ds

∫

E

φ0(y, vs)πt−s(x,dy), (2.38)

where

φ0(y, f) = c(y)f(y)2 +
∫

M(E)◦

[
e−ν(f) − 1 + ν(f)

]
H(y, dν). (2.39)



44 2 Measure-Valued Branching Processes

Proof. We first show (2.33) implies (2.38). By applying Proposition 2.9 to (2.33)
we have

vt(x) = P b
t f(x) −

∫ t

0

P b
t−s

[
φ(vs) − bvs

]
(x)ds.

This combined with (2.36) implies

vt(x) = πtf(x) −
∫ t

0

P b
t−sφ0(vs)(x)ds +

∫ t

0

P b
t−sγ(vs − πsf)(x)ds.

Then we use the above relation inductively to see

vt(x) = πtf(x) −
∫ t

0

P b
t−s1

φ0(vs1)(x)ds1 + wn(t, x)

−
n∑

i=2

∫ t

0

ds1 · · ·
∫ si−1

0

P b
t−s1

γP b
s1−s2

· · · γP b
si−1−si

gsi(x)dsi, (2.40)

where gsi(x) = φ0(x, vsi) and

wn(t, x) =

∫ t

0
ds1 · · ·

∫ sn

0
P b

t−s1
γ · · ·P b

sn−sn+1
γ(vsn+1 − πsn+1f)(x)dsn+1.

Since 0 ≤ vsn+1(x) ≤ πsn+1f(x) ≤ ‖f‖ec0sn+1 , we have

‖wn(t, ·)‖ ≤ ‖f‖‖γ(·, 1)‖n+1ec0t

∫ t

0

ds1

∫ s1

0

ds2 · · ·
∫ sn

0

dsn+1

≤ ‖f‖‖γ(·, 1)‖n+1ec0t tn+1

(n + 1)!
.

Then letting n → ∞ in (2.40) and using (2.37) we obtain (2.38). The uniqueness
of the solution to (2.38) follows from Gronwall’s inequality by standard arguments.
Then the two equations are equivalent. ��

2.4 Examples of Superprocesses

The (ξ, K, φ)- and (ξ, φ)-superprocesses we have constructed are quite wide. From
these one can derive the existence of various special classes of superprocesses. Some
special cases of the parameters are discussed in the following examples.

Example 2.2 Let | · | and (·, ·) denote respectively the Euclidean norm and inner
product of R

d. For each 1 ≤ i ≤ d suppose that λ 
→ φi(λ) is a function on R
d
+

with the representation
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φi(λ) = biλi + ciλ
2
i + (ηi, λ) +

∫

R
d
+\{0}

(
e−(λ,u) − 1 + λiui

)
Hi(du),

where ci ≥ 0 and bi are constants, ηi ∈ R
d
+ is a vector, and Hi(du) is a σ-finite

measure on R
d
+ \ {0} so that

∫

R
d
+\{0}

(
|u| ∧ |u|2 +

∑

j 	=i

uj

)
Hi(du) < ∞.

By Proposition 2.20 and Theorem 2.21 for any λ ∈ R
d
+ there is a unique locally

bounded vector-valued solution t 
→ v(t, λ) ∈ R
d
+ to the evolution equation system

vi(t, λ) = λi −
∫ t

0

φi(v(s, λ))ds, t ≥ 0, i = 1, . . . , d, (2.41)

and there is a transition semigroup (Qt)t≥0 on R
d
+ defined by

∫

R
d
+

e−(λ,y)Qt(x,dy) = e−(x,v(t,λ)), λ, x ∈ R
d
+. (2.42)

From (2.41) we see that t 
→ vi(t, λ) is continuously differentiable. Then we can
rewrite the equation into the equivalent differential form

dvi

dt
(t, λ) = −φi(v(t, λ)), vi(0, λ) = λi, i = 1, . . . , d.

A Markov process in R
d
+ with transition semigroup (Qt)t≥0 given by (2.42) is called

a continuous-state branching process (CB-process).

Example 2.3 By a super-Brownian motion we mean a superprocess with Brownian
motion as underlying spatial motion. A particular super-Brownian motion is de-
scribed as follows. Let ξ be a standard Brownian motion in R. It is well-known that
ξ has a continuous local time {2l(t, y) : t ≥ 0, y ∈ R}, that is,

∫ t

0

1B(ξs)ds =
∫

B

2l(t, y)dy, t ≥ 0, B ∈ B(R); (2.43)

see, e.g., Ikeda and Watanabe (1989, p.113). Let ρ ∈ M(R) and define the continu-
ous additive functional t 
→ K(t) by

K(t) =
∫

R

2l(t, y)ρ(dy), t ≥ 0.

Then we have

Px[K(t)] =
∫

R

ρ(dy)
∫ t

0

gs(y − x)ds ≤
√

2t√
π

ρ(R),



46 2 Measure-Valued Branching Processes

where

gt(z) =
1√
2πt

exp{−z2/2t}, t > 0, z ∈ R. (2.44)

Thus t 
→ K(t) is admissible. In this case, we can rewrite (2.31) as

vt(x) = Ptf(x) −
∫ t

0

ds

∫

R

φ(y, vt−s)gs(y − x)ρ(dy).

The corresponding (ξ, K, φ)-superprocess is called a catalytic super-Brownian mo-
tion with catalyst measure ρ(dy).

Example 2.4 Let b ∈ B(E) and c ∈ B(E)+. Let (u ∧ u2)m(x,du) be a bounded
kernel from E to (0,∞). We define a Borel function (x, z) 
→ φ(x, z) on E×[0,∞)
by

φ(x, z) = b(x)z + c(x)z2 +
∫ ∞

0

(e−zu − 1 + zu)m(x,du). (2.45)

Then (x, f) 
→ φ(x, f(x)) can be represented in the form (2.26) or (2.27). In this
case, we say the corresponding superprocess has a local branching mechanism. If
there is c ∈ B(E)+ so that φ(x, z) = c(x)z2 for all x ∈ E and z ≥ 0, we say the
superprocess has a binary local branching mechanism.

Example 2.5 Let (x, f) 
→ ψ(x, f) be given by (2.18) and let (x, z) 
→ φ(x, z)
be given by (2.45). Then the operator f 
→ φ(·, f(·)) − ψ(·, f) can be represented
in the form (2.26) or (2.27), so it defines a branching mechanism. A branching
mechanism of this type is said to be decomposable with local part φ and non-
local part ψ. A superprocess with such a branching mechanism is referred to as
a (ξ, K, φ, ψ)-superprocess. In the special case of Lebesgue killing density, we call
it a (ξ, φ, ψ)-superprocess. Of course, the expression φ(·, f(·)) − ψ(·, f) of a de-
composable branching mechanism is not unique.

Example 2.6 Let π(x,dy) be a probability kernel on E. Suppose that β ∈ B(E)+

and un(x,du) is a bounded kernel from E to (0,∞). Given the function

ζ(x, z) = β(x)z +
∫ ∞

0

(1 − e−zu)n(x,du), x ∈ E, z ≥ 0, (2.46)

we can define a non-local branching mechanism by

ψ(x, f) = ζ(x, π(x, f)), x ∈ E, f ∈ B(E)+. (2.47)

If ζ(x, y, z) is given by (2.46) with x ∈ E replaced by (x, y) ∈ E2, we can define
another special non-local branching mechanism by

ψ(x, f) =
∫

E

ζ(x, y, f(y))π(x,dy), x ∈ E, f ∈ B(E)+. (2.48)
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Example 2.7 Let 1 < α < 2 be a constant and let π0 be a diffuse probability
measure on E. We can define a branching mechanism on E by

φ(x, f) =
∫ 1

0

[
exp{−uf(x) − u2π0(f)} − 1 + uf(x)

] du

u1+α
.

In fact, it is easy to see

φ(x, f) =
∫

M(E)◦

[
e−ν(f) − 1 + ν({x})f(x)

]
H(x,dν),

where H(x,dν) is the image of u−1−αdu under the mapping u 
→ uδx + u2π0 of
(0, 1] into M(E)◦. This branching mechanism cannot be decomposed into local and
non-local parts.

2.5 Some Moment Formulas

In this section, we prove some moment formulas for Dawson–Watanabe superpro-
cesses. Suppose that E is a Lusin topological space. Let ξ be a Borel right process
in E with transition semigroup (Pt)t≥0 and resolvent (Uα)α>0. Let t 
→ K(t) be a
continuous admissible additive functional of ξ and let φ be a branching mechanism
given by (2.26) or (2.27). Recall that c0 = ‖b−‖ + ‖γ(·, 1)‖.

Proposition 2.24 Let (Vt)t≥0 denote the cumulant semigroup of the (ξ, K, φ)-
superprocess represented by (2.5). Then for t ≥ 0, x ∈ E and f ∈ B(E) we
have

πtf(x) = λt(x, f) +
∫

M(E)◦
ν(f)Lt(x,dν), (2.49)

where (πt)t≥0 is defined by (2.17).

Proof. For any n ≥ 1 and f ∈ B(E)+ we have nvt(x, f/n) ≤ πtf(x) by Proposi-
tion 2.20. From (2.5) we see nvt(x, f/n) is increasing in n ≥ 1. Then we use (2.27)
and (2.31) to see πtf(x) = limn→∞ nvt(x, f/n) is the unique solution of (2.17).
By (2.5) we have

nvt(x, f/n) = λt(x, f) +
∫

M(E)◦
n
(
1 − e−ν(f/n)

)
Lt(x,dν).

Then (2.49) follows by monotone convergence. The equality for f ∈ B(E) follows
by linearity. ��

Corollary 2.25 If (Vt)t≥0 is the cumulant semigroup of the (ξ, K, φ)-superprocess
represented by (2.5), then for any f, g ∈ B(E)+ we have
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|Vtf(x) − Vtg(x)| ≤ πt(x, |f − g|), t ≥ 0, x ∈ E, (2.50)

where (πt)t≥0 is defined by (2.17).

Proof. By the canonical representation (2.5) we have

|Vtf(x) − Vtg(x)| ≤ λt(x, |f − g|) +
∫

M(E)◦
|e−ν(f) − e−ν(f)|Lt(x,dν)

≤ λt(x, |f − g|) +
∫

M(E)◦
ν(|f − g|)Lt(x,dν).

Then (2.50) follows from (2.49). ��

Corollary 2.26 Let (Vt)t≥0 be the cumulant semigroup of the (ξ, φ)-superprocess
represented canonically by (2.5). Then (2.49) holds with (πt)t≥0 defined by (2.35).
In particular, if φ is the local branching mechanism given by (2.45), the equality
holds with πt = P b

t for all t ≥ 0.

Proposition 2.27 Let (Qt)t≥0 denote the transition semigroup of the (ξ, K, φ)-
superprocess. Then for t ≥ 0, μ ∈ M(E) and f ∈ B(E) we have

∫

M(E)

ν(f)Qt(μ,dν) = μ(πtf), (2.51)

where (πt)t≥0 is defined by (2.17).

Proof. This follows by differentiating both sides of (2.32) and applying Proposi-
tion 2.24. ��

Corollary 2.28 Let (Qt)t≥0 be the transition semigroup of the (ξ, φ)-superprocess.
Then (2.51) holds with (πt)t≥0 defined by (2.35). In particular, if φ is the local
branching mechanism given by (2.45), the equality holds with πt = P b

t for all t ≥ 0.

If b(x) ≥ γ(x, 1) for all x ∈ E, then (2.17) defines a Borel right transition semi-
group (πt)t≥0 by Theorem A.43. In this case, we say the (ξ, K, φ)-superprocess
is subcritical. In particular, if (Pt)t≥0 is conservative and b(x) = γ(x, 1) for all
x ∈ E, then (πt)t≥0 is a conservative transition semigroup and we say the super-
process is critical. If (Pt)t≥0 is conservative and b(x) ≤ γ(x, 1) for all x ∈ E,
then πt1(x) ≥ 1 for all t ≥ 0 and x ∈ E and we say the (ξ, K, φ)-superprocess is
supercritical. The meanings of the notions are made clear by Proposition 2.27.

Proposition 2.29 Let (Qt)t≥0 denote the transition semigroup of the (ξ, K, φ)-
superprocess. Then for t ≥ 0, μ ∈ M(E) and (f, g) ∈ B(E)+ × B(E) we have

∫

M(E)

ν(g)e−ν(f)Qt(μ,dν) = exp{−μ(Vtf)}μ(V g
t f), (2.52)

where (t, x) 
→ V g
t f(x) is the unique locally bounded solution of
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V g
t f(x) = Pxg(ξt) − Px

[ ∫ t

0

ψ(ξs, Vt−sf, V g
t−sf)K(ds)

]

(2.53)

and (f, g) 
→ ψ(·, f, g) is the operator from B(E)+ × B(E) to B(E) defined by

ψ(x, f, g) = b(x)g(x) + 2c(x)f(x)g(x) −
∫

E

g(y)γ(x,dy)

+
∫

M(E)◦
ν(g)

(
1 − e−ν(f)

)
H(x,dν). (2.54)

Proof. By Proposition 2.27 the left-hand side of (2.52) is finite. For (f, g) ∈
B(E)+×B(E)+ let V g

t f(x) = (d/dθ)Vt(f+θg)(x)|θ=0+. Then we get (2.52) and
(2.53) by differentiating both sides of (2.32) and (2.31). For (f, g) ∈ B(E)+×B(E)
the result follows by linearity. For any r ≥ 0 it is not hard to show that (2.53) holds
for all t ≥ 0 if and only if it holds for 0 ≤ t ≤ r and

V g
r+tf(x) = PxV g

r f(ξt) − Px

[ ∫ t

0

ψ(ξs, Vr+t−sf, V g
r+t−sf)K(ds)

]

holds for all t ≥ 0. Based on this fact, the uniqueness of the solution to (2.53)
follows by arguments similar to those in the proofs of Propositions 2.15 and 2.20.

��

Corollary 2.30 Let (f, g) ∈ B(E)+ × B(E) and let (t, x) 
→ V g
t f(x) be defined

by (2.53). Then we have V g
r+tf(x) = V

V g
t f

r Vtf(x) for all r, t ≥ 0 and x ∈ E.

Proof. For any (f, g) ∈ B(E)+ ×B(E) we can use Proposition 2.29 and the semi-
group property of (Qt)t≥0 to see

∫

M(E)

ν(g)e−ν(f)Qr+t(μ,dν)

=
∫

M(E)

Qr(μ,dη)
∫

M(E)

ν(g)e−ν(f)Qt(η,dν).

By applying (2.52) to both sides for μ = δx we obtain the desired equality. ��

Proposition 2.31 Let (Vt)t≥0 denote the cumulant semigroup of the (ξ, K, φ)-
superprocess represented canonically by (2.5). Then for t ≥ 0, x ∈ E and
(f, g) ∈ B(E)+ × B(E) we have

V g
t f(x) = λt(x, g) +

∫

M(E)◦
ν(g)e−ν(f)Lt(x,dν), (2.55)

where the left-hand side is defined by (2.53).

Proof. Using the notation in the proof of Proposition 2.29, for (f, g) ∈ B(E)+ ×
B(E)+ we get (2.55) by differentiating both sides of (2.5). Then the result for g ∈
B(E) follows by linearity. ��
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A direct proof of the existence of the solution of (2.53) can be given in the special
case K(ds) = ds. Let us rewrite the equation into

V g
t f(x) = Ptg(x) −

∫ t

0

ds

∫

E

ψ(y, Vsf, V g
s f)Pt−s(x,dy). (2.56)

Proposition 2.32 Let (t, x) 
→ V g
t f(x) be defined by (2.56). Let v0(t, x) = 0 and

define vn(t, x) = vn(t, x, f, g) inductively by

vn+1(x) = Ptg(x) −
∫ t

0

ds

∫

E

ψ(y, Vsf, vn)Pt−s(x,dy). (2.57)

Then for every T ≥ 0 we have vn(x) → V g
t f(x) uniformly on [0, T ] × E.

Proof. Let Dn(t) = sup0≤s≤t ‖vn(s) − vn−1(s)‖. For any T ≥ 0, since t 
→ Vtf
is locally bounded on [0, T ], by (2.54) and (2.57) there is a constant L ≥ 0 so that

Dn(t) ≤ L

∫ t

0

Dn−1(s)ds ≤ · · · ≤ 1
(n − 1)!

Ln−1tn−1‖g‖, 0 ≤ t ≤ T.

Then the result follows as in the proof of Proposition 2.19. ��

Proposition 2.33 Let (Xt, Gt,P) be a realization of the (ξ, K, φ)-superprocess
such that P[X0(1)] < ∞ and (πt)t≥0 is the semigroup defined by (2.17). Let α ≥ 0
and let f ∈ B(E)+ be α-super-mean-valued for (πt)t≥0. Then t 
→ e−αtXt(f) is
a (Gt)-supermartingale.

Proof. Since f ∈ B(E)+ is α-super-mean-valued for (πt)t≥0, by Proposition 2.27
for any t ≥ r ≥ 0 we have

P
[
e−αtXt(f)

∣
∣Gr

]
= e−αtXr(πt−rf) ≤ e−αrXr(f).

Therefore t 
→ e−αtXt(f) is a (Gt)-supermartingale. ��

Corollary 2.34 Suppose that (Xt, Gt,P) is a realization of the (ξ, φ)-superprocess
such that P[X0(1)] < ∞ and (πt)t≥0 is defined by (2.35). Let α ≥ 0 and let
f ∈ B(E)+ be an α-super-mean-valued function for (Pt)t≥0 satisfying ε :=
infx∈E f(x) > 0. Then for β ≥ α + c0ε

−1‖f‖, the process t 
→ e−2βtXt(f) is
a (Gt)-supermartingale.

Proof. Since f ∈ B(E)+ is α-super-mean-valued for (Pt)t≥0, we have Ptf(x) ≤
eαtf(x). Recall that ‖πtf‖ ≤ ‖f‖ec0t by Proposition A.49. Then we use (2.36) to
see

πtf(x) ≤ e‖b−‖tPtf(x) + ‖γ(·, 1)‖‖f‖ec0t

∫ t

0

Pt−s1(x)ds

≤ e(‖b−‖+α)tf(x) + c0ε
−1‖f‖ec0t

∫ t

0

Psf(x)ds
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≤ eβtf(x) + βeβt

∫ t

0

eβsf(x)ds ≤ e2βtf(x).

Then the result follows by Proposition 2.33. ��

Corollary 2.35 Let φ be a local branching mechanism given by (2.45). Suppose that
(Xt, Gt,P) is a realization of the (ξ, φ)-superprocess such that P[X0(1)] < ∞. Let
α ≥ 0 and let f ∈ B(E)+ be an α-super-mean-valued function for (Pt)t≥0. Then
for any α1 ≥ α + ‖b−‖, the process t 
→ e−α1tXt(f) is a (Gt)-supermartingale.

Proof. Since f ∈ B(E)+ is α-super-mean-valued for (Pt)t≥0, we have

P b
t f(x) ≤ e‖b−‖tPtf(x) ≤ e(‖b−‖+α)tf(x) ≤ eα1tf(x).

Then we have the result by Proposition 2.33. ��

Let F be the set of functions f ∈ B(E) that are finely continuous relative to ξ.
Fix β > 0 and let (A,D(A)) be the weak generator of (Pt)t≥0 defined by D(A) =
UβF and Af = βf − g for f = Uβg ∈ D(A).

Theorem 2.36 Suppose that (Xt, Gt,P) is a progressive realization of the (ξ, φ)-
superprocess such that P[X0(1)] < ∞. Then for any f ∈ D(A), the process

Mt(f) := Xt(f) − X0(f) −
∫ t

0

Xs(Af + γf − bf)ds, t ≥ 0,

is a (Gt)-martingale.

Proof. Let (πt)t≥0 be defined by (2.35). For any t ≥ r ≥ 0 we use Corollary 2.28
and the Markov property of {(Xt, Gt) : t ≥ 0} to see that

P
[
Mt(f)

∣
∣Gr

]
= P

[

Xt(f) − X0(f) −
∫ t

0

Xs(Af + γf − bf)ds
∣
∣
∣Gr

]

= P
[

Xt(f) −
∫ t−r

0

Xr+s(Af + γf − bf)ds
∣
∣
∣Gr

]

−X0(f) −
∫ r

0

Xs(Af + γf − bf)ds

= Xr(πt−rf) −
∫ t−r

0

Xr(πs(A + γ − b)f)ds

−X0(f) −
∫ r

0

Xs(Af + γf − bf)ds

= Xr(f) − X0(f) −
∫ r

0

Xs(Af + γf − bf)ds,

where we have also used Theorem A.55 for the last equality. That gives the martin-
gale property of {Mt(f) : t ≥ 0}. ��
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We next give some second-moment formulas. For simplicity we only consider
the (ξ, φ)-superprocess. In this case, the semigroup (πt)t≥0 is defined by (2.35). We
shall need the integral condition

sup
x∈E

∫

M(E)◦
ν(1)2H(x,dν) < ∞. (2.58)

Proposition 2.37 Suppose that (2.58) holds. Let (Qt)t≥0 be the transition semi-
group of the (ξ, φ)-superprocess. Then for t > 0, x ∈ E and f ∈ B(E) we have

∫

M(E)

ν(f)2Lt(x,dν) =
∫ t

0

ds

∫

E

q(y, πsf)πt−s(x,dy),

where (πt)t≥0 is defined by (2.35) and

q(y, f) = 2c(y)f(y)2 +
∫

M(E)◦
ν(f)2H(y, dν). (2.59)

Proof. We first assume f ∈ B(E)+. By applying Proposition 1.38 to (2.5), for any
θ > 0 we can define the function u′

t(x, θ) := (d/dθ)vt(x, θf), which is given by

u′
t(x, θ) = λt(x, f) +

∫

M(E)◦
ν(f)e−θν(f)Lt(x,dν). (2.60)

Then we differentiate both sides of (2.38) to obtain

u′
t(x, θ) = πtf(x) − 2

∫ t

0

ds

∫

E

c(y)vs(y, θf)u′
s(y, θ)πt−s(x,dy)

−
∫ t

0

ds

∫

E

hs(y, θ, f)πt−s(x,dy), (2.61)

where

hs(y, θ, f) =
∫

M(E)◦
ν(u′

s(·, θ))
(
1 − e−ν(vs(·,θf))

)
H(y, dν).

For any θ > 0 let u′′
t (x, θ) = (d2/dθ2)vt(x, θf). By Proposition 1.38,

u′′
t (x, θ) = −

∫

M(E)◦
ν(f)2e−θν(f)Lt(x,dν). (2.62)

On the other hand, from (2.61) we have

u′′
t (x, θ) = −2

∫ t

0

ds

∫

E

c(y)
[
u′

s(y, θ)2 + vs(y, θf)u′′
s (y, θ)

]
πt−s(x,dy)

−
∫ t

0

ds

∫

E

h′
s(y, θ, f)πt−s(x,dy)
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where

h′
s(y, θ, f) =

∫

M(E)◦
ν(u′

s(·, θ))2e−ν(vs(·,θf))H(y, dν)

+
∫

M(E)◦
ν(u′′

s (·, θ))
(
1 − e−ν(vs(·,θf))

)
H(y, dν).

By dominated convergence we have

lim
θ→0

u′′
t (x, θ) = −

∫ t

0

ds

∫

E

q(y, πsf)πt−s(x,dy).

From this and (2.62) we get the desired equality for f ∈ B(E)+. The extension to
f ∈ B(E) is elementary. ��

Proposition 2.38 Suppose that (2.58) holds. Let (Qt)t≥0 be the transition semi-
group of the (ξ, φ)-superprocess. Then for t ≥ 0, μ ∈ M(E) and f ∈ B(E) we
have

∫

M(E)

ν(f)2Qt(μ,dν) = μ(πtf)2 +
∫ t

0

ds

∫

E

q(y, πsf)μπt−s(dy), (2.63)

where (πt)t≥0 is defined by (2.35) and q(y, f) is defined by (2.59).

Proof. Let u′
t(x, θ) and u′′

t (x, θ) be defined as in the proof of Proposition 2.37. In
view of (2.32), we have

∫

M(E)

ν(f)2e−θν(f)Qt(μ,dν)

=
[
μ(u′

t(·, θ))2 − μ(u′′
t (·, θ))

]
exp{−μ(vt(·, θ))}.

By letting θ → 0 in the above equation we obtain (2.63), first for f ∈ B(E)+ and
then for f ∈ B(E). ��

Corollary 2.39 Let (Qt)t≥0 be the transition semigroup of the (ξ, φ)-superprocess
with local branching mechanism given by (2.45) and assume

x 
→ φ′′(x, 0) := 2c(x) +
∫ ∞

0

u2m(x,du) (2.64)

is bounded on E. Then for t ≥ 0, μ ∈ M(E) and f ∈ B(E) we have

∫

M(E)

ν(f)2Qt(μ,dν) = μ(P b
t f)2 +

∫ t

0

ds

∫

E

φ′′(x, 0)P b
s f(x)2μP b

t−s(dx).

Example 2.8 Suppose that X = (W, G , Gt, Xt,Qμ) is a (ξ, φ)-superprocess with
binary local branching mechanism φ(x, z) = c(x)z2/2. Let (Vt)t≥0 denote the
cumulant semigroup of X . Fix f ∈ B(E)+ and define
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v
(n)
t (x) = (−1)n−1 ∂n

∂θn
Vt(θf)(x)

∣
∣
∣
θ=0+

.

Then we have v
(1)
t (x) = Ptf(x) and

v
(n)
t (x) =

n−1∑

k=1

(
n − 1

k

)∫ t

0

Pt−s(cv(k)
s v(n−k)

s )(x)ds

for n = 2, 3, . . .. The moments of X are determined by Qμ[Xt(f)] = μ(Ptf) and

Qμ[Xt(f)n] =
n−1∑

k=0

(
n − 1

k

)

μ(v(n−k)
t )Qμ[Xt(f)k].

2.6 Notes and Comments

The one-to-one correspondence stated in Theorem 2.4 was established in Watanabe
(1968) under some stronger assumptions. Theorem 2.5 was also proved in Watan-
abe (1968). Jiřina (1964) studied the extinction problem of discrete-time branch-
ing processes taking values of finite measures on the positive half line. A class of
superprocesses over compact metric spaces were constructed in Watanabe (1968),
where it was shown those processes arise as high-density limits of branching par-
ticle systems. Silverstein (1969) constructed more general superprocesses with de-
composable branching mechanisms; see also Dawson et al. (2002c) and Dynkin
(1993a). Some inhomogeneous superprocesses with general branching mechanisms
were constructed in Dynkin (1994), who assumed the existence of a càdlàg realiza-
tion of the underlying spatial motion and a technical condition on the tail behavior
of the kernel in the expression of the branching mechanism. The superprocesses
constructed in Dynkin (1994) are not necessarily conservative. Dawson et al. (1998)
proved that a general class of local branching (ξ, φ, K)-superprocesses with a fixed
underlying spatial motion ξ depend on the parameters (φ,K) continuously and the
superprocesses with Lebesgue killing density constitute a dense subset of the class.
Leduc (2000) constructed some Hunt superprocesses under a second-moment con-
dition.

Our assumptions on the branching mechanism guarantee that the correspond-
ing superprocesses have finite first-moments in the sense of (2.51). Let X =
(W, G , Gt, Xt,Qμ) be a realization of the (ξ, K, φ)-superprocess. For t ≥ 0 and
μ ∈ M(E) we can define the mean measure Iμ,t on E by

Iμ,t(B) = Qμ[Xt(B)], B ∈ B(E).

The Campbell measure of the random measure Xt is the unique finite measure Rμ,t

on E × M(E) such that
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Rμ,t(B × A) = Qμ[Xt(B)1A(Xt)], B ∈ B(E), A ∈ B(M(E)).

In view of (2.52) we have
∫

E

∫

M(E)

g(x)e−ν(f)Rμ,t(dx,dν) = exp{−μ(Vtf)}μ(V g
t f),

where f ∈ B(E)+ and g ∈ B(E). By the existence of regular conditional proba-
bilities, there is a probability kernel Jμ,t(x,dν) from E to M(E) so that

Rμ,t(dx,dν) = Iμ,t(dx)Jμ,t(x,dν), x ∈ E, ν ∈ M(E).

The probability measures {Jμ,t(x, ·) : x ∈ E} are called Palm distributions of Xt.
If (η, Y ) is a random variable on E × M(E) distributed according to the Campbell
measure Rμ,t, then η is chosen according to the random measure Y and Jμ,t(x, ·)
is the conditional distribution of Y given η = x. See Dawson (1993) and Dawson
and Perkins (1991) for some applications of the Campbell measure and the Palm
distributions in the study of the superprocess.

Example 2.1 was given by Dynkin et al. (1994). Rhyzhov and Skorokhod (1970)
and Watanabe (1969) constructed CB-processes under conditions on the branching
mechanism weaker than those of Example 2.2. Moment formulas for superprocesses
as in Example 2.8 were established in Dynkin (1989a) and Konno and Shiga (1988).
A construction for super-Brownian motions was given in Ren (2001) under a weaker
admissibility assumption on the killing additive functional. A super-stable process
with infinite mean was constructed in Fleischmann and Sturm (2004) by a passage
to the limit.

The catalyst measure ρ(dy) in Example 2.3 can be time dependent. In fact, it can
be replaced by a measure-valued process {ρt : t ≥ 0}. The study of superprocesses
with measure-valued catalysts was initiated by Dawson and Fleischmann (1991,
1992). A binary local branching super-Brownian motion with super-Brownian cat-
alyst was constructed in Dawson and Fleischmann (1997a). The property of per-
sistence (no loss of expected mass in the long-time behavior) of the process with
underlying dimensions d ≤ 3 was proved in Dawson and Fleischmann (1997a,
1997b) and Etheridge and Fleischmann (1998). This phenomenon is in contrast to
the super-Brownian motion with Lebesgue catalyst, where persistence only holds
in high dimensions. A construction of catalytic super-Brownian motion via colli-
sion local times was given in Mörters and Vogt (2005). The long-time behavior of a
branching random walk in a random catalytic medium was investigated in Greven et
al. (1999). Engländer (2007) gave a survey of some recent topics in spatial branching
processes in deterministic and random media.

There is another important class of measure-valued Markov processes, the so-
called Fleming–Viot superprocesses. A Fleming–Viot superprocess takes values of
probability measures and describes the evolution of a genetic system involving mu-
tation, selection and recombination. The Saint-Flour lecture notes of Dawson (1993)
provide a complete survey of the literature before 1992 on both Dawson–Watanabe
and Fleming–Viot superprocesses. For a survey of the latter see also Ethier and
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Kurtz (1993). It was conjectured in Ethier and Kurtz (1993) that a Fleming–Viot
superprocess is reversible if and only if its mutation operator is of the uniform jump
type. This was proved in Li et al. (1999); see also Handa (2002) and Schmuland
and Sun (2002). A nice introduction of the theory of superprocesses was given
by Etheridge (2000), where Brownian spatial motion was mainly considered. The
connections between Dawson–Watanabe and Fleming–Viot superprocesses were in-
vestigated in Etheridge and March (1991), Perkins (1992) and Shiga (1990). The
two classes of superprocesses model large population systems in which branch-
ing or splitting occurs. The dual phenomenon is coalescent or coagulation. Bertoin
(2006) gave a comprehensive account of stochastic models involving fragmenta-
tion and coagulation. A kind of generalized Fleming–Viot superprocesses arising
from coalescent processes were studied in Bertoin and Le Gall (2003, 2005, 2006).
Feng (2010) provided an up-to-date account of Fleming–Viot superprocesses and
Poisson–Dirichlet type distributions. Durrett (2008) and Ewens (2004) gave com-
prehensive coverage of mathematical population genetics.



Chapter 3
One-Dimensional Branching Processes

A one-dimensional CB-process is a Markov process with branching property taking
values from the positive half line. A more general model is the CB-process with
immigration which deals with the situation where immigrants may come from outer
sources. In this chapter, we first give some characterizations of the extinction prob-
abilities and evolution rates of CB-processes. Then we prove some conditional limit
theorems for the processes that extinguish with strictly positive probability. In par-
ticular, we shall see that a class of CB-processes with immigration can be obtained
from those without immigration by conditioning on non-extinction. The proofs of
those theorems are based on the asymptotic analysis of the cumulant semigroup and
are easier than their discrete-state counterparts given as in Athreya and Ney (1972).
The greater tractability of the CB-processes arises because both their time and state
spaces are smooth, and the distributions which appear are infinitely divisible. In this
sense, the continuous-state models provide a more economical way to establish the
nicest conditional limit theorems for branching processes. We also show that the
CB-process with immigration arises naturally as the scaling limit of a sequence of
discrete Galton–Watson branching processes with immigration. The contents of this
chapter are helpful for the reader in developing the intuitions of Dawson–Watanabe
superprocesses.

3.1 Continuous-State Branching Processes

In this section we prove some basic properties of the one-dimensional CB-process,
which is a special case of the process considered in Example 2.2. Suppose that φ is
a branching mechanism defined by

φ(z) = bz + cz2 +
∫ ∞

0

(
e−zu − 1 + zu

)
m(du), z ≥ 0, (3.1)
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where c ≥ 0 and b are constants and (u ∧ u2)m(du) is a finite measure on (0,∞).
A one-dimensional CB-process has the transition semigroup (Qt)t≥0 defined by

∫ ∞

0

e−λyQt(x,dy) = e−xvt(λ), λ ≥ 0, x ≥ 0, (3.2)

where t �→ vt(λ) is the unique positive solution of

vt(λ) = λ −
∫ t

0

φ(vs(λ))ds, t ≥ 0. (3.3)

As in the case of Dawson–Watanabe superprocesses, the infinite divisibility of the
transition semigroup (Qt)t≥0 implies that the cumulant semigroup (vt)t≥0 can be
expressed canonically as

vt(λ) = htλ +
∫ ∞

0

(1 − e−λu)lt(du), t ≥ 0, λ ≥ 0, (3.4)

where ht ≥ 0 and ult(du) is a finite measure on (0,∞). From (3.3) we see that
t �→ vt(λ) is first continuous and then continuously differentiable. Moreover, we
have the backward differential equation:

∂

∂t
vt(λ) = −φ(vt(λ)), v0(λ) = λ. (3.5)

By (3.5) and the semigroup property vr ◦ vt = vr+t for r, t ≥ 0 we also have the
forward differential equation

∂

∂t
vt(λ) = −φ(λ)

∂

∂λ
vt(λ), v0(λ) = λ. (3.6)

From a moment formula for general superprocesses we have
∫ ∞

0

yQt(x,dy) = xe−bt, t ≥ 0, x ≥ 0. (3.7)

We say the CB-process is critical, subcritical or supercritical according as b = 0,
≥ 0 or ≤ 0.

Proposition 3.1 For every t ≥ 0 the function λ �→ vt(λ) is strictly increasing on
[0,∞).

Proof. By the continuity of t �→ vt(λ), for any λ0 > 0 there is t0 > 0 so that
vt(λ0) > 0 for 0 ≤ t ≤ t0. Then (3.2) implies Qt(x, {0}) < 1 for x > 0 and
0 ≤ t ≤ t0, and so λ �→ vt(λ) is strictly increasing for 0 ≤ t ≤ t0. By the
semigroup property of (vt)t≥0 we infer λ �→ vt(λ) is strictly increasing for all
t ≥ 0. 	

Corollary 3.2 The transition semigroup (Qt)t≥0 defined by (3.2) is a Feller semi-
group.
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Proof. By Proposition 3.1 for t ≥ 0 and λ > 0 we have vt(λ) > 0. From (3.2) we
see the operator Qt maps {x �→ e−λx : λ > 0} to itself. By the Stone–Weierstrass
theorem, the linear span of {x �→ e−λx : λ > 0} is dense in C0(R+) in the supre-
mum norm. Then Qt maps C0(R+) to itself. The Feller property of (Qt)t≥0 follows
by the continuity of t �→ vt(λ). 	


Proposition 3.3 Suppose that λ > 0 and φ(λ) �= 0. Then the equation φ(z) = 0
has no root between λ and vt(λ). Moreover, we have

∫ λ

vt(λ)

φ(z)−1dz = t, t ≥ 0. (3.8)

Proof. By (3.1) we see φ(0) = 0 and z �→ φ(z) is a convex function. Since φ(λ) �=
0 for some λ > 0 according to the assumption, the equation φ(z) = 0 has at most
one root in (0,∞). Suppose that λ0 ≥ 0 is a root of φ(z) = 0. Then (3.6) implies
vt(λ0) = λ0 for all t ≥ 0. By Proposition 3.1 we have vt(λ) > λ0 for λ > λ0 and
0 < vt(λ) < λ0 for 0 < λ < λ0. Then λ > 0 and φ(λ) �= 0 imply there is no root
of φ(z) = 0 between λ and vt(λ). From (3.5) we get (3.8). 	


Proposition 3.4 For any t ≥ 0 and λ ≥ 0 let v′t(λ) = (∂/∂λ)vt(λ). Then we have

v′t(λ) = exp
{

−
∫ t

0

φ′(vs(λ))ds

}

, (3.9)

where

φ′(z) = b + 2cz +
∫ ∞

0

u
(
1 − e−zu

)
m(du). (3.10)

Proof. Based on (3.3) and (3.5) it is elementary to see that

∂

∂t
v′t(λ) = −φ′(vt(λ))v′t(λ) =

∂

∂λ

∂

∂t
vt(λ).

It follows that

∂

∂t

[
log v′t(λ)

]
= v′t(λ)−1 ∂

∂t
v′t(λ) = −φ′(vt(λ)).

Then we have (3.9) since v′0(λ) = 1. 	


Since (Qt)t≥0 is a Feller semigroup by Corollary 3.2, the CB-process has a Hunt
realization X = (Ω,F , Ft, x(t),Qx). Let τ0 := inf{s ≥ 0 : x(s) = 0} denote
the extinction time of the CB-process.

Theorem 3.5 For every t ≥ 0 the limit v̄t =↑limλ→∞ vt(λ) exists in (0,∞]. More-
over, the mapping t �→ v̄t is decreasing and for any t ≥ 0 and x > 0 we have

Qx{τ0 ≤ t} = Qx{x(t) = 0} = exp{−xv̄t}. (3.11)
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Proof. By Proposition 3.1 the limit v̄t =↑limλ→∞ vt(λ) exists in (0,∞] for every
t ≥ 0. For t ≥ r ≥ 0 we have

v̄t =↑ lim
λ→∞

vr(vt−r(λ)) = vr(v̄t−r) ≤ v̄r. (3.12)

Since zero is a trap for the CB-process, we get (3.11) by letting λ → ∞ in (3.2). 	


For the convenience of statement of the results in the sequel, we formulate the
following condition on the branching mechanism:

Condition 3.6 There is some constant θ > 0 so that

φ(z) > 0 for z ≥ θ and
∫ ∞

θ

φ(z)−1dz < ∞.

Theorem 3.7 We have v̄t < ∞ for some and hence all t > 0 if and only if Condi-
tion 3.6 holds.

Proof. By (3.12) it is simple to see that v̄t =↑limλ→∞ vt(λ) < ∞ for all t > 0 if
and only if this holds for some t > 0. If Condition 3.6 holds, we can let λ → ∞ in
(3.8) to obtain

∫ ∞

v̄t

φ(z)−1dz = t (3.13)

and hence v̄t < ∞ for t > 0. For the converse, suppose that v̄t < ∞ for some
t > 0. By (3.5) there exists some θ > 0 so that φ(θ) > 0, for otherwise we would
have vt(λ) ≥ λ, yielding a contradiction. Then φ(z) > 0 for all z ≥ θ by the
convexity of the branching mechanism. As in the above we see that (3.13) still holds,
so Condition 3.6 is satisfied. 	


Theorem 3.8 Let v̄ =↓limt→∞ v̄t ∈ [0,∞]. Then for any x > 0 we have

Qx{τ0 < ∞} = exp{−xv̄}. (3.14)

Moreover, we have v̄ < ∞ if and only if Condition 3.6 holds, and in this case v̄ is
the largest root of φ(z) = 0.

Proof. The first assertion follows immediately from Theorem 3.5. By Theorem 3.7
we have v̄t < ∞ for some and hence all t > 0 if and only if Condition 3.6 holds.
This is clearly equivalent to v̄ < ∞. From (3.13) it is easy to see that v̄ is the largest
root of φ(z) = 0. 	


Corollary 3.9 Suppose that Condition 3.6 holds. Then for any x > 0 we have
Qx{τ0 < ∞} = 1 if and only if b ≥ 0.

Let (Q◦
t )t≥0 be the restriction to (0,∞) of the semigroup (Qt)t≥0. The special

case of the canonical representation (3.4) with ht = 0 for all t > 0 is particularly
interesting. In this case, we have
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vt(λ) =
∫ ∞

0

(1 − e−λu)lt(du), t > 0, λ ≥ 0. (3.15)

Theorem 3.10 The cumulant semigroup admits the representation (3.15) if and
only if

φ′(∞) := 2c · ∞ +
∫ ∞

0

um(du) = ∞ (3.16)

with 0 · ∞ = 0 by convention. If condition (3.16) is satisfied, then (lt)t>0 is an
entrance law for the restricted semigroup (Q◦

t )t≥0.

Proof. From (3.10) it is clear that the limit φ′(∞) = limz→∞ φ′(z) always exists
in (−∞,∞]. By (3.4) we have

v′t(λ) = ht +
∫ ∞

0

ue−λult(du), t ≥ 0, λ ≥ 0. (3.17)

From (3.9) and (3.17) it follows that

ht = v′t(∞) = exp
{

−
∫ t

0

φ′(v̄s)ds

}

. (3.18)

Then ht = 0 for any t > 0 implies φ′(∞) = ∞. For the converse, assume that
φ′(∞) = ∞. If Condition 3.6 holds, by Theorem 3.7 for every t > 0 we have
v̄t < ∞, so ht = 0 by (3.4). If Condition 3.6 does not hold, then v̄t = ∞ for
t > 0 by Theorem 3.7. Then (3.18) implies ht = 0 for t > 0. That proves the first
assertion of the theorem. If (vt)t>0 admits the representation (3.15), we can use the
semigroup property of (vt)t≥0 to see

∫ ∞

0

(1 − e−λu)lr+t(du) =
∫ ∞

0

(1 − e−uvt(λ))lr(du)

=
∫ ∞

0

lr(dx)
∫ ∞

0

(1 − e−λu)Q◦
t (x,du)

for r, t > 0 and λ ≥ 0. Then (lt)t>0 is an entrance law for (Q◦
t )t≥0. 	


Corollary 3.11 If Condition 3.6 holds, the cumulant semigroup admits the repre-
sentation (3.15) and t �→ v̄t = lt(0,∞) is the minimal solution of the differential
equation

d
dt

v̄t = −φ(v̄t), t > 0 (3.19)

with singular initial condition v̄0+ = ∞.

Proof. Under Condition 3.6, for every t > 0 we have v̄t < ∞ by Theorem 3.7.
Moreover, the condition and the convexity of z �→ φ(z) imply φ′(∞) = ∞. Then
we have the representation (3.15) by Theorem 3.10. The semigroup property of
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(vt)t≥0 implies v̄t+s = vt(v̄s) for t > 0 and s > 0. Then t �→ v̄t satisfies (3.19).
From (3.13) it is easy to see v̄0+ = ∞. It is simple to see that t �→ v̄t is the minimal
solution of the singular initial value problem. 	

Corollary 3.12 Suppose that Condition 3.6 holds. Then for any t > 0 the function
λ �→ vt(λ) is strictly increasing and concave on [0,∞), and v̄ is the largest solution
of the equation vt(λ) = λ. Moreover, we have v̄ =↑limt→∞ vt(λ) for 0 < λ < v̄
and v̄ =↓limt→∞ vt(λ) for λ > v̄.

Proof. By Corollary 3.11 we have the canonical representation (3.15) for every
t > 0. Since λ �→ vt(λ) is strictly increasing by Proposition 3.1, the measure lt(du)
is non-trivial, so λ �→ vt(λ) is strictly concave. The equality v̄ = vt(v̄) follows by
letting s → ∞ in v̄t+s = vt(v̄s), where v̄t+s ≤ v̄s. Then v̄ is clearly the largest
solution to vt(λ) = λ. When b ≥ 0, we have v̄ = 0 by Theorem 3.8 and Corol-
lary 3.9. Furthermore, since φ(z) ≥ 0, from (3.5) we see t �→ vt(λ) is decreasing,
and hence ↓limt→∞ vt(λ) =↓limt→∞ v̄t = 0. If b < 0 and 0 < λ < v̄, we have
λ ≤ vt(λ) < vt(v̄) = v̄ for all t ≥ 0. Then the limit v∞(λ) =↑limt↑∞ vt(λ) exists.
From the relation vt(vs(λ)) = vt+s(λ) we have vt(v∞(λ)) = v∞(λ), and hence
v∞(λ) = v̄ since v̄ is the unique solution to vt(λ) = λ in (0,∞). The assertion for
b < 0 and λ > v̄ can be proved similarly. 	


We remark that in Theorem 3.10 one usually cannot extend (lt)t>0 to a σ-finite
entrance law for the semigroup (Qt)t≥0 on R+. For example, let us assume Condi-
tion 3.6 holds and (l̄t)t>0 is such an extension. For any 0 < r < ε < t we have

l̄t({0}) ≥
∫ ∞

0

Qt−r(x, {0})lr(dx) ≥
∫ ∞

0

e−xv̄t−ε lr(dx)

= v̄r −
∫ ∞

0

(1 − e−uv̄t−ε)lr(du) = v̄r − vr(v̄t−ε).

The right-hand side tends to infinity as r → 0. Then l̄t(dx) cannot be a σ-finite
measure on R+.

Example 3.1 Suppose that there are constants c > 0, 0 < α ≤ 1 and b so that
φ(z) = cz1+α + bz. Then Condition 3.6 is satisfied. Let q0

α(t) = αt and

qb
α(t) = b−1(1 − e−αbt), b �= 0.

By solving the equation

∂

∂t
vt(λ) = −cvt(λ)1+α − bvt(λ), v0(λ) = λ

we get

vt(λ) =
e−btλ

[
1 + cqb

α(t)λα
]1/α

, t ≥ 0, λ ≥ 0. (3.20)

Thus v̄t = c−1/αe−btqb
α(t)−1/α for t > 0. In particular, if α = 1, then (3.15) holds

with
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lt(du) =
e−bt

c2qb
1(t)2

exp
{
− u

cqb
1(t)

}
du, t > 0, u > 0.

3.2 Long-Time Evolution Rates

In this section we study the long-time asymptotic behavior of the CB-process. This
makes sense only in the event of non-extinction of course. Let (Qt)t≥0 denote the
transition semigroup defined by (3.2) and (3.3). Let X = (Ω,F , Ft, x(t),Qx) be
a Hunt realization of the CB-process. To avoid triviality, we assume z �→ φ(z) is
strictly convex throughout this section.

Recall that v̄t =↑ limλ→∞ vt(λ) ∈ (0,∞] and v̄ =↓ limt→∞ v̄t ∈ [0,∞]. By
Proposition 3.1 the function λ �→ vt(λ) is strictly increasing on [0,∞) for each t ≥
0. Let v �→ ηt(v) denote its inverse, which is a strictly increasing function on [0, v̄t).
It is easy to show that ηs(ηt(z)) = ηs+t(z) for any s, t ≥ 0 and 0 ≤ z < v̄s+t. For
0 < λ < v̄t such that φ(ηt(λ)) �= 0 we get from (3.8) that

∫ ηt(λ)

λ

dz

φ(z)
= −

∫ λ

ηt(λ)

dz

φ(z)
= t. (3.21)

Let θ0 = inf{z > 0 : φ(z) ≥ 0} ∈ [0,∞]. Then the continuity of z �→ φ(z) implies
φ(θ0) = 0 if θ0 < ∞. By Theorem 3.8 we have θ0 = v̄ when v̄ < ∞.

Theorem 3.13 Let 0 < λ < v̄ and define Wt = ηt(λ)x(t) for t ≥ 0. Then t �→
e−Wt is an (Ft)-martingale and

Qx[e−θWt ] = e−xft(θ), t ≥ 0, x ≥ 0, θ ≥ 0, (3.22)

where ft(θ) = vt(θηt(λ)). If ηt(λ) and θηt(λ) belong to (0, θ0), we have

∫ ft(θ)

λ

dz

φ(z)
=

∫ θηt(λ)

ηt(λ)

dz

φ(z)
. (3.23)

Proof. For any s, t ≥ 0 we can use the Markov property of {x(t) : t ≥ 0} to get

Qx[e−Ws+t |Fs] = Qx[e−ηs+t(λ)x(s+t)|Fs] = e−vt(ηs+t(λ))x(s) = e−ηs(λ)x(s).

Then t �→ e−Wt is an (Ft)-martingale. By similar calculations we get (3.22). If
ηt(λ) and θηt(λ) belong to (0, θ0), then φ(z) = 0 has no root between ηt(λ) and
θηt(λ). Observe that

∫ ft(θ)

λ

dz

φ(z)
=

∫ ηt(λ)

λ

dz

φ(z)
+

∫ θηt(λ)

ηt(λ)

dz

φ(z)
+

∫ vt(θηt(λ))

θηt(λ)

dz

φ(z)
.

Then (3.23) follows by (3.8) and (3.21). 	
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Proposition 3.14 Suppose that b < 0 and 0 < λ < θ0. Then ηt(λ) = Kebt +o(ebt)
as t → ∞ for some constant K = K(λ) > 0 if and only if

∫ ∞
1

u log um(du) < ∞.

Proof. We first note that φ(z) = bz + o(z) as z → 0. Observe also that φ(λ) < 0
and (3.21) implies ηt(λ) → 0 decreasingly as t → ∞. Moreover, we get

∫ λ

ηt(λ)

(
b

φ(z)
− 1

z

)

dz = −bt + log
ηt(λ)

λ
= log

ηt(λ)
λebt

,

where the integrand is positive because of the convexity of z �→ φ(z). Then t �→
e−btηt(λ) increases, and it remains bounded if and only if

∫ λ

0

(
b

φ(z)
− 1

z

)

dz < ∞,

which is equivalent to

∫ λ

0

φ(z) − bz

z2
dz < ∞.

By (3.1) the value on the left-hand side is equal to

cλ +
∫ λ

0

dz

∫ ∞

0

(
e−zu − 1 + zu

) 1
z2

m(du) = cλ +
∫ ∞

0

uhλ(u)m(du),

where

hλ(u) =
1
u

∫ λ

0

(e−zu − 1 + zu)
dz

z2
=

∫ λu

0

(e−y − 1 + y)
dy

y2

is equivalent to λu/2 as u → 0 and equivalent to log u as u → ∞. Then we have
the desired result. 	

Theorem 3.15 Suppose that b < 0 and 0 < λ < θ0. Let Wt = ηt(λ)x(t) for t ≥ 0.
Then the limit W := limt→∞ Wt exists a.s. and Qx{W = 0} = e−xθ0 for any
x > 0.

Proof. By Theorem 3.13 and martingale theory, the limit Y := limt→∞ e−Wt a.s.
exists; see, e.g., Dellacherie and Meyer (1982, p.72). As observed in the proof of
Proposition 3.14 we have φ(λ) < 0 and ηt(λ) → 0 decreasingly as t → ∞. Then
for any θ > 0 we get from (3.23) that

lim
t→∞

∫ ft(θ)

λ

dz

φ(z)
= lim

t→∞

∫ θηt(λ)

ηt(λ)

dz

φ(z)
= lim

t→∞

∫ θηt(λ)

ηt(λ)

dz

bz
=

1
b

log θ,

so the limit f(θ) := limt→∞ ft(θ) exists and

∫ f(θ)

λ

dz

φ(z)
=

1
b

log θ.
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This equality implies limθ→0 f(θ) = 0 and limθ→∞ f(θ) = θ0. By (3.22) and
dominated convergence, for any x > 0 we have

Qx[Y θ] = lim
t→∞

Qx[e−θWt ] = lim
t→∞

e−xft(θ) = e−xf(θ).

It follows that

Qx{Y = 0} = lim
θ→0

Qx[1 − Y θ] = lim
θ→0

[1 − e−xf(θ)] = 0

and

Qx{Y = 1} = lim
θ→∞

Qx[Y θ] = lim
θ→∞

e−xf(θ) = e−xθ0 .

Then the desired result follows with W = − log Y . 	


Corollary 3.16 Suppose that b < 0 and
∫ ∞
1

u log um(du) < ∞. Then the limit
Z := limt→∞ ebtx(t) exists a.s. and Qx{Z = 0} = e−xθ0 for any x > 0.

Theorem 3.15 and Corollary 3.16 characterize the long-time evolution rate of the
supercritical branching CB-process. In particular, Corollary 3.16 gives a necessary
and sufficient condition for the exponential evolution rate. To get similar results
in the critical and subcritical case, we consider a special form of the branching
mechanism. If c = 0 and if um(du) is a finite measure on (0,∞), we can rewrite
(3.1) into

φ(z) = b1z −
∫ ∞

0

(
1 − e−zu

)
m(du), (3.24)

where

b1 = b +
∫ ∞

0

um(du). (3.25)

In this case, we have φ(z) = b1z + o(z) as z → ∞, so Theorem 3.8 implies
v̄ = ∞. The following results can be proved by arguments similar to those for the
supercritical case.

Proposition 3.17 Suppose that φ is given by (3.24) and (3.25) with b ≥ 0. For any
fixed λ > 0 we have ηt(λ) = Keb1t + o(eb1t) as t → ∞ for some constant K > 0
if and only if

∫ 1

0
u log(1/u)m(du) < ∞.

Theorem 3.18 Suppose that φ is given by (3.24) and (3.25) with b ≥ 0. Fix λ > 0
and let Wt = ηt(λ)x(t) for t ≥ 0. Then the limit W := limt→∞ Wt exists a.s. and
Qx{W = 0} = 0 for any x > 0.

Corollary 3.19 Suppose that φ is given by (3.24) and (3.25) with b ≥ 0 and
∫ 1

0
u log(1/u)m(du) < ∞. Then the limit Z := limt→∞ eb1tx(t) a.s. exists and

Qx{Z = 0} = 0 for any x > 0.
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3.3 Immigration and Conditioned Processes

We first consider a generalization of the CB-process. Let (Qt)t≥0 be the transition
semigroup defined by (3.2) and (3.3). Suppose that ψ ∈ I is a function with the
representation

ψ(z) = βz +
∫ ∞

0

(
1 − e−zu

)
n(du), z ≥ 0, (3.26)

where β ≥ 0 is a constant and (1 ∧ u)n(du) is a finite measure on (0,∞). By
Theorems 1.35 and 1.37 one may see that

∫ ∞

0

e−λyγt(dy) = exp
{

−
∫ t

0

ψ(vs(λ))ds

}

, λ ≥ 0 (3.27)

defines a family of infinitely divisible probability measures (γt)t≥0 on [0,∞). Then
we can define the probability measures

Qγ
t (x, ·) := Qt(x, ·) ∗ γt(·), t, x ≥ 0. (3.28)

It is easily seen that

∫ ∞

0

e−λyQγ
t (x,dy) = exp

{

− xvt(λ) −
∫ t

0

ψ(vs(λ))ds

}

. (3.29)

Moreover, the kernels (Qγ
t )t≥0 form a Feller transition semigroup on R+. A Markov

process is called a continuous-state branching process with immigration (CBI-
process) with branching mechanism φ and immigration mechanism ψ if it has tran-
sition semigroup (Qγ

t )t≥0.

Theorem 3.20 Suppose that b ≥ 0 and φ(z) �= 0 for z > 0. Then Qγ
t (x, ·) con-

verges to a probability measure η on [0,∞) as t → ∞ if and only if

∫ λ

0

ψ(z)
φ(z)

dz < ∞ for some λ > 0. (3.30)

If (3.30) holds, the Laplace transform of η is given by

Lη(λ) = exp
{

−
∫ ∞

0

ψ(vs(λ))ds

}

, λ ≥ 0. (3.31)

Proof. Since φ(z) ≥ 0 for all z ≥ 0, from (3.5) we see t �→ vt(λ) is decreasing.
Then (3.8) implies limt→∞ vt(λ) = 0. By (3.29) we have

lim
t→∞

∫ ∞

0

e−λyQγ
t (x,dy) = exp

{

−
∫ ∞

0

ψ(vs(λ))ds

}

(3.32)

for every λ ≥ 0. A further application of (3.5) gives
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∫ t

0

ψ(vs(λ))ds =
∫ λ

vt(λ)

ψ(z)
φ(z)

dz.

It follows that
∫ ∞

0

ψ(vs(λ))ds =
∫ λ

0

ψ(z)
φ(z)

dz,

which is a continuous function of λ ≥ 0 if and only if (3.30) holds. Then the result
follows by (3.32) and Theorem 1.20. 	

Corollary 3.21 Suppose that b > 0. Then Qγ

t (x, ·) converges to a probability mea-
sure η on [0,∞) as t → ∞ if and only if

∫ ∞
1

log un(du) < ∞. In this case, the
Laplace transform of η is given by (3.31).

Proof. We have φ(z) = bz + o(z) as z → 0. Thus (3.30) holds if and only if

∫ λ

0

ψ(z)
z

dz < ∞ for some λ > 0,

which is equivalent to

∫ λ

0

dz

z

∫ ∞

0

(
1 − e−zu

)
n(du) =

∫ ∞

0

n(du)
∫ λu

0

1 − e−y

y
dy < ∞

for some λ > 0. The latter holds if and only if
∫ ∞
1

log un(du) < ∞. Then we have
the result by Theorem 3.20. 	


In the situation of Theorem 3.20, it is easy to show that η is a stationary distri-
bution for (Qγ

t )t≥0. The fact that the CBI-process may have a non-trivial stationary
distribution makes it a more interesting model in many respects than the CB-process
without immigration.

Example 3.2 Suppose that c > 0, 0 < α ≤ 1 and b are constants and let φ(z) =
cz1+α + bz for z ≥ 0. In this case the cumulant semigroup (vt)t≥0 is given by
(3.20). Let β ≥ 0 and let ψ(z) = βzα for z ≥ 0. We can use (3.29) to define the
transition semigroup (Qγ

t )t≥0. It is easy to show that

∫ ∞

0

e−λyQγ
t (x,dy) =

1
[
1 + cqb

α(t)λα
]β/cα

e−xvt(λ), λ ≥ 0.

In the special case of α = 1, the corresponding CBI-process {y(t) : t ≥ 0} is a
diffusion process defined by the stochastic differential equation

dy(t) =
√

2cy(t)dB(t) + (β − by(t))dt, t ≥ 0, (3.33)

where {B(t) : t ≥ 0} is a standard Brownian motion; see Ikeda and Watanabe
(1989, pp.235–236). Let C2(R+) denote the set of bounded continuous real func-
tions on R+ with bounded continuous derivatives up to the second order. Then this
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diffusion process has generator A given by

Af(x) = c
d2

dx2
f(x) + (β − bx)

d
dx

f(x), f ∈ C2(R+). (3.34)

In particular, for β = 0 the solution of (3.33) is called Feller’s branching diffusion.

Recall that (Q◦
t )t≥0 is the restriction to (0,∞) of the semigroup (Qt)t≥0. It is

easy to check that Qb
t(x,dy) := ebtx−1yQ◦

t (x,dy) defines a Markov semigroup on
(0,∞). Let qt(λ) = ebtvt(λ) and let q′t(λ) = (∂/∂λ)qt(λ). Recall that z �→ φ′(z)
is defined by (3.10). From (3.9) we have

q′t(λ) = exp
{

−
∫ t

0

φ′
0(vs(λ))ds

}

, (3.35)

where φ′
0(z) = φ′(z) − b. By differentiating both sides of (3.2) we see

∫ ∞

0

e−λyQb
t(x,dy) = exp{−xvt(λ)}q′t(λ), λ ≥ 0. (3.36)

It follows that
∫ ∞

0

e−λyQb
t(x,dy) = exp

{

− xvt(λ) −
∫ t

0

φ′
0(vs(λ))ds

}

. (3.37)

Using (3.37) it is easy to extend (Qb
t)t≥0 to a Feller semigroup on [0,∞), which is

a special case of the semigroup defined by (3.29).

Theorem 3.22 Suppose that b > 0 and φ′(z) → ∞ as z → ∞. Let (lt)t>0 be
defined by (3.15). Then for any t > 0 the probability measure Qb

t(0, ·) is supported
by (0,∞) and Qb

t(0, du) = uebtlt(du) for u > 0.

Proof. We first note that (vt)t>0 really has the representation (3.15) by Theo-
rem 3.10. Then

qt(λ) =
∫ ∞

0

(
1 − e−λu

)
ebtlt(du), (3.38)

and

q′t(λ) =
∫ ∞

0

ue−λuebtlt(du). (3.39)

From (3.36) and (3.39) we see Qb
t(0, du) = uebtlt(du) for u > 0. 	


Theorem 3.23 Suppose that b > 0. Then for every λ ≥ 0 the limit q′(λ) :=↓
limt→∞ q′t(λ) exists and is given by

q′(λ) = exp
{

−
∫ ∞

0

φ′
0(vs(λ))ds

}

, λ ≥ 0. (3.40)
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Moreover, we have q′(0+) = q′(0) = 1 if and only if
∫ ∞
1

u log um(du) < ∞. The
last condition is also equivalent to q′(λ) > 0 for some and hence all λ > 0.

Proof. The first assertion is immediate in view of (3.35). By Corollary 3.21, we
have

∫ ∞
1

u log um(du) < ∞ if and only if λ �→ q′(λ) is the Laplace transform of a
probability η on [0,∞). Then the other two assertions hold obviously. 	


Theorem 3.24 Suppose that b > 0 and φ′(z) → ∞ as z → ∞. Then Qb
t(x, ·)

converges as t → ∞ to a probability η on (0,∞) if and only if
∫ ∞
1

u log um(du) <
∞. If the condition holds, then η has Laplace transform Lη = q′ given by (3.40).

Proof. By Corollary 3.21 and Theorem 3.23 we have the results with η being a
probability measure on [0,∞). By Theorem 3.22 the measure Qb

t(0, ·) is supported
by (0,∞), hence Qb

t(x, ·) is supported by (0,∞) for every x ≥ 0. From (3.39) we
have Lη(∞) ≤ q′t(∞) = 0 for t > 0. That implies η({0}) = 0. 	


Now let X = (Ω,F , Ft, x(t),Qx) be a Hunt realization of the CB-process
with transition semigroup (Qt)t≥0. Let τ0 := inf{s ≥ 0 : x(s) = 0} denote the
extinction time of X .

Theorem 3.25 Suppose that b ≥ 0 and Condition 3.6 holds. Then for any t ≥ 0
and x > 0, the distribution of x(t) under Qx{·|r + t < τ0} converges as r → ∞ to
Qb

t(x, ·).

Proof. Since zero is a trap for the CB-process, for any r > 0 we can use the Markov
property of {x(t) : t ≥ 0} to see

Qx

[
e−λx(t)|r + t < τ0

]
=

Qx

[
e−λx(t)1{r+t<τ0}

]

Qx[1{r+t<τ0}]

= lim
θ→∞

Qx

[
e−λx(t)(1 − e−θx(r+t))

]

Qx

[
(1 − e−θx(r+t))

]

=
Qx

[
e−λx(t)(1 − e−x(t)v̄r )

]

1 − e−xv̄r+t
. (3.41)

Recall that v̄r+t = vt(v̄r) and v′t(0) = e−bt. By Theorem 3.8 and Corollary 3.9 we
have limr→∞ v̄r = 0. Then

lim
r→∞

Qx

[
e−λx(t)|r + t < τ0

]
= lim

r→∞

Qx

[
e−λx(t)v̄−1

r (1 − e−x(t)v̄r )
]

v̄−1
r (1 − e−xvt(v̄r))

=
1
x

ebtQx[x(t)e−λx(t)].

That gives the desired convergence result. 	


The above theorem shows that in the critical and subcritical cases Qb
t(x, ·) is intu-

itively the law of x(t) conditioned on large extinction times. Some more conditional
limit theorems of the CB-process will be given in the next section.
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3.4 More Conditional Limit Theorems

Throughout this section, we assume Condition 3.6 is satisfied. Let us consider a
Hunt realization X = (Ω,F , Ft, x(t),Qx) of the transition semigroup (Qt)t≥0

defined by (3.2) and (3.3). Then v̄t :=↑ limλ→∞ vt(λ) ∈ (0,∞) by Theorem 3.7
and v̄ :=↓limt→∞ v̄t ∈ [0,∞) by Theorem 3.8. Let τ0 := inf{s ≥ 0 : x(s) = 0}
denote the extinction time. Recall that (Q◦

t )t≥0 denotes the restriction to (0,∞) of
the semigroup (Qt)t≥0.

Theorem 3.26 Suppose that b > 0. Then the limit g(λ) :=↑ limt→∞ v̄−1
t vt(λ)

exists for every λ ≥ 0 and 0 = g(0) = g(0+) ≤ g(λ) ≤ g(∞) = 1. Consequently,
v̄−1

t lt converges as t → ∞ to a probability measure π0 on (0,∞) with Laplace
transform Lπ0(λ) = 1 − g(λ).

Proof. Let gt(λ) = v̄−1
t vt(λ) and ht(λ) = λ−1vt(λ) for λ ≥ 0. Then 0 ≤ gt(λ) ≤

1 and

gt+s(λ) = vs(v̄t)−1vs(vt(λ)) = hs(v̄t)−1hs(vt(λ))gt(λ) (3.42)

for s, t > 0. Since vt(0) = 0 and λ �→ vt(λ) is a concave function, we have
h′

t(λ) = λ−2[v′t(λ)λ − vt(λ)] ≤ 0, so λ �→ ht(λ) is decreasing. Thus t �→ gt(λ)
is increasing by (3.42). Consequently, the limit g(λ) =↑ limt→∞ gt(λ) exists and
0 = g(0) ≤ g(λ) ≤ g(∞) = 1. Observe also that

gt(vs(λ)) = v̄−1
t vt+s(λ) = v̄−1

t+svt+s(λ)v̄−1
t vs(v̄t) = gt+s(λ)hs(v̄t). (3.43)

By Theorem 3.8 we have limt→∞ v̄t = 0, so limt→∞ hs(v̄t) = v′s(0) = e−bs.
Taking t → ∞ in (3.43) gives

g(vs(λ)) = e−bsg(λ), λ ≥ 0, s ≥ 0. (3.44)

Then we must have g(0+) = g(0) = 0. From the relation

lim
t→∞

∫ ∞

0

e−λuv̄−1
t lt(du) = 1 − lim

t→∞
v̄−1

t vt(λ) = 1 − g(λ)

we see that v̄−1
t lt converges as t → ∞ to a probability measure π0 on [0,∞) with

Laplace transform 1 − g(λ). Since g(∞) = 1, we have π0({0}) = 0. 	


Theorem 3.27 Suppose that b > 0. Then for any 0 ≤ λ ≤ ∞, the limit q(λ) :=↓
limt→∞ qt(λ) exists (with qt(∞) = ebtv̄t by convention). Moreover, we have
q(λ) > 0 for some and hence all 0 < λ ≤ ∞ if and only if

∫ ∞
1

u log um(du) < ∞.

Proof. By Theorem 3.23 and dominated convergence it is easy to see q(λ) =↓
limt→∞ qt(λ) for all 0 ≤ λ < ∞, where

q(λ) :=
∫ λ

0

q′(u)du.
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This convergence can be extended to λ = ∞ because Condition 3.6 holds. Since
q(∞) ≥ q(λ) for all 0 < λ < ∞, the second assertion is immediate. 	


Corollary 3.28 Suppose that b > 0. Then ebtlt converges as t → ∞ to q(∞)π0,
which is non-trivial if and only if

∫ ∞
1

u log um(du) < ∞.

Theorem 3.29 Suppose that b > 0. Then for r ≥ 0 and x > 0 the distribution of
x(t) under Qx{·|r + t < τ0} converges as t → ∞ to a probability measure πr on
(0,∞) independent of x. Moreover, π0 is also the limit distribution of v̄−1

t lt given
by Theorem 3.26 and π0Q

◦
t = e−btπ0 for all t ≥ 0.

Proof. For r > 0 we can use the calculations in (3.41) to see

Qx[e−λx(t)|r + t < τ0] =
e−xvt(λ) − e−xvt(λ+v̄r)

1 − e−xv̄r+t
. (3.45)

By letting r → 0 we obtain

Qx[e−λx(t)|t < τ0] =
e−xvt(λ) − e−xv̄t

1 − e−xv̄t
= 1 − 1 − e−xvt(λ)

1 − e−xv̄t
.

Let π0 be the probability measure on (0,∞) given by Theorem 3.26. It follows that

lim
t→∞

Qx[e−λx(t)|t < τ0] = 1 − lim
t→∞

v̄−1
t vt(λ) = Lπ0(λ), (3.46)

so the distribution of x(t) under Qx{·|t < τ0} converges to π0. In view of (3.44)
we have

∫ ∞

0

(
1 − e−vt(λ)u

)
π0(du) =

∫ ∞

0

(
1 − e−λu

)
e−btπ0(du),

and hence π0Q
◦
t = e−btπ0. On the other hand, as t → ∞ the right-hand side of

(3.45) is equivalent to

v̄−1
r+t(vt(λ + v̄r) − vt(λ)) = vt(v̄r)−1(vt(λ + v̄r) − vt(λ)).

Using the canonical representation (3.15) we may write this into

( ∫ ∞

0

(
1 − e−v̄ru

)
lt(du)

)−1 ∫ ∞

0

e−λu
(
1 − e−v̄ru

)
lt(du),

which converges as t → ∞ to

(∫ ∞

0

(
1 − e−v̄ru

)
π0(du)

)−1 ∫ ∞

0

e−λu
(
1 − e−v̄ru

)
π0(du), (3.47)

giving the Laplace transform of a probability πr on (0,∞). 	
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Corollary 3.30 Suppose that b > 0. Let π0 be given by Theorem 3.26. Then we
have

∫ ∞
0

uπ0(du) = q(∞)−1. Consequently, π0 has finite mean if and only if
∫ ∞
1

u log um(du) < ∞.

Proof. By Theorem 3.26 the measure π0 has Laplace transform 1 − g(λ). Letting
λ → ∞ in (3.44) we have g(v̄s) = e−bs. By Theorem 3.8 and Corollary 3.9 we
have lims→∞ v̄s = 0. It follows that

g′(0) = lim
s→∞

v̄−1
s g(v̄s) = lim

s→∞
v̄−1

s e−bs = lim
s→∞

qs(∞)−1 = q(∞)−1,

which together with Theorem 3.27 gives the desired conclusion. 	


There are counterparts of the above conditional limit theorems in the supercritical
case. In fact, there is a symmetry in the limit theorems between the subcritical and
supercritical processes if we use suitable conditioning. In the strictly supercritical
case, we have b < 0 and

Qx[e−λx(t)|τ0 < ∞] = e−xwt(λ), λ ≥ 0, (3.48)

where wt(λ) = vt(λ + v̄) − v̄. Setting ψ(λ) = φ(λ + v̄) one may see that wt(λ)
satisfies

∂

∂t
wt(λ) = −ψ(wt(λ)), w0(λ) = λ. (3.49)

Recall that v̄ > 0 is the largest root of φ(z) = 0. Then it is simple to check that
ψ(λ) = φ(λ+ v̄)−φ(v̄) has the representation (3.1) with parameters b1 := φ′(v̄) >
0, c1 := c and m1(du) := e−v̄um(du). Thus (3.48) implies that {x(t) : t ≥ 0}
conditioned on τ0 < ∞ is a strictly subcritical CB-process with cumulant semigroup
(wt)t≥0. By Corollary 3.12 we have vt(v̄) = v̄, so wt(λ) = vt(λ + v̄) − vt(v̄)
has the representation (3.15) with canonical measure e−v̄ult(du) for t > 0. From
Theorems 3.24, 3.25 and 3.29 we derive the following:

Theorem 3.31 Suppose that b < 0. Then for any t ≥ 0 and x > 0 the distribution
of x(t) under Qx{·|r+ t < τ0 < ∞} converges as r → ∞ to a probability measure
Q̄b

t(x, ·) on (0,∞) given by

∫ ∞

0

e−λyQ̄b
t(x,dy) = exp

{

− xwt(λ) −
∫ t

0

ψ′
0(ws(λ))ds

}

,

where ψ′
0(z) = φ′(z + v̄) − b1. Moreover, Q̄b

t(x, ·) converges as t → ∞ to a
probability measure η on (0,∞).

Theorem 3.32 Suppose that b < 0. Then for r ≥ 0 and x > 0 the distribution of
x(t) under Qx{·|r+t < τ0 < ∞} converges as t → ∞ to a probability measure πr

on (0,∞) which is independent of x. Moreover, π0(du) is also the limit distribution
of (v̄t − v̄)−1e−v̄ult(du).



3.4 More Conditional Limit Theorems 73

We now consider the critical CB-process. In this case, we shall see that suitable
conditioning of the process may lead to some universal limit laws independent of
the explicit form of the branching mechanism.

Theorem 3.33 Suppose that b = 0 and σ2 := φ′′(0) < ∞. Then as t → ∞ we
have

1
t

(
1

vt(λ)
− 1

λ

)

→ 1
2
σ2

uniformly in 0 < λ ≤ ∞ with the convention 1/∞ = 0. In particular, we have
tvt(λ) → 2/σ2 for 0 < λ ≤ ∞ as t → ∞.

Proof. Since Condition 3.6 holds, we have σ2 > 0. For 0 < λ ≤ ∞ and t > 0, we
may use the backward equation (3.5) to see that

1
t

(
1

vt(λ)
− 1

λ

)

= −1
t

∫ t

0

1
vs(λ)2

∂

∂s
vs(λ)ds =

1
t

∫ t

0

φ(vs(λ))
vs(λ)2

ds. (3.50)

By l’Hôpital’s rule,

lim
z→0+

φ(z)/z2 = lim
z→0+

φ′′(z)/2 = σ2/2. (3.51)

But by Theorem 3.8 and Corollary 3.9, we have limt→∞ v̄t = 0, and hence
limt→∞ vt(λ) = 0 uniformly on 0 < λ ≤ ∞. Then the assertion follows from
(3.50) and (3.51). 	


Corollary 3.34 Suppose that b = 0 and σ2 := φ′′(0) < ∞. Then for any λ ≥ 0 we
have

lim
t→∞

v′t(λ/t) = (1 + σ2λ/2)−2.

Proof. For λ = 0 the above limit relation holds trivially. For λ > 0 we can use
(3.5) and (3.6) to get v′t(λ/t) = φ(λ/t)−1φ(vt(λ/t)). Then the result follows by
Theorem 3.33. 	


Theorem 3.35 Suppose that b = 0 and σ2 := φ′′(0) < ∞. Let {y(t) : t ≥ 0}
be a Markov process with transition semigroup (Qb

t)t≥0 given by (3.37). Then
the distribution of y(t)/t converges as t → ∞ to the one on (0,∞) with density
4σ−4xe−2x/σ2

.

Proof. In this critical case, we have q′t(λ) = v′t(λ). Since limt→∞ vt(λ/t) = 0, by
(3.36) and Corollary 3.34 we see that

lim
t→∞

∫ ∞

0

e−λy/tQb
t(x,dy) = lim

t→∞
v′t(λ/t) =

1
(1 + σ2λ/2)2

,

which is the Laplace transform of the desired limit distribution. 	
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Theorem 3.36 Suppose that b = 0 and σ2 := φ′′(0) < ∞. Then for any fixed
r ≥ 0 and x > 0 we have

lim
t→∞

Qx{x(t)/t > z|r + t < τ0} = e−2z/σ2
, z ≥ 0. (3.52)

Proof. For any t > 0 we get from (3.45) that

Qx

[
e−λx(t)/t|r + t < τ0

]
=

e−xvt(λ/t) − e−xvt(λ/t+v̄r)

1 − e−xv̄r+t
,

which is still correct for r = 0 if we understand v̄0 = ∞. The right-hand side is
equivalent to

v̄−1
r+t(vt(λ/t + v̄r) − vt(λ/t))

as t → ∞. By Theorem 3.33 we have

lim
t→∞

tv̄r+t = 2/σ2 and lim
t→∞

tvt(λ/t) = (1/λ + σ2/2)−1. (3.53)

From the uniform convergence we get

lim
t→∞

1
tvt(λ/t + v̄r)

= lim
t→∞

1
t

(
1

vt(λ/t + v̄r)
− 1

λ/t + v̄r

)

=
σ2

2
.

Then it follows immediately that

lim
t→∞

Qx

[
e−λx(t)/t|r + t < τ0

]
=

σ2

2

(
2
σ2

− 1
1/λ + σ2/2

)

=
1

1 + σ2λ/2
.

The right-hand side gives the Laplace transform of the desired limit distribution. 	


Theorem 3.37 Suppose that b = 0 and σ2 := φ′′(0) < ∞. Then for any x > 0 and
a ≥ 0 the distribution of x(t)/t under Qx{·|(1 + a)t < τ0} converges as t → ∞ to
the one on (0,∞) with density

2σ−2(1 + a)e−2x/σ2
[1 − e−2x/aσ2

] (3.54)

with e−∞ = 0 by convention.

Proof. For any t > 0 we use (3.45) to get

Qx

[
e−λx(t)/t|(1 + a)t < τ0

]
=

e−xvt(λ/t) − e−xvt(λ/t+v̄at)

1 − e−xv̄(1+a)t

under the convention v̄0 = ∞. The right-hand side is equivalent to

v̄−1
(1+a)t(vt(λ/t + v̄at) − vt(λ/t))

as t → ∞. By (3.53) and the uniform convergence stated in Theorem 3.33 we have
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1
2
σ2 = lim

t→∞

1
t

(
1

vt(λ/t + v̄at)
− 1

λ/t + v̄at

)

= lim
t→∞

(
1

tvt(λ/t + v̄at)
− 1

λ + tv̄at

)

= lim
t→∞

1
tvt(λ/t + v̄at)

− 1
λ + 2/aσ2

.

It follows that

lim
t→∞

tvt(λ/t + v̄at) =
(

σ2

2
+

1
λ + 2/aσ2

)−1

=
2 + aσ2λ

σ2(1 + a + aσ2λ/2)
.

Then one shows easily

lim
t→∞

Qx

[
e−λx(t)/t|(1 + a)t < τ0

]
=

1 + a

(1 + σ2λ/2)(1 + a + aσ2λ/2)
,

which is the Laplace transform of the distribution with density (3.54). 	
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Let g and h be two probability generating functions. Suppose that {ξn,i : n =
0, 1, 2, . . . ; i = 1, 2, . . .} and {ηn : n = 0, 1, 2, . . .} are independent families of
positive integer-valued i.i.d. random variables with distributions given by g and h,
respectively. Given another positive integer-valued random variable y(0) indepen-
dent of {ξn,i} and {ηn}, we define inductively

y(n + 1) =
y(n)∑

i=1

ξn,i + ηn, n = 0, 1, 2, . . . . (3.55)

It is easy to show that {y(n) : n = 0, 1, 2, . . .} is a discrete-time positive integer-
valued Markov chain with transition matrix Q(i, j) determined by

∞∑

j=0

Q(i, j)zj = g(z)ih(z), |z| ≤ 1. (3.56)

The random variable y(n) can be thought of as the number of individuals in gener-
ation n ≥ 0 of an evolving particle system. After one unit time, each of the y(n)
particles splits independently of others into a random number of offspring accord-
ing to the distribution given by g and a random number of immigrants are added to
the system according to the probability law given by h. The n-step transition matrix
Qn(i, j) of {y(n) : n = 0, 1, 2, . . .} is given by
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∞∑

j=0

Qn(i, j)zj = gn(z)i
n∏

j=1

h(gj−1(z)), |z| ≤ 1, (3.57)

where gn(z) is defined by gn(z) = g(gn−1(z)) successively with g0(z) = z. We
call any positive integer-valued Markov chain with transition probabilities given
by (3.56) or (3.57) a Galton–Watson branching process with immigration (GWI-
process) with parameters (g, h). If g′(1−) < ∞ and h′(1−) < ∞, then the discrete
probability distribution {Qn(i, j) : j = 0, 1, 2, . . .} has the first-moment given by

∞∑

j=1

jQn(i, j) = ig′(1−)n +
n∑

j=1

h′(1−)g′(1−)j−1, (3.58)

which can be obtained by differentiating both sides of (3.57). In the special case
where h(z) ≡ 1, we simply call {y(n) : n = 0, 1, 2, . . .} a Galton–Watson branch-
ing process (GW-process).

Suppose that for each integer k ≥ 1 we have a GWI-process {yk(n) : n ≥ 0}
with parameters (gk, hk). Let zk(n) = yk(n)/k. Then {zk(n) : n ≥ 0} is a Markov
chain with state space Ek := {0, 1/k, 2/k, . . .} and n-step transition probability
Qn

k (x,dy) determined by

∫

Ek

e−λyQn
k (x,dy) = gn

k (e−λ/k)kx
n∏

j=1

h(gj−1
k (e−λ/k)), λ ≥ 0. (3.59)

Suppose that {γk} is a positive real sequence so that γk → ∞ increasingly as
k → ∞. Let [γkt] denote the integer part of γkt ≥ 0. We are interested in the
asymptotic behavior of the continuous-time process {zk([γkt]) : t ≥ 0} as k → ∞.
For any z ≥ 0 define

Hk(z) = γk[1 − hk(e−z/k)] (3.60)

and

Gk(z) = kγk[gk(e−z/k) − e−z/k]. (3.61)

For the convenience of statement of the results, we formulate the following condi-
tions:

Condition 3.38 There is a function ψ on [0,∞) such that Hk(z) → ψ(z) uniformly
on [0, a] for every a ≥ 0 as k → ∞.

Condition 3.39 The sequence {Gk} is uniformly Lipschitz on [0, a] for every a ≥ 0
and there is a function φ on [0,∞) such that Gk(z) → φ(z) uniformly on [0, a] for
every a ≥ 0 as k → ∞.

Proposition 3.40 If Condition 3.38 holds, the limit function ψ has the representa-
tion (3.26). If Condition 3.39 holds, then φ has the representation (3.1).
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Proof. The representation (3.26) for ψ follows by a modification of the proof of
Theorem 1.43. Since φ is locally Lipschitz, by Proposition 1.45 it suffices to show
the function has the representation (1.39). This could be done by modifying the
proofs of Theorems 1.43 and 1.44. We here give a derivation of the representation
by considering the sequence

φk(z) = kγk[gk(1 − z/k) − (1 − z/k)], 0 ≤ z ≤ k.

Fix the constant a ≥ 0. By the mean-value theorem, for k ≥ a and 0 ≤ z ≤ a we
have

Gk(z) − φk(z) = kγk[g′k(ηk) − 1](e−z/k − 1 + z/k), (3.62)

where

1 − a/k ≤ 1 − z/k ≤ ηk ≤ e−z/k ≤ 1.

Choose k0 ≥ a so that e−2a/k0 ≤ 1 − a/k0. Then for k ≥ k0 we have e−2a/k ≤
1 − a/k and hence

γk|g′k(ηk) − 1| ≤ sup
0≤λ≤2a

γk|g′k(e−λ/k) − 1|.

Since {Gk} is uniformly Lipschitz on [0, 2a], the sequence

G′
k(z) = γke−z/k[1 − g′k(e−z/k)]

is uniformly bounded on [0, 2a]. Thus {γk|g′k(ηk) − 1| : k ≥ k0} is a bounded
sequence and (3.62) implies

φ(z) = lim
k→∞

Gk(z) = lim
k→∞

φk(z).

Then we can use Theorem 1.44 to see φ has the representation (1.39). 	


We shall work with the Laplace transform of the process {zk([γkt]) : t ≥ 0}. In
view of (3.59), given zk(0) = x the conditional distribution Q

[γkt]
k (x, ·) of zk([γkt])

on Ek is determined by
∫

Ek

e−λyQ
[γkt]
k (x,dy)

= exp
{

− xvk(t, λ) −
∫ [γkt]

γk

0

H̄k(vk(s, λ))ds

}

, (3.63)

where

vk(t, λ) = −k log g
[γkt]
k (e−λ/k) (3.64)

and
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H̄k(λ) = −γk log hk(e−λ/k), λ ≥ 0.

Lemma 3.41 Suppose that the sequence {Gk} defined by (3.61) is uniformly Lips-
chitz on [0, 1]. Then there are constants B ≥ 0 and N ≥ 1 such that vk(t, λ) ≤ λeBt

for every t, λ ≥ 0 and k ≥ N .

Proof. Let bk := G′
k(0+) for k ≥ 1. Since {Gk} is uniformly Lipschitz on [0, 1],

the sequence {bk} is bounded. Let B ≥ 0 be a constant such that 2|bk| ≤ B for all
k ≥ 1. In view of (3.63), there is a probability kernel P

[γkt]
k (x,dy) on Ek such that

∫

Ek

e−λyP
[γkt]
k (x,dy) = exp{−xvk(t, λ)}, λ ≥ 0. (3.65)

From (3.61) we have bk = γk[1 − g′k(1−)]. It is not hard to obtain

∫

Ek

yP
[γkt]
k (x,dy) = xg′k(1−)[γkt] = x

(
1 − bk

γk

)[γkt]

.

Since γk → ∞ as k → ∞, there is N ≥ 1 so that

0 ≤
(
1 − bk

γk

) γk
B ≤

(
1 +

B

2γk

) γk
B ≤ e, k ≥ N.

It follows that, for t ≥ 0 and k ≥ N ,
∫

Ek

yP
[γkt]
k (x,dy) ≤ x exp

{ B

γk
[γkt]

}
≤ xeBt. (3.66)

Then the desired estimate follows from (3.65), (3.66) and Jensen’s inequality. 	


Theorem 3.42 Suppose that Condition 3.39 is satisfied. Let (t, λ) �→ vt(λ) be the
unique locally bounded positive solution of (3.3). Then for every a ≥ 0 we have
vk(t, λ) → vt(λ) uniformly on [0, a]2 as k → ∞.

Proof. It suffices to show vk(t, λ) converges uniformly on [0, a]2 for every a ≥ 0
and the limit solves (3.3). Let

Ḡk(z) = kγk log
[
gk(e−z/k)ez/k

]
, z ≥ 0.

For any integer n ≥ 0 we may write

log gn+1
k (e−λ/k) = log

[
gk(gn

k (e−λ/k))gn
k (e−λ/k)−1

]
+ log gn

k (e−λ/k)
= (kγk)−1Ḡk

(
− k log gn

k (e−λ/k)
)

+ log gn
k (e−λ/k).

From this and (3.64) it follows that

vk(t + γ−1
k , λ) = vk(t, λ) − γ−1

k Ḡk(vk(t, λ)), t ≥ 0.
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By applying the above equation to t = 0, 1/γk, . . . , ([γkt] − 1)/γk and adding the
resulting equations we obtain

vk(t, λ) = λ −
[γkt]∑

i=1

γ−1
k Ḡk

(
vk(γ−1

k (i − 1), λ)
)
.

Then we have

vk(t, λ) = λ + εk(t, λ) −
∫ t

0

Ḡk(vk(s, λ))ds, (3.67)

where

εk(t, λ) =
(
t − γ−1

k [γkt]
)
Ḡk

(
vk(γ−1

k [γkt], λ)
)
.

It is elementary to see

Ḡk(z) = kγk log
[
1 + (kγk)−1Gk(z)ez/k

]
.

Let B ≥ 0 and N ≥ 1 be chosen as in Lemma 3.41. Under Condition 3.39 one can
show Ḡk(z) → φ(z) uniformly on every bounded interval. Then for any 0 < ε ≤ 1
we can enlarge the constant N ≥ 1 so that

|Ḡk(z) − φ(z)| ≤ ε, 0 ≤ z ≤ aeBa, k ≥ N. (3.68)

It follows that

|εk(t, λ)| ≤ γ−1
k M, 0 ≤ t, λ ≤ a, (3.69)

where

M = 1 + sup
0≤z≤aeBa

|φ(z)|.

For n ≥ k ≥ N let

Kk,n(t, λ) = sup
0≤s≤t

|vn(s, λ) − vk(s, λ)|.

By (3.67), (3.68) and (3.69) we obtain

Kk,n(t, λ) ≤ 2(γ−1
k M + εa) + L

∫ t

0

Kk,n(s, λ)ds, 0 ≤ t, λ ≤ a,

where L = sup0≤z≤aeBa |φ′(z)|. By Gronwall’s inequality,

Kk,n(t, λ) ≤ 2(γ−1
k M + εa)eLt, 0 ≤ t, λ ≤ a.

Then vk(t, λ) → some vt(λ) uniformly on [0, a]2 as k → ∞. In view of (3.69) and
(3.67) we have (3.3). 	
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Let D([0,∞), R+) denote the space of càdlàg paths from [0,∞) to R+ furnished
with the Skorokhod topology. The main limit theorem of this section is the follow-
ing:

Theorem 3.43 Suppose that Conditions 3.38 and 3.39 are satisfied. Let {y(t) : t ≥
0} be a càdlàg CBI-process with transition semigroup (Qγ

t )t≥0 defined by (3.29).
If zk(0) converges to y(0) in distribution, then {zk([γkt]) : t ≥ 0} converges to
{y(t) : t ≥ 0} in distribution on D([0,∞), R+).

Proof. For λ > 0 and x ≥ 0 set eλ(x) = e−λx. We denote by D1 the linear span of
{eλ : λ > 0}. It is easy to see that D1 is an algebra strongly separating the points of
R+ in the sense of Ethier and Kurtz (1986, pp.112–113). Let C0(R+) be the space
of continuous functions on R+ vanishing at infinity. Then D1 is uniformly dense in
C0(R+) by the Stone–Weierstrass theorem; see, e.g., Hewitt and Stromberg (1965,
pp.98–99). By Proposition 3.1 it is easy to see that the function t �→ vt(λ) is locally
bounded away from zero. Under Condition 3.38 we have H̄k(z) → ψ(z) uniformly
on every bounded interval. Then one can use (3.29), (3.63) and Theorem 3.42 to
show

lim
k→∞

sup
x∈Ek

∣
∣Q

[γkt]
k eλ(x) − Qγ

t eλ(x)
∣
∣ = 0

for every t ≥ 0. It follows that

lim
k→∞

sup
x∈Ek

∣
∣Q

[γkt]
k f(x) − Qγ

t f(x)
∣
∣ = 0

for every t ≥ 0 and f ∈ C0(R+). By Ethier and Kurtz (1986, p.226 and pp.233–
234) we conclude that {zk([γkt]) : t ≥ 0} converges to the CBI-process {y(t) : t ≥
0} in distribution on D([0,∞), R+). 	


The theorem above gives an interpretation of the CBI-process as the limit of a
sequence of rescaled GWI-processes. The following examples describe some typical
situations where Conditions 3.38 and 3.39 are satisfied.

Example 3.3 Suppose that h is a probability generating function so that β :=
h′(1−) < ∞. Let γk = k and hk(z) = h(z). Then the sequence Hk(z) defined
by (3.60) converges to βz as k → ∞.

Example 3.4 For any 0 < α ≤ 1 let γk = kα and hk(z) = 1 − (1 − z)α. Then the
sequence Hk(z) defined by (3.60) converges to zα as k → ∞.

Example 3.5 Suppose that g is a probability generating function so that g′(1−) = 1
and c := g′′(1−)/2 < ∞. Let γk = k and gk(z) = g(z). By Taylor’s expansion
one sees that the sequence Gk(z) defined by (3.61) converges to cz2 as k → ∞.

Example 3.6 For any 1 ≤ α ≤ 2 let γk = αkα−1 and gk(z) = z + α−1(1 − z)α.
Then the sequence Gk(z) defined by (3.61) converges to zα as k → ∞.
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We now give some applications of Theorem 3.43 to the characterizations of local
times. Let X0 = (Ω,F , Ft, X

0
t ,Px) be a standard one-dimensional Brownian

motion. Given any constant a ∈ R we define Xa
t = X0

t − at for t ≥ 0. Then
Xa = (Ω,F , Ft, X

a
t ,Px) is a Brownian motion with drift −a. It is well-known

that there is a positive continuous two-parameter process {la(t, y) : t ≥ 0, y ∈ R}
such that

∫ t

0

1A(Xa
s )ds =

∫

A

2la(t, y)dy, A ∈ B(R).

The process {2la(t, y) : t ≥ 0, y ∈ R} is the local time of {Xa
t : t ≥ 0}. Let

τa
x = inf{t > 0 : Xa

t = x} denote the hitting time of x ∈ R by the Brownian
motion with drift. By a δ-downcrossing of {Xa

t : t ≥ 0} at y ∈ R before time
T > 0 we mean an interval [u, v] ⊂ [0, T ) such that Xa

u = y + δ, Xa
v = y and

y < Xa
t < y + δ for all u < t < v.

We first consider the special case a = 0. It is well-known that Px{l0(t, y) → ∞
as t → ∞} = 1 for all x, y ∈ R. Then for every u ≥ 0 we have Px-a.s.

σ0(u) := inf{t ≥ 0 : l0(t, 0) ≥ u} < ∞.

The following theorem is the well-known Ray–Knight theorem on Brownian local
times.

Theorem 3.44 For any x ≥ 0, under the probability law Px we have:

(1) {l0(σ0(u),−t) : t ≥ 0} and {l0(σ0(u), x + t) : t ≥ 0} are CB-processes with
branching mechanism φ(z) = z2;

(2) {l0(σ0(u), t) : 0 ≤ t ≤ x} is a CBI-process with branching mechanism φ(z) =
z2 and immigration mechanism ψ(z) = z.

Proof. (1) Let ξk denote the number of (1/k)-downcrossings at x before time
τ0
x−1/k. By the property of independent increments of {X0

t : t ≥ 0} we have

P0[zξk ] =
∞∑

i=0

zi

2i+1
=

1
2 − z

, |z| ≤ 1.

For k ≥ 1 and i ≥ 0 let Zk(i) denote the number of (1/k)-downcrossings of
{X0

t : t ≥ 0} at xi = x + i/k before time σ0(u). It is easy to see that Zk(i + 1)
is the sum of Zk(i) independent copies of ξk. Thus {Zk(i) : i = 0, 1, . . .} is a
GW-process determined by the probability generating function

g(z) =
1

2 − z
, |z| ≤ 1. (3.70)

By the approximation of the local time by downcrossing numbers, for every t ≥ 0
we have Zk([kt])/k → l0(σ0(u), x + t) in probability as k → ∞; see, e.g, Revuz
and Yor (1999, p.227). On the other hand, it is easy to show
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φ(z) := lim
k→∞

k2[g(e−z/k) − e−z/k] = z2.

By Theorem 3.43 one can see {l0(σ0(u), x + t) : t ≥ 0} is a CB-process with
branching mechanism φ(z) = z2. The result for {l0(σ0(u),−t) : t ≥ 0} follows in
a similar way.

(2) This is similar to the first part of the proof, so we only give the sketch. For
k ≥ 1 and 0 ≤ i ≤ [kx] let Yk(i) denote the number of (1/k)-downcrossings of
{X0

t : t ≥ 0} at zi = i/k before time σ0(u). One can see that Yk(i + 1) − 1 is the
sum of Yk(i) independent copies of ξk. Then {Yk(i) : i = 0, 1, . . . , [kx]} is a GWI-
process determined by the pair of generating functions (g, h), where g(z) is given
by (3.70) and h(z) = z. For any 0 ≤ t ≤ x we have Yk([kt])/k → l0(σ0(u), t) in
probability as k → ∞. Then the result follows by Theorem 3.43. 	


Let {2l(t, y) : t ≥ 0, y ≥ 0} denote the local time of the reflecting Brownian
motion {|X0

t | : t ≥ 0}. Then {l(t, y) : t ≥ 0, y ≥ 0} is a positive continuous
two-parameter process such that

∫ t

0

1A(|X0
s |)ds = 2

∫

A

l(t, y)dy, A ∈ B(R+).

For any x ≥ 0 and u ≥ 0 we have Px-a.s.

σ(u) := inf{t ≥ 0 : l(t, 0) ≥ u} < ∞.

By modifying the arguments in the proof of Theorem 3.44 one can show the follow-
ing:

Theorem 3.45 For any x ≥ 0, under the probability law Px we have:

(1) {l(σ(u), x+ t) : t ≥ 0} is a CB-process with branching mechanism φ(z) = z2;
(2) {l(σ(u), t) : 0 ≤ t ≤ x} is a CBI-process with branching mechanism φ(z) =

z2 and immigration mechanism ψ(z) = z.

We next consider the case a > 0. In this case we have Px{τa
0 < ∞} = 1 for

every x > 0. For δ > 0 and |x| ≤ δ let uδ(x) = Px{τa
−δ < τa

δ }. Then x �→ uδ(x)
solves the differential equation

1
2
u′′(x) − au′(x) = 0, |x| ≤ δ

with boundary conditions u(δ) = 0 and u(−δ) = 1. By solving the above boundary
value problem we find

uδ(x) =
e2aδ − e2ax

e2aδ − e−2aδ
, |x| ≤ δ. (3.71)

The following theorem slightly generalizes the Ray–Knight theorem.

Theorem 3.46 Suppose that a > 0 and x > 0. Then under Px we have:
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(1) {la(τa
0 , x + t) : t ≥ 0} is a CB-process with branching mechanism φ(z) =

z2 + 2az;
(2) {la(τa

0 , t) : 0 ≤ t ≤ x} is a CBI-process with branching mechanism φ(z) =
z2 + 2az and immigration mechanism ψ(z) = z.

Proof. The arguments are modifications of those in the proof of Theorem 3.44, so
we only describe the difference. For k ≥ 1 and i ≥ 0 let Zk(i) denote the number
of (1/k)-downcrossings of {Xa

t : t ≥ 0} at xi = x + i/k before time τa
0 . Then

{Zk(i) : i = 0, 1, . . .} is a GW-process corresponding to the generating function

gk(z) =
∞∑

i=0

pk(qkz)i =
pk

1 − qkz
, |z| ≤ 1, (3.72)

where pk = u1/k(0) and qk = 1 − pk. From (3.71) we get

pk =
e2a/k − 1

e2a/k − e−2a/k
=

1
2

+
a

2k
+ o

(1
k

)

and

qk =
1 − e−2a/k

e2a/k − e−2a/k
=

1
2
− a

2k
+ o

(1
k

)

as k → ∞. Then we use (3.72) to see

φ(z) := lim
k→∞

k2[gk(e−z/k) − e−z/k]

= lim
k→∞

k2[1 − e−z/k − qk(1 − e−2z/k)]
1 − qke−z/k

= z2 + 2az.

For t ≥ 0 we have Zk([kt])/k → la(τa
0 , x + t) in probability as k → ∞. Thus the

assertion (1) follows by Theorem 3.43. Similarly one obtains (2). 	


3.6 Notes and Comments

The convergence of rescaled Galton–Watson branching processes to diffusion pro-
cesses was first studied by Feller (1951). Jiřina (1958) introduced CB-processes in
both discrete and continuous times. Lamperti (1967a) showed that the continuous-
time processes are weak limits of rescaled Galton–Watson branching processes.
Lamperti (1967b) characterized the CB-processes by random time changes of Lévy
processes. New proofs of the result were given recently by Caballero et al. (2009).

For the sake of simplicity, we have assumed the branching mechanism is given
by (3.1). Kawazu and Watanabe (1971) constructed more general CBI-processes
that are not necessarily conservative. The “if” part of Theorem 3.10 was proved in
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Silverstein (1967/8). It seems the “only if” part is a new result. Most other results
on extinction probabilities and growth rates in Sections 3.1 and 3.2 can be found in
Grey (1974). It is simple to check that if {Xt : t ≥ 0} is a Dawson–Watanabe super-
process with conservative underlying spatial motion and spatially constant branch-
ing mechanism, then the total mass {Xt(1) : t ≥ 0} is a CB-process. The properties
of local extinction and growth rate for superprocesses were studied in Engländer and
Kyprianou (2004), Liu et al. (2009) and Pinsky (1995, 1996). A zero-one law on the
local extinction for a super-Brownian motion was given in Zhou (2008). See also
Engländer (2007) and the references therein.

Theorem 3.20 and Corollary 3.21 were given in Pinsky (1972). Other results in
Sections 3.3 and 3.4 can be found in Li (2000). The result of Theorem 3.29 was al-
ready expected by Pakes (1988, p.86); see also Pakes and Trajstman (1985). A num-
ber of conditional limit theorems for Galton–Watson processes were proved in Pakes
(1999) by introducing some general conditioning events. Theorems 3.36 and 3.37
treat the two simplest special cases of the conditional events of Pakes (1999). Some
of the results in Section 3.4 were proved in Lambert (2007) by different methods;
see also Kyprianou and Pardo (2008).

Conditions 3.38 and 3.39 were given in Aliev (1985) and Aliev and Shchurenkov
(1982). Slightly different forms of the two conditions can be found in Li (2006). The
proof of Theorem 3.42 follows Aliev and Shchurenkov (1982). The convergence in
distribution on the path space D([0,∞), R+) of Theorem 3.43 was established in Li
(2006) by proving the convergence of the generators of the rescaled GWI-processes;
see also Ma (2009). Theorem 3.44 was originally proved by Knight (1963) and
Ray (1963). There are many generalizations of the Ray–Knight theorem; see, e.g.,
Borodin and Salminen (1996).

If (vt)t>0 admits the representation (3.15), then each lt(du) is a diffuse measure
on (0,∞); see Bertoin and Le Gall (2000). CBI-processes were used by Bertoin
and Le Gall (2000, 2006) in studying the coalescent processes with multiple col-
lisions of Pitman (1999) and Sagitov (1999). See also Limic and Sturm (2006)
and Schweinsberg (2000, 2003) for some related results. Using the results for self-
similar CBI-processes, Patie (2009) gave a characterization of the density of the law
of an exponential functional associated to some one-sided Lévy processes.

The genealogical structures of Galton–Watson branching processes can be repre-
sented by Galton–Watson trees. Those trees can be coded by two kinds of discrete
paths called height functions and contour functions. The basic idea of the Ray–
Knight theorem is to code the genealogical structures of Feller’s branching diffusion
by the Brownian paths. Le Gall and Le Jan (1998a, 1998b) proposed an approach of
coding the genealogy of a general subcritical branching CB-process using a spec-
trally positive Lévy process, which corresponds to the reflecting Brownian motion
in the case of Feller’s branching diffusion. A key contribution of Le Gall and Le Jan
(1998a, 1998b) is an explicit expression for the height process as a functional of the
Lévy process whose Laplace exponent is precisely the branching mechanism. This
suggests that many problems concerning the genealogies of CB-processes can be
restated and solved in terms of spectrally positive Lévy processes, for which there
is a rich literature; see, e.g., Bertoin (1996) and Sato (1999).
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In view of Theorem 3.43, one may want to look for limit theorems of branching
models involving genealogical structures. Some limit theorems of that type were
established in Duquesne and Le Gall (2002) in terms of height processes and contour
processes. Pitman (2006) studied various combinatorial models of random partitions
and trees, and the asymptotics of these models related to stochastic processes. See
Aldous (1991, 1993) for the early work on continuum random trees. The method of
Gromov–Hausdorff distance was developed in Evans et al. (2006) and Evans and
Winter (2006) to study the asymptotic behavior of random trees when the number
of vertices goes to infinity. Evans (2008) and Winter (2007) gave surveys of the
relevant backgrounds and applications; see also Le Gall (2005). The genealogical
structures of catalytic branching models were studied in Greven et al. (2009).

A natural generalization of the CBI-process is described as follows. Let m ≥ 0
and n ≥ 0 be integers and define D = R

m
+ × R

n and U = C
m
− × (iR)n, where

C− = {a + ib : a ≤ 0, b ∈ R} and iR = {ib : b ∈ R}. Let (·, ·) denote the
duality between D and U . A transition semigroup (Pt)t≥0 on D is called an affine
semigroup if its characteristic function has the representation

∫

D

e(u,ξ)Pt(x, dξ) = exp{(x, ψ(t, u)) + φ(t, u)}, u ∈ U, (3.73)

where u �→ ψ(t, u) is a continuous mapping of U into itself and u �→ φ(t, u) is a
continuous function on U satisfying φ(t, 0) = 0. A Markov process in D is called
an affine process if it has affine transition semigroup. The process reduces to an m-
dimensional CBI-process when n = 0. Affine processes have been used widely in
mathematical finance; see Duffie et al. (2003) and the references therein.

The affine semigroup defined by (3.73) is called regular if it is stochastically
continuous and the right derivatives ψ′

t(0, u) and φ′
t(0, u) exist for all u ∈ U and

are continuous at u = 0. A number of characterizations of regular affine processes
were given in Duffie et al. (2003). By a result of Kawazu and Watanabe (1971),
a stochastically continuous CBI-process is automatically regular. The regularity of
affine processes was studied in Dawson and Li (2006) under a moment assump-
tion. The regularity problem was settled in Keller-Ressel et al. (2010), where it was
proved that any stochastically continuous affine process is regular.





Chapter 4
Branching Particle Systems

Branching particle systems arise from applications in a number of subjects. Typical
examples of those systems are biological populations in isolated regions, families
of neutrons in nuclear reactions, cosmic-ray showers and so on. In this chapter,
we show that suitable scaling limits of those particle systems lead to the Dawson–
Watanabe superprocesses in finite-dimensional distributions, giving intuitive inter-
pretations for the superprocesses. To show the ideas in a simple and clear way, we
shall first develop the results in detail for local branching particle systems. After that
we show how the argument can be modified to general non-local branching models.

4.1 Particle Systems with Local Branching

In this section, we introduce a special class of branching particle systems, which
can be regarded as the discrete-state counterpart of the local branching Dawson–
Watanabe superprocesses. Let E be a Lusin topological space and let N(E) denote
the space of integer-valued finite measures on E. Let ξ = (Ω,F , Ft, ξt,Px) be a
Borel right process in E with conservative transition semigroup (Pt)t≥0. We assume
the sample path {ξt : t ≥ 0} is right continuous in both the original and Ray
topologies and has left limits {ξt− : t > 0} in the Ray–Knight completion Ē of
E. Let γ ≥ 0 be a constant. Suppose that g ∈ B(E × [−1, 1]) and g(x, ·) is a
probability generating function for each x ∈ E, that is,

g(x, z) =
∞∑

k=0

pk(x)zk, |z| ≤ 1,

where pk(x) ≥ 0 and
∑∞

k=0 pk(x) = 1. Moreover, we assume

sup
x∈E

g′z(x, 1−) = sup
x∈E

∞∑

k=1

kpk(x) < ∞. (4.1)
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Let g(x, z) = 1 for x ∈ Ē \ E and |z| ≤ 1. We consider a particle system on E
characterized by the following properties:

(1) The particles in E move independently according to the law given by the tran-
sition probabilities of ξ.

(2) For a particle which is alive at time r ≥ 0 and follows the path {ξs : s ≥ r}, the
conditional probability of survival in the time interval [r, t) is exp{−(t− r)γ}.

(3) When a particle following the path {ξs : s ≥ r} dies at time t > r, it gives
birth to a random number of offspring at ξt ∈ E according to the probability
distribution given by the generating function g(ξt−, ·). The offspring then start
to move from their common birth site.

In addition, we assume that the lifetimes and the branchings of different particles
are independent. By a branching particle system with parameters (ξ, γ, g) we mean
the measure-valued process {Xt : t ≥ 0}, where Xt(B) denotes the number of
particles in B ∈ B(E) that are alive at time t ≥ 0. A construction of the branching
particle system with initial value σ ∈ N(E) is given as follows.

Let A be the set of all finite strings of the form α = n0n1 · · ·nl(α) for
integers l(α) ≥ 0 and ni ≥ 1. We provide A with the arboreal ordering.
Then m0m1 · · ·mp ≺ n0n1 · · ·nq if and only if p ≤ q and m0 = n0, m1 =
n1, . . . , mp = np. The particles will be labeled by the strings in α ∈ A . The inte-
ger l(α) is interpreted as the generation number of the particle with label α ∈ A .
Then this particle has exactly l(α) predecessors, which we denote respectively by
α \ 1, α \ 2, . . ., α \ l(α). For example, if α = 12436, then α \ 1 = 1243 and
α \ 3 = 12. Suppose we are given a probability space (W, G ,P) on which the
following family of independent random elements are defined:

{ξα(x), Sα, ηα(x) : α ∈ A , x ∈ E}, (4.2)

where each ξα(x) = {ξα(x, t) : t ≥ 0} is a Markov process with transition semi-
group (Pt)t≥0 and ξα(x, 0) = x, each Sα is an exponential random variable with
parameter γ, and each ηα(x) is an integer-valued random variable with distribution
defined by the probability generating function g(x, ·).

Given a finite set {x1, . . . , xn} ⊂ E, the branching particle system {Xσ
t : t ≥ 0}

with initial state σ =
∑n

i=1 δxi is constructed as follows. Let ∂ be a point that is not
in E. For all labels α ∈ A we shall define the birth times βα, birth places bα, death
times ζα and trajectories ξα = {ξα(t) : t ≥ 0} of the corresponding particles in an
inductive way. If α = n0 ∈ A has generation number l(α) = 0, we define the birth
time and place by

βn0 =
{ 0 if n0 ≤ n
∞ if n0 > n

and bn0 =
{xn0 if n0 ≤ n

∂ if n0 > n.

The death time is defined by ζn0 = βn0 + Sn0 and the trajectory by

ξn0(t) =
{ ξn0(bn0 , t − βn0) if βn0 ≤ t < ∞

∂ if 0 ≤ t < βn0 .
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Suppose now the birth times, birth places, death times and trajectories are already
defined for the particles in the (k − 1)-th generation. For α = n0n1 · · ·nl(α) ∈ A
with generation number l(α) = k ≥ 1, we define the birth time and place of the
particle by

βα =
{

ζ(α\1) if nk ≤ η(α\1)(ξ(α\1)(ζ(α\1)−))
∞ if nk > η(α\1)(ξ(α\1)(ζ(α\1)−))

and

bα =
{ ξ(α\1)(ζ(α\1)) if nk ≤ η(α\1)(ξ(α\1)(ζ(α\1)−))

∂ if nk > η(α\1)(ξ(α\1)(ζ(α\1)−)).

The death time of the particle is defined by ζα = βα + Sα and the trajectory by

ξα(t) =
{ ξα(bα, t − βα) if βα ≤ t < ∞

∂ if 0 ≤ t < βα.

Now the branching particle system generated by the initial mass σ is constructed as

Xσ
t =

∑

α∈A

1[βα,ζα)(t)δξα(t), t ≥ 0. (4.3)

At this moment, it is not clear if Xσ
t (E) is a.s. finite, so we think of {Xσ

t : t ≥ 0}
as a process taking values from N(E) ∪ {Δ}, where Δ denotes the infinity. The
independence of the family (4.2) implies

P exp{−Xσ
t (f)} = exp{−σ(ut)}, f ∈ B(E)++, (4.4)

where

ut(x) ≡ ut(x, f) = − log P exp{−Xx
t (f)}

and {Xx
t : t ≥ 0} is a system with Xx

0 = δx. Here and in the sequel, we make
the convention that Δ(f) = ∞ for f ∈ B(E)++. Moreover, we have the following
renewal equation:

e−ut(x) = Px[e−γt−f(ξt)] +
∫ t

0

γe−γsPx

[
g(ξs, e−ut−s(ξs))

]
ds. (4.5)

This follows as we think about the Laplace functional of the random measure Xx
t

produced by a single particle that starts moving from the point x ∈ E. Suppose the
particle is labeled by α ∈ A with l(α) = 0. Then it has birth time βα = 0, birth
place bα = x, death time ζα = Sα and trajectory ξα = {ξα(x, t) : t ≥ 0}. In view
of (4.4), the Laplace functional of Xx

t is given by the left-hand side of (4.5). By the
independence of ζα and ξα we have

P
[
1{ζα>t}e−Xx

t (f)
]

= P
{

1{ζα>t}P
[
e−Xx

t (f)
∣
∣ζα, ξα

]}
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= P
{

1{ζα>t}e−f(ξα(x,t))
}

= Px[e−γt−f(ξt)],

where the expectations related to {Xx
t : t ≥ 0} and {ξα(x, t) : t ≥ 0} are taken

on the probability space (W, G ,P) and the one related to {ξt : t ≥ 0} is taken on
(Ω,F ,Px). That gives the first term on the right-hand side of (4.5). By property
(3), if it happens that 0 < ζα ≤ t, then the particle dies at ξα(x, ζα−) and gives birth
to a random number of offspring at ξα(x, ζα) according to the probability law given
by the generating function g(ξα(x, ζα−), ·). With those considerations we compute

P
[
1{0<ζα≤t}e−Xx

t (f)
]

= P
{

1{0<ζα≤t}P
[
e−Xx

t (f)
∣
∣ζα, ξα

]}

= P
[

1{0<ζα≤t}

∞∑

k=1

pk(ξα(x, ζα−))e−kut−ζα (ξα(x,ζα))

]

= P
[
1{0<ζα≤t}g

(
ξα(x, ζα−), e−ut−ζα (ξα(x,ζα))

)]

= Px

[ ∫ t

0

γe−γsg
(
ξs−, e−ut−s(ξs)

)
ds

]

,

where we used again the independence of ζα and {ξα(x, t) : t ≥ 0}. That leads
to the second term on the right-hand side of (4.5) because ξs− 
= ξs for at most
countably many s > 0. By Proposition 2.9 the solution (t, x) �→ e−ut(x) of (4.5)
also solves

e−ut(x) = Pxe−f(ξt) +
∫ t

0

γPx

[
g(ξs, e−ut−s(ξs)) − e−ut−s(ξs)

]
ds. (4.6)

Then it is easy to see that

v(t, x) = 1 − exp{−ut(x)} (4.7)

is a solution of

v(t, x) = Px

[
1 − e−f(ξt)

]
+

∫ t

0

γPx

[
1 − v(t − s, ξs)]ds

−
∫ t

0

γPx

[
g(ξs, 1 − v(t − s, ξs))]ds. (4.8)

The arguments above actually proved the existence of the solution (t, x) �→ v(t, x)
to (4.8). The uniqueness of the solution follows by a standard application of Gron-
wall’s inequality.

Proposition 4.1 We have P{Xσ
t ∈ N(E)} = 1 and

P[Xσ
t (f)] = σ(P b

t f), t ≥ 0, f ∈ B(E), (4.9)

where P b
t f is defined by (2.34) with b(x) = γ[1 − g′z(x, 1−)] for x ∈ E.
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Proof. We first assume f ∈ B(E)++. For any k ≥ 1 we have

wk(t, x) := P[1 − e−Xx
t (f/k)] = 1 − e−ut(x,f/k). (4.10)

From (4.8) we get

wk(t, x) = Px

[
1 − e−f(ξt)/k

]
−

∫ t

0

Px

[
φ(ξs, wk(t − s, ξs))]ds, (4.11)

where

φ(x, z) = γ[g(x, 1 − z) − (1 − z)].

It is easy to see

φ(x, z) ≥ φ′(x, 0+)z = b(x)z, x ∈ E, 0 ≤ z ≤ 1.

Then (4.11) implies

‖wk(t, ·)‖ ≤ k−1‖f‖ + ‖b‖
∫ t

0

‖wk(s, ·)‖ds,

so an application of Gronwall’s inequality shows ‖wk(t, ·)‖ ≤ k−1‖f‖e‖b‖t. From
(4.10) one sees that kwk(t, x) is increasing in k ≥ 1. Thus the limit πt(x) :=
limk→∞ kwk(t, x) exists and solves

πt(x) = Ptf(x) −
∫ t

0

ds

∫

E

b(y)πs(y)Pt−s(x,dy),

so πt(x) = P b
t f(x). From (4.10) it follows that

P[Xx
t (f)] = lim

k→∞
P[k(1 − e−Xx

t (f/k))] = P b
t f(x).

Similarly, from (4.4) we get (4.9) for f ∈ B(E)++. In particular,

P[Xσ
t (1)] = σ(P b

t 1) < ∞,

which implies P{Xσ
t ∈ N(E)} = 1. The extension of (4.9) to f ∈ B(E) is

immediate. ��

From the assumptions on the family (4.2) it follows that {Xσ
t : t ≥ 0} is a

Markov process in N(E). By (4.4) the process has transition semigroup (Qt)t≥0

given by
∫

N(E)

e−ν(f)Qt(σ, dν) = exp{−σ(ut)}, f ∈ B(E)+, (4.12)

where (t, x) �→ ut(x) is determined by (4.7) and (4.8).



92 4 Branching Particle Systems

4.2 Scaling Limits of Local Branching Systems

In this section, we prove a scaling limit theorem for a sequence of branching particle
systems, which leads to a superprocess with local branching. The limit theorem
gives interpretations for the parameters of the superprocess. For each integer k ≥ 1,
let {Yk(t) : t ≥ 0} be a branching particle system with parameters (ξ, γk, gk) and
let Xk(t) = k−1Yk(t). It is easy to see that {Xk(t) : t ≥ 0} is a Markov process in

Nk(E) := {ν ∈ M(E) : kν ∈ N(E)}.

Let Q(k)
ν denote the conditional law given Xk(0) = ν ∈ Nk(E). Let (t, x, f) �→

ut(k, x, f) be defined by (4.7) and (4.8) with (γ, g) replaced by (γk, gk). From
(4.12) we have

Q(k)
ν exp

{
− 〈Xk(t), f〉

}
= exp

{
− 〈ν, uk(t)〉

}
, (4.13)

where uk(t, x) = kut(k, x, f/k). By the discussions in the first section, we can also
define uk(t, x) by

vk(t, x) = k[1 − exp{−uk(t, x)/k}] (4.14)

and the evolution equation

vk(t, x) = kPx

[
1 − e−f(ξt)/k

]
−

∫ t

0

Px

[
φk(ξs, vk(t − s, ξs))

]
ds, (4.15)

where

φk(x, z) = kγk[gk(x, 1 − z/k) − (1 − z/k)], 0 ≤ z ≤ k. (4.16)

Condition 4.2 For each a ≥ 0 the sequence {φk(x, z)} is Lipschitz with respect
to z uniformly on E × [0, a] and φk(x, z) converges to some φ(x, z) uniformly on
E × [0, a] as k → ∞.

Proposition 4.3 If Condition 4.2 is satisfied, the limit function φ has the represen-
tation (2.45).

Proof. By applying Corollary 1.46 for fixed x ∈ E we get the representation (2.45),
where c(x) ≥ 0 and b(x) are constants, and (u ∧ u2)m(x,du) is a finite measure
on (0,∞). By dominated convergence we can differentiate both sides of (2.45) with
respect to z ≥ 0 to obtain

φ′(x, z) = b(x) + 2c(x)z +
∫ ∞

0

u
(
1 − e−zu

)
m(x,du), (4.17)

which is bounded on the set E × [0, a] for every a ≥ 0. Then φ(x, z) is Lipschitz in
z uniformly on E × [0, a] for each a ≥ 0. In particular, x �→ b(x) = φ′(x, 0+) is
bounded on E. By taking z = 1 in (4.17) we see that
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x �→ c(x) +
∫ ∞

0

(u ∧ u2)m(x,du)

is bounded on E. By applications of dominated convergence again, for any a > 0
and λ ≥ 0 we have

φ′′(x, a + λ) = 2c(x) +
∫ ∞

0

e−λuu2e−aum(x,du) (4.18)

and

φ(3)(x, a + λ) = −
∫ ∞

0

e−λuu3e−aum(x,du).

Then the finite measure u3e−aum(x,du) has Laplace transform λ �→ −φ(3)(x, a +
λ). By Theorem 1.22 we see u3e−aum(x,du) is a finite kernel from E to (0,∞), so
m(x,du) is a σ-finite kernel from E to (0,∞). Now (4.18) implies that x �→ c(x)
is measurable and hence (4.17) implies x �→ b(x) is measurable. ��

Proposition 4.4 For any function φ with the representation (2.45) there is a se-
quence {φk} in the form of (4.16) satisfying Condition 4.2.

Proof. To simplify the formulations we decompose the function φ into two parts.
Let φ0(x, z) = φ(x, z) − b(x)z. We first define

γ0,k = 1 + 2k‖c‖ + sup
x∈E

∫ ∞

0

u(1 − e−ku)m(x,du)

and

g0,k(x, z) = z + k−1γ−1
0,kφ0(x, k(1 − z)), x ∈ E, |z| ≤ 1.

It is easy to see that z �→ g0,k(x, z) is an analytic function in (−1, 1) satisfying
g0,k(x, 1) = 1 and

dn

dzn
g0,k(x, 0) ≥ 0, x ∈ E, n ≥ 0.

Therefore g0,k(x, ·) is a probability generating function. Let φ0,k be defined by
(4.16) with (γk, gk) replaced by (γ0,k, g0,k). Then φ0,k(x, z) = φ0(x, z) for
0 ≤ z ≤ k. That completes the proof if ‖b‖ = 0. In the case ‖b‖ > 0, we set

g1,k(x, z) =
1
2

(
1 +

b(x)
‖b‖

)
+

1
2

(
1 − b(x)

‖b‖

)
z2.

Let γ1,k = ‖b‖ and let φ1,k(x, z) be defined by (4.16) with (γk, gk) replaced by
(γ1,k, g1,k). Then we have

φ1,k(x, z) = b(x)z +
1
2k

[
‖b‖ − b(x)

]
z2.
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Finally, let γk = γ0,k +γ1,k and gk = γ−1
k (γ0,kg0,k +γ1,kg1,k). Then the sequence

φk(x, z) defined by (4.16) is equal to φ0,k(x, z) + φ1,k(x, z) which satisfies the
required condition. ��

Proposition 4.5 If Condition 4.2 holds, for each T ≥ 0 both vk(t, x) and uk(t, x)
converge uniformly on [0, T ] × E to the unique locally bounded positive solution
(t, x) �→ Vtf(x) of the evolution equation

Vtf(x) = Ptf(x) −
∫ t

0

ds

∫

E

φ(y, Vt−sf(y))Ps(x,dy). (4.19)

Proof. By Proposition 2.20, there is a unique locally bounded positive solution t �→
Vtf to (4.19). Let

bk(x) :=
d
dz

φk(x, 0+) = γk

[
1 − d

dz
gk(x, 1−)

]
, x ∈ E.

The uniformly local Lipschitz assumption on {φk} implies

B := sup
k≥1

‖bk‖ < ∞.

We may then extend the definition of φk by setting

φk(x, z) = φk(x, k) +
d
dz

φk(x, k−)(z − k), x ∈ E, z > k.

Since z �→ φk(x, z) is a convex function, we have −φk(x, z) ≤ Bz for all z ≥ 0.
Then the convergence of vk(t, x, f) is true by Proposition 2.16. The convergence of
uk(t, x, f) follows by the relation (4.14). ��

Let μ ∈ M(E) and let Q(k)
(μ) denote the conditional law given that Yk(0) =

kXk(0) is a Poisson random measure on E with intensity kμ. By (4.13) and Theo-
rem 1.25 it is not hard to show that

Q(k)
(μ) exp

{
− 〈Xk(t), f〉

}
= exp

{
− 〈μ, vk(t)〉

}
. (4.20)

By Theorem 2.21 the solution of (4.19) defines a cumulant semigroup (Vt)t≥0.

Theorem 4.6 If Condition 4.2 is satisfied, the finite-dimensional distributions of
{Xk(t) : t ≥ 0} under Q(k)

(μ) converge to those of the (ξ, φ)-superprocess {Xt : t ≥
0} with initial value X0 = μ.

Proof. Let Qμ denote the conditional law of the (ξ, φ)-superprocess {Xt : t ≥ 0}
given X0 = μ. To get the desired convergence of the finite-dimensional distributions
of {Xk(t) : t ≥ 0} it suffices to prove

lim
k→∞

Q(k)
(μ) exp

{
−

n∑

i=1

〈Xk(ti), fi〉
}

= Qμ exp
{
−

n∑

i=1

〈Xti , fi〉
}

(4.21)
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for all {t1 < · · · < tn} ⊂ [0,∞) and {f1, . . . , fn} ⊂ B(E)+ and use The-
orem 1.24. For n = 1 this follows by Proposition 4.5. Now suppose (4.21) holds
when n is replaced by n−1. For any n ≥ 2 the Markov property of {Xk(t) : t ≥ 0}
implies that

Q(k)
(μ) exp

{
−

n∑

i=1

〈Xk(ti), fi〉
}

= Q(k)
(μ) exp

{
−

n−1∑

i=1

〈Xk(ti), fi〉 − 〈Xk(tn−1), uk(Δtn)〉
}

, (4.22)

where Δtn = tn − tn−1. Let B ≥ 0 and bk ∈ B(E) be defined as in the proof
of Proposition 4.5. For f ∈ B(E)+ one uses Proposition 4.1 and a property of the
Poisson random measure to see

Q(k)
(μ)[〈Xk(t), f〉] = Q(k)

(μ)[〈Yk(0), P bk
t (f/k)〉] = 〈μ, P bk

t f〉 ≤ eBt〈μ, Ptf〉.

It then follows that

Q(k)
(μ)

[
exp

{
−

n−1∑

i=1

〈Xk(ti), fi〉
}∣

∣
∣ exp

{
− 〈Xk(tn−1), uk(Δtn)〉

}

− exp
{
− 〈Xk(tn−1), VΔtnfn〉

}∣
∣
∣
]

≤ Q(k)
(μ)

[〈
Xk(tn−1), |uk(Δtn) − VΔtnfn|

〉]

≤ eBtn−1

〈
μ, Ptn−1 |uk(Δtn) − VΔtnfn|

〉
.

By Proposition 4.5, the right-hand side goes to zero as k → ∞. Since (4.21) holds
when n is replaced by n − 1, we have

lim
k→∞

Q(k)
(μ) exp

{
−

n∑

i=1

〈Xk(ti), fi〉
}

= lim
k→∞

Q(k)
(μ) exp

{
−

n−1∑

i=1

〈Xk(ti), fi〉 − 〈Xk(tn−1), VΔtnfn〉
}

= Qμ exp
{
−

n−1∑

i=1

〈Xti , fi〉 − 〈Xtn−1 , VΔtnfn〉
}

= Qμ exp
{
−

n∑

i=1

〈Xti , fi〉
}

,

so (4.21) follows by induction in n ≥ 1. ��
The above theorem gives the heuristical interpretations for the parameters of the

superprocess. That is, the process ξ gives the law of migration of the “particles”
and φ arises from the branching rate and the generating function determining the
distribution of the offspring production.
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In the remainder of this section, we consider the special case where (E, d) is a
complete separable metric space. Let DE := D([0,∞), E) be the space of càdlàg
paths from [0,∞) to E. We fix a metric q on DE for the Skorokhod topology. By
definition, a stopped path is a pair (w, z), where z ≥ 0 and w ∈ DE satisfies
w(t) = w(t ∧ z) for all t ≥ 0. Let S be the set of all stopped paths and let ρ be the
metric on S defined by

ρ((w1, z1), (w2, z2)) = |z1 − z2| + q(w1, w2).

Then (S, ρ) is a complete separable metric space. Let ξ = (Ω,F , Ft, ξt,Px) be a
càdlàg Borel right process in E satisfying:

Condition 4.7 For every ε > 0 we have

lim
t→0

sup
x∈E

Px

{
sup

0≤s≤t
d(x, ξs) ≥ ε

}
= 0.

Let (u, y) ∈ S and let b ≥ a ≥ 0 be constants satisfying a ≤ y. With those
parameters we define a probability measure Ra,b((u, y), d(w, z)) on S by the fol-
lowing prescriptions:

(1) Ra,b((u, y), d(w, z))-a.s. z = b and w(t) = u(t) for 0 ≤ t ≤ a;
(2) the law of {w(a + t) : 0 ≤ t ≤ b − a} under Ra,b((u, y), d(w, z)) coincides

with that of {ξt : 0 ≤ t ≤ b − a} under Pu(a).

For s > 0 and y ≥ 0 let β = {βt : t ≥ 0} be a reflecting Brownian motion starting
at β0 = y and let γy

s (da,db) be the distribution of (inf0≤r≤s βr, βs) on R
2
+. The

reflection principle gives that

γy
s (da,db) =

2(y + b − 2a)√
2πs3

exp
{

− (y + b − 2a)2

2s

}

1{0<a<b∧y}dadb

+
2√
2πs

exp
{

− (y + b)2

2s

}

1{0<b}δ0(da)db.

A Markov process with state space S is called a ξ-Brownian snake if it has transition
semigroup (Qs)s≥0 defined by

Qs((u, y), d(w, z)) =
∫

R
2
+

γy
s (da,db)Ra,b((u, y), d(w, z)). (4.23)

The semigroup property of (Qs)s≥0 follows from the Markov properties of the
processes β and ξ. Suppose that {(ηs, ζs) : s ≥ 0} is a realization of the ξ-
Brownian snake. Then, heuristically, the process {ηs(t) : t ≥ 0} is a realization
of {ξt∧ζs : t ≥ 0} ending at time ζs ≥ 0. The ending time {ζs : s ≥ 0} evolves as
a reflecting Brownian. When ζs decreases, the path {ηs(t) : 0 ≤ t ≤ ζs} is erased
from its final point, and when ζs increases this path is extended according to the law
of ξ.
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Example 4.1 Let x ∈ E and {(ηs, ζs) : s ≥ 0} be a ξ-Brownian snake started
with (w0, 0), where w0(t) = x for all t ≥ 0. Then ηs(0) = x for all s ≥ 0 and
{ζs : s ≥ 0} is a reflecting Brownian motion with ζ0 = 0. Using Condition 4.7
it is easy to show s �→ (ηs, ζs) is right continuous in probability at s = 0. Then
the process {(ηs, ζs) : s ≥ 0} is continuous in probability by Lemma 1 of Le Gall
(1999, p.56). Let {2ls(y) : s ≥ 0, y ≥ 0} be the local time of {ζs : s ≥ 0}. For any
u ≥ 0 let

σ(u) = inf{s ≥ 0 : ls(0) ≥ u}.

For k ≥ 1 let [a1(t), b1(t)], . . ., [ant(t), bnt(t)] be the excursion intervals of the
stopped path {ζs : 0 ≤ s ≤ σ(u)} above t ≥ 0 with height > 1/k. This means that
[ai(t), bi(t)] ⊂ [0, σ(u)], ζai(t) = ζbi(t) = t, ζs > t for ai(t) < s < bi(t) and

sup{ζs : ai(t) < s < bi(t)} > t + 1/k.

By an observation of Le Gall (1993), the measure-valued process

Yk(t) =
nt∑

i=1

δηai(t)(t), t ≥ 0

is a branching particle system with parameters (ξ, g, 2k) in the sense of Section 4.1,
where g(z) = 1/2 + z2/2. Note that n0 is a Poisson random variable with mean ku
by Itô’s excursion theory. Then the continuity in probability of the process s �→ ηs

and the approximation of the Brownian local time by upcrossing numbers imply
k−1Yk(t) → Xt as k → ∞ for a random measure Xt on E defined by

Xt(f) =
∫ σ(u)

0

f(ηs(t))dls(t), f ∈ B(E), (4.24)

where dls(t) denotes the integration with respect to the increasing function s �→
ls(t). By Theorem 4.6 we conclude {Xt : t ≥ 0} is a Dawson–Watanabe superpro-
cess with spatial motion ξ and binary local branching mechanism φ(z) = z2. This
gives a representation of the superprocess in terms of the ξ-Brownian snake. When
E is a singleton, the representation reduces to the first result of Theorem 3.45.

4.3 General Branching Particle Systems

In this section, we consider a model of branching particle systems that general-
izes the system introduced in the first section. The high-density limits of these sys-
tems will lead to Dawson–Watanabe superprocesses with decomposable branching
mechanisms. Let E be a Lusin topological space and let N(E) denote the space of
integer-valued finite measures on E. Let ξ = (Ω,F , Ft, ξt,Px) be a Borel right
process with state space E and conservative transition semigroup (Pt)t≥0. We as-
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sume the sample path {ξt : t ≥ 0} is right continuous in both the original and the
Ray topologies and has left limits {ξt− : t > 0} in the Ray–Knight completion
Ē. Let {K(t) : t ≥ 0} be a continuous admissible additive functional of ξ. Let
α ∈ B(E)+ and let F (x,dν) be a Markov kernel from E to N(E) such that

sup
x∈E

∫

N(E)

ν(1)F (x,dν) < ∞. (4.25)

For x ∈ Ē \ E let F (x,dν) be the unit mass at δx. A general branching particle
system is characterized by the following properties:

(1) The particles in E move independently according to the law given by the tran-
sition probabilities of ξ.

(2) For a particle which is alive at time r ≥ 0 and follows the path {ξs :
s ≥ r}, the conditional probability of survival in the time interval [r, t) is
exp{−

∫ t

r
α(ξs)K(ds)}.

(3) When a particle following the path {ξs : s ≥ r} dies at time t > r, it gives
birth to a random number of offspring in E according to the probability kernel
F (ξt−, dν). The offspring then start to move from their birth places.

We also assume that the lifetimes and the branchings of different particles are inde-
pendent. Let Xt(B) denote the number of particles in B ∈ B(E) that are alive at
time t ≥ 0. If we assume X0(E) < ∞, then {Xt : t ≥ 0} is a Markov process with
state space N(E), which will be referred to as the general branching particle system
with parameters (ξ, K, α, F ). We are not going to give the rigorous construction of
the general branching system, which involves the same ideas as the construction in
the first section but is considerably more complicated.

Let σ ∈ N(E) and let {Xσ
t : t ≥ 0} be a general branching particle system

with parameters (ξ, K, α, F ) and initial state X0 = σ. Suppose that the process is
defined on the probability space (W, G ,P). The above properties imply

P exp{−Xσ
t (f)} = exp{−σ(ut)}, f ∈ B(E)+, (4.26)

where ut(x) ≡ ut(x, f) is determined by the renewal equation

e−ut(x) = Px exp
{
− f(ξt) −

∫ t

0

α(ξs)K(ds)
}

+Px

[ ∫ t

0

e−
∫ s
0 α(ξr)drα(ξs)K(ds)

∫

N(E)

e−ν(ut−s)F (ξs, dν)
]

.

This equation is derived by arguments similar to those used for (4.5). By Proposi-
tion 2.9 the above equation implies

e−ut(x) = Pxe−f(ξt) − Px

[ ∫ t

0

α(ξs)e−ut−s(ξs)K(ds)
]

+Px

[ ∫ t

0

α(ξs)K(ds)
∫

N(E)

e−ν(ut−s)F (ξs, dν)
]

. (4.27)



4.3 General Branching Particle Systems 99

For the general branching particle system, it is natural to treat separately from
others the offspring that start their migration from the death sites of their parents.
To this end, we need to introduce some additional parameters as follows. Let g ∈
B(E × [−1, 1]) be such that for each x ∈ E,

g(x, z) =
∞∑

i=0

pi(x)zi, |z| ≤ 1,

is a probability generating function with supx g′z(x, 1−) < ∞. Recall that P (E)
denotes the space of probability measures on E. Let G(x,dπ) be a probability ker-
nel from E to P (E) and let h ∈ B(E × P (E) × [−1, 1]) be such that for each
(x, π) ∈ E × P (E),

h(x, π, z) =
∞∑

i=0

qi(x, π)zi, |z| ≤ 1,

is a probability generating function with supx,π h′
z(x, π, 1−) < ∞. Now we can

define the probability kernels F0(x,dν) and F1(x,dν) from E to N(E) by

∫

N(E)

e−ν(f)F0(x,dν) =
∞∑

i=0

pi(x)e−if(x) = g
(
x, e−f(x)

)

and
∫

N(E)

e−ν(f)F1(x,dν) =
∫

P (E)

h
(
x, π, π(e−f )

)
G(x,dπ).

Suppose we have the decomposition α(x) = γ(x) + ρ(x) for γ, ρ ∈ B(E)+. Let

F (x,dν) =
1

α(x)
[
γ(x)F0(x,dν) + ρ(x)F1(x,dν)

]
(4.28)

if α(x) > 0 and let F (x,dν) = F0(x,dν) if α(x) = 0. For the kernel F (x,dν)
given by (4.28), the general branching particle system is determined by the param-
eters (ξ, K, γ, g, ρ, h, G). Intuitively, as a particle dies at x ∈ E, the branching is
of local type with probability γ(x)/α(x) and is of non-local type with probability
ρ(x)/α(x). If the local branching type is chosen, the particle gives birth to a num-
ber of offspring at its death site x according to the distribution {pi(x)}. If non-local
branching occurs, an offspring-location-distribution π ∈ P (E) is first selected ac-
cording to the probability kernel G(x,dπ), the particle then gives birth to a random
number of offspring according to the distribution {qi(x, π)}, and those offspring
choose their locations in E independently of each other according to the distribu-
tion π(dy). Therefore the locations of non-locally displaced offspring involve two
sources of randomness. From (4.27) and (4.28) we obtain
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e−ut(x) = Pxe−f(ξt) − Px

[ ∫ t

0

α(ξs)e−ut−s(ξs)K(ds)
]

+Px

[ ∫ t

0

ρ(ξs)K(ds)
∫

P (E)

h
(
ξs, π, π(e−ut−s)

)
G(ξs, dπ)

]

+Px

[ ∫ t

0

γ(ξs)g(ξs, e−ut−s(ξs))K(ds)
]

.

Setting v(t, x) = 1 − exp{−ut(x)} we have

v(t, x) = Px

[
1 − e−f(ξt)

]
− Px

[ ∫ t

0

α(ξs)v(t − s, ξs)K(ds)
]

+Px

{∫ t

0

ρ(ξs)
∫

P (E)

[
1 − h(ξs, π, π(e−ut−s))

]
G(ξs, dπ)K(ds)

}

−Px

{∫ t

0

γ(ξs)
[
g(ξs, e−ut−s(ξs)) − 1

]
K(ds)

}

.

Then (t, x) �→ v(t, x) solves the equation

v(t, x) = Px

[
1 − e−f(ξt)

]
− Px

[ ∫ t

0

ρ(ξs)v(t − s, ξs)K(ds)
]

−Px

[ ∫ t

0

φ(ξs, v(t − s, ξs))K(ds)
]

+Px

[ ∫ t

0

ρ(ξs)ψ(ξs, v(t − s))K(ds)
]

, (4.29)

where

φ(x, z) = γ(x)[g(x, 1 − z) − (1 − z)]

and

ψ(x, f) =
∫

P (E)

[1 − h(x, π, 1 − π(f))]G(x,dπ).

The uniqueness of the solution of (4.29) follows by a standard application of Gron-
wall’s inequality.

4.4 Scaling Limits of General Branching Systems

In this section, we prove that a Dawson–Watanabe superprocess with local and non-
local branching mechanisms arises as the small particle limit of a sequence of the
general branching particle systems introduced in Section 4.3. The arguments are
similar to those used in the local branching case. For each integer k ≥ 1, let {Yk(t) :
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t ≥ 0} be a sequence of general branching particle systems determined by the
parameters (ξ, K, γk, gk, ρk, hk, G). Recall that Nk(E) = {k−1ν : ν ∈ N(E)}.
Let Xk(t) = k−1Yk(t) for t ≥ 0. Then {Xk(t) : t ≥ 0} is a Markov process in
Nk(E). For 0 ≤ z ≤ k let

φk(x, z) = kγk(x)[gk(x, 1 − z/k) − (1 − z/k)] (4.30)

and

ζk(x, π, z) = k[1 − hk(x, π, 1 − z/k)]. (4.31)

For f ∈ B(E)+ let

ψk(x, f) =
∫

P (E)

ζk(x, π, π(f))G(x,dπ), (4.32)

which makes sense when k ≥ 1 is sufficiently large. Let Q(k)
ν denote the conditional

law given Xk(0) = ν ∈ Nk(E). By (4.26) for any f ∈ B(E)+ we have

Q(k)
ν exp

{
− 〈Xk(t), f〉

}
= exp

{
− 〈ν, uk(t)〉

}
, (4.33)

where uk(t, x) is determined by

vk(t, x) = k[1 − exp{−uk(t, x)/k}]

and

vk(t, x) = Pxk
[
1 − e−f(ξt)/k

]
− Px

[ ∫ t

0

ρk(ξs)vk(t − s, ξs)K(ds)
]

−Px

[ ∫ t

0

φk(ξs, vk(t − s, ξs))K(ds)
]

+Px

[ ∫ t

0

ρk(ξs)ψk(ξs, vk(t − s))K(ds)
]

. (4.34)

For the convenience of statement of the results in this section, we formulate the
following conditions:

Condition 4.8 For each a ≥ 0 the sequence {φk(x, z)} is Lipschitz with respect
to z uniformly on E × [0, a] and φk(x, z) converges to some φ(x, z) uniformly on
E × [0, a] as k → ∞.

Condition 4.9 For each k ≥ 1 we have (d/dz)hk(x, π, 1−) ≤ 1 uniformly on
E × P (E).

Condition 4.10 For each a ≥ 0 the sequence ζk(x, π, z) converges to some
ζ(x, π, z) uniformly on E × P (E) × [0, a] as k → ∞.

Under Condition 4.8, one can see as in the proof of Proposition 4.3 that φ(x, z)
has the representation (2.45).
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Proposition 4.11 If Conditions 4.9 and 4.10 hold, then ζ(x, π, z) has the represen-
tation

ζ(x, π, z) = β(x, π)z +
∫ ∞

0

(1 − e−zu)n(x, π,du), (4.35)

where β ∈ B(E × P (E))+ and un(x, π,du) is a bounded kernel from E × P (E)
to (0,∞) satisfying

β(x, π) +
∫ ∞

0

un(x, π,du) ≤ 1, x ∈ E, π ∈ P (E). (4.36)

Proof. We first apply Theorem 1.43 for fixed (x, π) ∈ E × P (E) to get the repre-
sentation (4.35), where β(x, π) ≥ 0 is a constant and (1 ∧ u)n(x, π,du) is a finite
measure on (0,∞). From Condition 4.9 we have

d
dz

ζk(x, π, z) =
d
dz

hk(x, π, 1 − z/k) ≤ 1,

and hence ζk(x, π, z) ≤ z for 0 ≤ z ≤ k. It then follows that ζ(x, π, z) ≤ z for all
z ≥ 0. Therefore

β(x, π) +
∫ ∞

0

un(x, π,du) =
d
dz

ζ(x, π, 0+) ≤ 1

uniformly on E × P (E). As in the proof of Proposition 4.3 one sees β ∈ B(E ×
P (E))+ and n(x, π,du) is a kernel from E × P (E) to (0,∞). ��

Proposition 4.12 To each function ζ(x, π, z) given by (4.35) and (4.36) there cor-
responds a sequence {ζk(x, π, z)} in form (4.31) so that Conditions 4.9 and 4.10
are satisfied.

Proof. We can give a direct construction of the sequence as in the proof of Proposi-
tion 4.4. For (x, π, z) ∈ E × P (E) × [−1, 1] and k ≥ 1 set

hk(x, π, z) = 1 + β(x, π)(z − 1) +
1
k

∫ ∞

0

(eku(z−1) − 1)n(x, π,du).

Clearly, the function z �→ hk(x, π, z) is analytic in (−1, 1) and hk(x, π, 1) = 1.
Observe also that

hk(x, π, 0) ≥ 1 − β(x, π) −
∫ ∞

0

un(x, π,du) ≥ 0

and

di

dzi
hk(x, π, 0) ≥ 0, i = 1, 2, . . . .
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Therefore hk(x, π, ·) is a probability generating function. Let ζk(x, π, z) be defined
by (4.31). Then ζk(x, π, z) = ζ(x, π, z) for 0 ≤ z ≤ k. ��

Proposition 4.13 Suppose ζ(x, π, z) is given by (4.35) and (4.36) and G(x,dπ) is
a probability kernel from E to P (E). Let

ψ(x, f) =
∫

P (E)

ζ(x, π, π(f))G(x,dπ), x ∈ E, f ∈ B(E)+. (4.37)

Then ψ(x, f) admits the representation (2.18) with

η(x, 1) +
∫

M(E)◦
ν(1)H(x,dν) ≤ 1, x ∈ E. (4.38)

Proof. We get (2.18) from (4.35) and (4.37) by changing the variables of integration.
The boundedness (4.38) follows from (4.36). ��

Let μ ∈ M(E) and let Q(k)
(μ) denote the conditional law given that Yk(0) =

kXk(0) is a Poisson random measure on E with intensity kμ. From (4.33) and
Theorem 1.25 we get

Q(k)
(μ) exp

{
− 〈Xk(t), f〉

}
= exp

{
− 〈μ, vk(t)〉

}
. (4.39)

By modifications of the arguments in Section 4.2 we have:

Proposition 4.14 Suppose that ρk → ρ ∈ B(E)+ in the supremum norm and
Conditions 4.8, 4.9 and 4.10 are satisfied. Then for each a ≥ 0 both vk(t, x, f) and
uk(t, x, f) converge uniformly on the set [0, a] × E × Ba(E)+ of (t, x, f) to the
unique locally bounded positive solution (t, x) �→ Vtf(x) of the evolution equation

Vtf(x) = Ptf(x) − Px

[ ∫ t

0

ρ(ξs)Vt−sf(ξs)K(ds)
]

−Px

[ ∫ t

0

φ(ξs, Vt−sf(ξs))K(ds)
]

+Px

[ ∫ t

0

ρ(ξs)ψ(ξs, Vt−sf)K(ds)
]

. (4.40)

Moreover, the operators (Vt)t≥0 constitute a cumulant semigroup.

Theorem 4.15 Suppose that ρk → ρ ∈ B(E)+ in the supremum norm and Con-
ditions 4.8, 4.9 and 4.10 are satisfied. Then the finite-dimensional distributions of
{Xk(t) : t ≥ 0} under Q(k)

(μ) converge to those of a Dawson–Watanabe superpro-
cess {Xt : t ≥ 0} with initial state X0 = μ and with cumulant semigroup given by
(4.40).

The Dawson–Watanabe superprocess with cumulant semigroup given by (4.40)
has local branching mechanism (x, z) �→ ρ(x)z + φ(x, z) and non-local branching
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mechanism (x, f) �→ ρ(x)ψ(x, f). Note that conditions (4.36) and (4.38) actually
put no restriction on the non-local branching mechanism because of the multiplying
factor ρ(x). Heuristically, the local branching mechanism describes the death and
birth of particles at x ∈ E and ζ(x, π, ·) describes the birth of particles at x ∈ E
that are displaced into E following the distribution π ∈ P (E), which is selected
according to the kernel G(x,dπ). More specifically, we can explain the non-local
branching mechanisms given by (2.47) and (2.48) as follows. In the first case, the
non-locally displaced offspring born at x ∈ E are produced according to ζ(x, ·) and
they choose their locations independently according to the distribution π(x,dy).
In the second case, once a particle dies at x ∈ E, a point y ∈ E is first chosen
following the distribution π(x,dy) and then the non-locally displaced offspring are
produced at this point according to the law given by ζ(x, y, ·).

Example 4.2 If there is c ∈ B(E)+ so that γk(x) = kc(x) and gk(x, z) =
(1 + z2)/2, from (4.30) we have φk(x, z) = c(x)z2/2, which gives a binary lo-
cal branching mechanism for the corresponding superprocess.

The (ξ, K, φ)-superprocess with general branching mechanism given by (2.26)
or (2.27) also arises as the high-density limits of branching particle systems in finite-
dimensional distributions. We leave the consideration to the reader.

4.5 Notes and Comments

Silverstein (1968) proved an existence theorem for branching particle systems as
measure-valued processes. A different but equivalent formulation of branching sys-
tems was given in Ikeda et al. (1968a, 1968b, 1969). The construction given in
Section 4.1 follows that of Walsh (1986).

Watanabe (1968) established a rescaling limit theorem of discrete-time branch-
ing particle systems, which gave a super-Brownian motion as the limit process. See
also Dawson (1975) and Ethier and Kurtz (1986, pp.400–407). The main references
of this chapter are Dawson et al. (2002c) and Dynkin (1993a), where non-local
branching superprocesses were obtained. For a Hunt spatial motion process, one
can prove the weak convergence of the rescaled branching systems in the space of
càdlàg paths; see, e.g., Schied (1999). The construction of binary branching super-
processes using Brownian snakes was originally given by Le Gall (1991). The proof
of (4.24) was given in Le Gall (1993) for a continuous spatial motion. A Brownian
snake representation for catalytic branching superprocesses was provided in Klenke
(2003).

The super-Brownian motion also arises in limit theorems of other rescaled inter-
acting particle systems. For example, such limit theorems were proved for contact
processes in Durrett and Perkins (1999), for high-dimensional percolation in Hara
and Slade (2000) and van der Hofstad and Slade (2003), for voter models in Cox et
al. (2000), for interacting diffusions in Cox and Klenke (2003), for Lotka–Volterra
models in Cox and Perkins (2005, 2008) and for epidemic models in Lalley (2009).
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See Slade (2002) for a nice introduction of the explorations in the subject. The
Donsker invariance principle is deeply involved in those results. Generally speak-
ing, if the relevant spatial transition kernel has finite variance, a super-Brownian
motion would arise as the limit process. He (2010) considered the case where the
transition kernel is in the contraction domain of a stable law and obtained a super-
stable process in the limit. One motivation of the study is to use the limit theorems
to investigate the asymptotic properties of the approximating systems; see, e.g., Cox
and Perkins (2004, 2007). For the general backgrounds of interacting particle sys-
tems see Chen (2004), Durrett (1995) and Liggett (1985, 1999).





Chapter 5
Basic Regularities of Superprocesses

In this chapter we prove some basic regularities of Dawson–Watanabe superpro-
cesses. We shall develop the theory in the Borel right setting, which is particularly
suitable for the applications of various transformations. We shall see that if the un-
derlying spatial motion ξ is a Borel right process, the (ξ, φ)-superprocess is a Borel
right process with quasi-left continuous natural filtration; and if ξ is a Hunt process,
so is the superprocess. We also give a characterization of the so-called occupation
times of the superprocess.

5.1 Right Continuous Realizations

Suppose that E is a Lusin topological space and d is a metric for its topology so that
the d-completion of E is compact. Let ξ = (Ω,F , Ft, ξt,Px) be a conservative
Borel right process in E with transition semigroup (Pt)t≥0 and resolvent (Uα)α>0.
Let φ be a branching mechanism on E given by (2.26) or (2.27) and let (Qt)t≥0

denote the transition semigroup on M(E) of the (ξ, φ)-superprocess defined by
(2.32) and (2.33).

Let D be a countable and uniformly dense subset of Cu(E)++ and assume 1 ∈
D . Let R be the countable Ray cone for (Pt)t≥0 constructed from D . We clearly
have R \ {0} ⊂ B(E)++. Note also that for each f ∈ R there is a constant
α = α(f) > 0 so that f is an α-excessive function relative to (Pt)t≥0. Let Ē
be the Ray–Knight completion of E defined from R. Then Ē is a compact metric
space and E ∈ B(Ē) by Proposition A.30. Let (Ūα)α>0 be the Ray extension of
(Uα)α>0. We denote the Ray extension of (Pt)t≥0 by (P̄t)t≥0, which is a Borel
semigroup on Ē.

Let Eρ denote the set E furnished with the Ray topology inherited from Ē. Then
each f ∈ R is uniformly continuous on Eρ and admits a unique continuous ex-
tension f̄ to Ē. Let R̄ denote the class of those extensions. By Proposition A.27
the collection R̄ − R̄ := {f̄ − ḡ : f̄ , ḡ ∈ R̄} is uniformly dense in C(Ē). By
Proposition A.30 we have B(Eρ) = B(E). Let D = {x ∈ Ē : P̄0(x, ·) = δx(·)}
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and B = {x ∈ Ē : P̄0(x, ·) �= δx(·)} denote respectively the sets of non-branch
points and branch points for (P̄t)t≥0. Clearly, we have D ∈ B(Ē) and D ⊃ E.
By Theorem A.24 the restriction of (P̄t)t≥0 to D is a Borel right semigroup. We
shall use the same notation for the restriction. Since Ē is a compact metric space,
the space M(Ē) is locally compact, separable and metrizable. We fix a metric on
M(Ē) compatible with its topology and regard M(Eρ) and M(D) as topological
subspaces of M(Ē) comprising measures supported by Eρ and D, respectively.

We extend f �→ φ(·, f) to an operator f̄ �→ φ̄(·, f̄) from B(Ē)+ to B(Ē) by
setting φ̄(x, f̄) = φ(x, f) for x ∈ E and φ̄(x, f̄) = 0 for x ∈ Ē\E, where f = f̄ |E
is the restriction to E of f̄ ∈ B(Ē)+. Then φ̄ has the canonical representation (2.26)
with the parameters (b̄, c̄, η̄, H̄) defined in obvious ways. The construction of the
Dawson–Watanabe superprocess given by (2.32) and (2.33) certainly applies to the
restrictions of (P̄t)t≥0 and φ̄ to D. We can even extend the construction to the space
Ē. More precisely, for every f̄ ∈ B(Ē)+ there is a unique locally bounded positive
solution t �→ V̄tf̄ to the equation

V̄tf̄(x) = P̄tf̄(x) −
∫ t

0

ds

∫

Ē

φ̄(y, V̄sf̄)P̄t−s(x,dy), t ≥ 0, x ∈ Ē, (5.1)

which defines a cumulant semigroup (V̄t)t≥0 with underlying space Ē. In fact, by
Proposition A.23 for every t ≥ 0 and every x ∈ Ē the probability measure P̄t(x, ·)
is supported by D, so we can first solve the equation on D and then define V̄tf̄(x) =
P̄0V̄tf̄(x) for x ∈ Ē. Thus the function V̄tf̄ is actually independent of the values
of f̄ on Ē \ D. Let (Q̄t)t≥0 be the transition semigroup on M(Ē) defined by (2.3)
from (V̄t)t≥0. Then for every t ≥ 0 and every μ ∈ M(Ē) the measure Q̄t(μ, ·) =
Q̄t(μP̄0, ·) is carried by M(D). Since the restriction of (P̄t)t≥0 to D is a Borel
right semigroup, the restriction of (Q̄t)t≥0 to M(D) is a normal Borel transition
semigroup. We denote this restriction by the same notation (Q̄t)t≥0. Note also that
the restriction of (Q̄t)t≥0 to M(E) coincides with the transition semigroup (Qt)t≥0

of the (ξ, φ)-superprocess.
Let W̄ denote the space of all right continuous paths from [0,∞) into M(D)

with left limits in M(Ē). Let {Xt : t ≥ 0} denote the coordinate process of W̄
and let (Ḡ 0, Ḡ 0

t ) denote its natural σ-algebras. The following theorem gives a right
continuous realization of the semigroup (Q̄t)t≥0 on M(D).

Theorem 5.1 For each μ ∈ M(D) there is a unique probability measure Q̄μ on
(W̄ , Ḡ 0) such that Q̄μ{X0 = μ} = 1 and {Xt : t ≥ 0} is a Markov process in
M(D) relative to (Ḡ 0, Ḡ 0

t , Q̄μ) with transition semigroup (Q̄t)t≥0.

Proof. Let (Ω,A 0, A 0
t , Zt, P̄μ) be a Markov process with state space M(D) and

transition semigroup (Q̄t)t≥0. Recall that each f̄ ∈ R̄ is α-excessive relative to
(P̄t)t≥0 for some constant α = α(f̄) > 0. By Corollary 2.34 there exists α1 > 0 so
that t �→ e−α1tZt(f̄) is an (A 0

t )-supermartingale. By Dellacherie and Meyer (1982,
pp.66–67), there is Ω1 ∈ A 0 with P̄μ(Ω1) = 1 such that {Zt(ω, f̄) : t ≥ 0}
possesses finite right and left limits along rationals for ω ∈ Ω1 and f̄ ∈ R̄. For
t ≥ 0 and f̄ ∈ R̄ let
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Zt+(ω, f̄) =
{ limrat.r→t+ Zr(ω, f̄) if ω ∈ Ω1,

0 if ω ∈ Ω \ Ω1.

Since (P̄t)t≥0 is a Borel right semigroup on D, by Theorem 2.22 the process {Zt :
t ≥ 0} is right continuous in probability under P̄μ. Then we have

P̄μ{Zt+(f̄) = Zt(f̄) for all f̄ ∈ R̄} = 1, t ≥ 0. (5.2)

Recall that R̄ − R̄ is dense in C(Ē) with the supremum norm. Thus for every
t ≥ 0 and ω ∈ Ω there is a unique measure Yt(ω, ·) ∈ M(Ē) such that Yt(ω, f̄) =
Zt+(ω, f̄) for all f̄ ∈ R̄. It is easy to see that t �→ Yt(ω) is càdlàg in M(Ē) for
every ω ∈ Ω. In view of (5.2), we have

P̄μ{Yt(f̄) = Zt(f̄) for all f̄ ∈ R̄} = 1, t ≥ 0. (5.3)

It follows that the random measure Yt is P̄μ-a.s. supported by D and {Yt|D :
t ≥ 0} is a Markov process in M(D) with transition semigroup (Q̄t)t≥0 rela-
tive to (A 0, A 0

t , P̄μ). Let (A μ, A μ
t ) be the augmentation of (A 0, A 0

t ) by P̄μ.
Then {Yt|D : t ≥ 0} is also a Markov process with semigroup (Q̄t)t≥0 relative to
(A μ, A μ

t , P̄μ). Recall that D = {x ∈ E : P̄0(x, ·) = δx} and B = Ē \ D. Then
(5.3) implies that

P̄μ{Yt(f̄) = Yt(P̄0f̄) for all f̄ ∈ R̄} = 1, t ≥ 0. (5.4)

For f̄ ∈ R̄ which is α-excessive for (P̄t)t≥0 let f̄k = k(f̄ − kŪk+αf̄). Then
f̄k ∈ C(Ē)+ and Ūαf̄k = kŪk+αf̄ → P̄0f̄ increasingly as k → ∞. Since
Ūαf̄k ∈ C(Ē)+ is α-excessive for (P̄t)t≥0, by Corollary 2.34 there exists α1 > 0
so that t �→ e−α1tYt(Ūαf̄k) is a right continuous (A μ

t )-supermartingale, and by
Dellacherie and Meyer (1982, p.69) it is also an (A μ

t+)-supermartingale. Since
(A μ, A μ

t+, P̄μ) satisfies the usual hypotheses, t �→ e−α1tYt(P̄0f̄) and hence
t �→ Yt(P̄0f̄) is P̄μ-a.s. right continuous; see Dellacherie and Meyer (1982, p.79)
or Sharpe (1988, p.390). Then (5.4) and the right continuity of {Yt : t ≥ 0} imply
that

P̄μ{Yt(f̄) = Yt(P̄0f̄) for all t ≥ 0 and f̄ ∈ R̄} = 1.

Therefore we must have P̄μ{Yt(B) = 0 for all t ≥ 0} = 1. Now we can simply
let Q̄μ be the image of P̄μ under the mapping ω �→ {Yt(ω)|D : t ≥ 0}, and the
theorem is proved. 
�

5.2 The Strong Markov Property

Let X̄ = (W̄ , Ḡ 0, Ḡ 0
t , Xt, Q̄μ) be the Markov process in M(D) given by Theo-

rem 5.1. We write Xρ
t− for the left limit of the process in M(Ē) at t > 0. It is not

hard to show that for any G ∈ bḠ 0, the map μ �→ Q̄μ(G) is B(M(D))-measurable.
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Given a probability measure K on M(D) we can define the probability measure Q̄K

on (W̄ , Ḡ 0) by

Q̄K(G) =
∫

M(D)

Q̄μ(G)K(dμ), G ∈ bḠ 0. (5.5)

Let (Ḡ K , Ḡ K
t ) be the Q̄K-augmentation of (Ḡ 0, Ḡ 0

t ), and simply write (Ḡ μ, Ḡ μ
t )

in the special case of K = δμ for μ ∈ M(D). Let Ḡ = ∩K Ḡ K and Ḡt = ∩K Ḡ K
t ,

where the intersections are taken over all probability measures K on M(D).
Let γ(x,dy) be the kernel on E defined by (2.28) and let c0 = ‖b−‖+ ‖γ(·, 1)‖.

Let γ̄(x,dy) be the extension of γ(x,dy) to Ē so that γ̄(x, Ē \ E) = 0 for x ∈ E
and γ̄(x, Ē) = 0 for x ∈ Ē \ E. Let (π̄t)t≥0 be the semigroup of kernels on D
defined by (2.35) from (P̄t)t≥0 and γ̄(x,dy). Let (R̄α)α>c0 be defined by (A.42)
from (π̄t)t≥0. By the formula π̄t = P̄0π̄t we can extend (π̄t)t≥0 to a semigroup of
kernels on Ē. Let (R̄α)α>c0 be extended accordingly.

Proposition 5.2 Let μ ∈ M(D) and f̄ ∈ B(D). For any bounded (Ḡ μ
t+)-stopping

time T , we have

Q̄μ

[
XT+t(f̄)|Ḡ μ

T+

]
= XT (π̄tf̄), t ≥ 0. (5.6)

If T is predictable in addition, then

Q̄μ

[
XT+t(f̄)|Ḡ μ

T−
]

= Xρ
T−(π̄tf̄), t ≥ 0. (5.7)

Proof. Step 1. Suppose that ḡ ∈ R̄ is α-excessive for (P̄t)t≥0. By Corollary 2.34
and the Markov property of (Xt, Ḡ

μ
t ), there exists α1 > 0 so that t �→ e−α1tXt(ḡ) is

a right continuous (Ḡ μ
t )-supermartingale. Then it is a strong (Ḡ μ

t+)-supermartingale
by Dellacherie and Meyer (1982, p.69 and p.74). In particular, for any (Ḡ μ

t+)-
stopping time T with upper bound U > 0 we have

Q̄μ[XT+t(ḡ)] ≤ eα1(U+t)μ(ḡ). (5.8)

Step 2. In view of (5.8), for any fixed G ∈ pbḠ μ
T+ we can define the finite

measure μt = Q̄μ[GXT+t] ∈ M(D). For β > c0 and ḡ ∈ R̄ let f̄ = Ūβ ḡ ∈
C(Ē)+. Theorem 2.36 implies that

Mt(f̄) := Xt(f̄) − X0(f̄) −
∫ t

0

Xs(βf̄ − ḡ + γ̄f̄ − b̄f̄)ds (5.9)

is a right continuous (Ḡ μ
t )-martingale. By Dellacherie and Meyer (1982, p.69 and

p.74) we conclude that (5.9) is a strong (Ḡ μ
t+)-martingale. It follows that

μt(f̄) = μ0(f̄) +
∫ t

0

μs(βf̄ − ḡ + γ̄f̄ − b̄f̄)ds.
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Then t �→ μt(f̄) is continuous. Let μ̂β(f̄) =
∫ ∞
0

e−βtμt(f̄)dt. The above equation
implies that

μ̂β(f̄) = β−1μ0(f̄) + β−1μ̂β(βf̄ − ḡ + γ̄f̄ − b̄f̄),

and so

μ̂β(ḡ − γ̄Ūβ ḡ + b̄Ūβ ḡ) = μ0(Ūβ ḡ). (5.10)

Since R̄ − R̄ is uniformly dense in C(Ē), we also have (5.10) for all ḡ ∈ C(Ē)
and hence for all ḡ ∈ B(D).

Step 3. For β > c0 and ḡ ∈ R̄ let f̄ = Ūβ ḡ and h̄ = f̄ + (γ̄ − b̄)R̄β f̄ . By
Proposition A.50 we have

Ūβ h̄ = Ūβ f̄ + Ūβ(γ̄ − b̄)R̄β f̄ = R̄β f̄ .

Then we can apply (5.10) to the function h̄ ∈ B(D) to see

μ̂β(f̄) = μ̂β(h̄ − (γ̄ − b̄)R̄β f̄) = μ0(R̄β f̄).

By Proposition A.42 and the uniqueness of Laplace transforms we get μt(f̄) =
μ0(π̄tf̄), and hence μt(βŪβ ḡ) = μ0(βπ̄tŪ

β ḡ). Then we also have μt(ḡ) =
μ0(π̄tḡ) because βŪβ ḡ → ḡ as β → ∞. Since ḡ ∈ R̄ was arbitrary, we get
μt(f̄) = μ0(π̄tf̄) for all f ∈ B(D). That proves (5.6).

Step 4. For β > c0 and ḡ ∈ R̄ we have f̄ := Ūβ ḡ ∈ C(Ē)+. Then the right
continuous martingale {Mt(f̄) : t ≥ 0} defined by (5.9) has predictable projection
{Mt−(f̄) : t ≥ 0}; see Dellacherie and Meyer (1982, pp.106–107). It follows that
{Xt(f̄) : t ≥ 0} has predictable projection {Xρ

t−(f̄) : t ≥ 0}. From Dellacherie
and Meyer (1982, p.103), we have Q̄μ[XT (f̄)|Ḡ μ

T−] = Xρ
T−(f̄), and hence

Q̄μ

[
XT (Ūβ ḡ)G

]
= Q̄μ

[
Xρ

T−(Ūβ ḡ)G
]

for every G ∈ pbḠ μ
T−. Because βŪβ ḡ(x) → ḡ(x) for every x ∈ D and

βŪβ ḡ(x) → P̄0ḡ(x) = π̄0ḡ(x) for every x ∈ Ē as β → ∞, the above equation
implies

Q̄μ

[
XT (ḡ)G

]
= Q̄μ

[
Xρ

T−(π̄0ḡ)G
]
.

Since ḡ ∈ R̄ was arbitrary, we obtain

Q̄μ

[
XT (f̄)G

]
= Q̄μ

[
Xρ

T−(π̄0f̄)G
]

for every f̄ ∈ B(D). Then (5.7) holds for t = 0. For t ≥ 0 we may appeal to (5.6)
to get

Q̄μ[XT+t(f̄)|Ḡ μ
T−] = Q̄μ{Q̄μ[XT+t(f̄)|Ḡ μ

T+]|Ḡ μ
T−}

= Q̄μ[XT (π̄tf̄)
∣
∣Ḡ μ

T−] = Xρ
T−(π̄tf̄).
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That completes the proof of the result. 
�

Corollary 5.3 For any f̄ ∈ B(D), the process t �→ Xt(f̄) has (Ḡ μ
t+)-predictable

projection t �→ Xρ
t−(π̄0f̄) = Xρ

t−(P̄0f̄).

Proposition 5.4 Let μ ∈ M(D) and f̄ ∈ B(D). For any bounded (Ḡ μ
t+)-stopping

time T satisfying 0 ≤ T ≤ u, we have

Q̄μ

[
Xu(f̄)|Ḡ μ

T+

]
= XT (π̄u−T f̄). (5.11)

If T is predictable in addition, then

Q̄μ

[
Xu(f̄)|Ḡ μ

T−
]

= Xρ
T−(π̄u−T f̄). (5.12)

Proof. Let {Sk} be the sequence of random times defined by Sk(w) = i/2k for
(i − 1)/2k ≤ u − T (w) < i/2k. For any t ≥ 0 we have

{T + Sk ≤ t} =
∞⋃

i=1

{T + i/2k ≤ t} ∩ {(i − 1)/2k ≤ u − T < i/2k}

=
∞⋃

i=1

{T ≤ t − i/2k} ∩ {u − i/2k < T ≤ u − (i − 1)/2k},

which belongs to Ḡ μ
t+. Then T + Sk is a (Ḡ μ

t+)-stopping time. Clearly, Sk → u− T
decreasingly as k → ∞. By the proof of Proposition 5.2 for any ḡ ∈ R̄ there exists
α1 > 0 so that t �→ e−α1tXt(ḡ) is a right continuous (Ḡ μ

t+)-supermartingale. Then
the family

e−α1(T+Sk)XT+Sk
(ḡ), k = 1, 2, . . . ,

is Q̄μ-uniformly integrable; see Dellacherie and Meyer (1982, p.24) or Sharpe
(1988, p.390). It follows that for each f̄ ∈ C(D) the sequence {XT+Sk

(f̄)} is
Q̄μ-uniformly integrable. Since {Sk = i/2k} ∈ Ḡ μ

T+, for any G ∈ bḠ μ
T+ we see

by Proposition 5.2 that

Q̄μ

[
Xu(f̄)G

]
= lim

k→∞
Q̄μ

[
XT+Sk

(f̄)G
]

= lim
k→∞

∞∑

i=1

Q̄μ

[
XT+i/2k(f̄)G1{Sk=i/2k}

]

= lim
k→∞

∞∑

i=1

Q̄μ

{
Q̄μ

[
XT+i/2k(f̄)

∣
∣Ḡ μ

T+

]
G1{Sk=i/2k}

}

= lim
k→∞

∞∑

i=1

Q̄μ

[
XT (π̄i/2k f̄)G1{Sk=i/2k}

]

= lim
k→∞

Q̄μ

[
XT (π̄Sk

f̄)G
]

= Q̄μ

[
XT (π̄u−T f̄)G

]
,
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where we have used (5.8), the pointwise right continuity of t �→ π̄tf̄ and the dom-
inated convergence theorem for the last equality. That gives (5.11) for f̄ ∈ C(D),
and the extension to f̄ ∈ B(D) is trivial. The proof of (5.12) is similar. 
�

For any μ ∈ M(D) the space (W̄ , Ḡ μ, Ḡ μ
t+, Q̄μ) clearly satisfies the usual hy-

potheses. If (s, x) �→ hs(x) is a bounded and uniformly continuous function on
[0,∞) × D, then s �→ Xs(hs) is right continuous and hence (Ḡ μ

t+)-optional. Now
Proposition A.1 implies that s �→ Xs(hs) is also (Ḡ μ

t+)-optional for any bounded
Borel function (s, x) �→ hs(x) on [0,∞) × D. By Proposition 5.4 the process
{Xs(π̄t−sf̄) : 0 ≤ s ≤ t} is a strong (Ḡ μ

t+)-martingale for every f̄ ∈ B(D)+.
Then {Xs(π̄t−sf̄) : 0 ≤ s ≤ t} is Q̄μ-a.s. right continuous; see Dellacherie and
Meyer (1982, p.109) or Sharpe (1988, pp.389–390). Let b̄(x) = 1E(x)b(x) and
φ̄0(x, f̄) = φ̄(x, f̄) − b̄(x)f̄(x). By Theorem 2.23 we can rewrite (5.1) into

V̄tf̄(x) = π̄tf̄(x) −
∫ t

0

π̄t−sφ̄0(·, V̄sf̄)(x)ds, t ≥ 0, x ∈ D.

Using the equation above it is easy to see that {Xs(V̄t−sf̄) : 0 ≤ s ≤ t} is Q̄μ-a.s.
right continuous.

Theorem 5.5 For every t ≥ 0, every initial law K and every F ∈ B(M(D)),
the process {Q̄t−sF (Xs) : 0 ≤ s ≤ t} is a Q̄K-a.s. right continuous (Ḡ K

t+)-
martingale.

Proof. Let us fix t ≥ 0 and the initial law K on M(D). By (5.5) and the above
analysis, the process {Q̄t−sF (Xs) : 0 ≤ s ≤ t} is Q̄K-a.s. right continuous if
F (ν) = e−ν(f̄) for some f̄ ∈ R̄. The Markov property of {Xt : t ≥ 0} implies
that {Q̄t−sF (Xs) : 0 ≤ s ≤ t} is a (Ḡ K

t )-martingale. Then {Q̄t−sF (Xs) : 0 ≤
s ≤ t} is also a (Ḡ K

t+)-martingale; see Dellacherie and Meyer (1982, p.69). We
choose a compatible metric on M(Ē) so that its completion coincides with its one-
point compactification. By the Stone–Weierstrass theorem, the linear span of {ν �→
e−ν(f̄) : f̄ ∈ R̄} is uniformly dense in Cu(M(Ē)). Since each F ∈ Cu(M(D)) has
an extension in Cu(M(Ē)), we infer that {Q̄t−sF (Xs) : 0 ≤ s ≤ t} is a Q̄K-a.s.
right continuous (Ḡ K

t+)-martingale for every F ∈ Cu(M(D)). By Proposition A.1
we conclude that {Q̄t−sF (Xs) : 0 ≤ s ≤ t} is a Q̄K-a.s. right continuous (Ḡ K

t+)-
martingale for every F ∈ B(M(D)); see Dellacherie and Meyer (1982, p.79) or
Sharpe (1988, p.390). 
�

Theorem 5.6 The filtrations (Ḡt) and (Ḡ K
t ) are right continuous and the process

X̄ = (W̄ , Ḡ , Ḡt, Xt, Q̄K) satisfies the strong Markov property, that is, for every
t ≥ 0, every (Ḡt)-stopping time T , every initial law K and every function F ∈
B(M(D)), we have

Q̄K

[
F (XT+t)1{T<∞}

∣
∣ḠT

]
= Q̄tF (XT )1{T<∞}. (5.13)

Proof. Since (Q̄t)t≥0 is a Borel semigroup on M(D), by Theorem A.16 the prop-
erty stated in Theorem 5.5 is equivalent to the strong Markov property of (Xt)
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relative to (Ḡt+). Then the natural filtrations (Ḡt) and (Ḡ K
t ) are right continuous by

Corollary A.17. 
�

5.3 Borel Right Superprocesses

By Theorems 5.5 and 5.6, the system X̄ = (W̄ , Ḡ , Ḡt, Xt, Q̄μ) is a Borel right
process in M(D). In particular, for every μ ∈ M(D) the space (W̄ , Ḡ μ, Ḡ μ

t , Q̄μ)
satisfies the usual hypotheses. Let ξ = (Ω,F ,Ft, ξt,Px) be a Borel right realiza-
tion of the spatial motion process.

Theorem 5.7 For every μ ∈ M(E) we have Q̄μ{Xt(D\E) = 0 for all t ≥ 0} = 1.
Consequently, {Xt : t ≥ 0} is Q̄μ-a.s. right continuous in M(Eρ).

Proof. For α ≥ c0 and t ≥ 0 define π̄α
t = e−αtπ̄t. Since α + b̄(x) ≥ γ̄(x, 1) for all

x ∈ Ē, by Theorem A.43 and Proposition A.49 we see that (π̄α
t )t≥0 is a Borel right

semigroup on D. Let T be a bounded (Ḡ μ
t )-stopping time and define ν ∈ M(D) by

letting ν(h) = Q̄μ[e−αT XT (h)] for h ∈ B(D)+. By Proposition 5.2 we have

ν(R̄αh) =
∫ ∞

0

Q̄μ

[
e−α(t+T )XT (π̄th)

]
dt

=
∫ ∞

0

Q̄μ

{
e−α(t+T )Q̄μ

[
Xt+T (h)

∣
∣Ḡ μ

T

]}
dt

=
∫ ∞

0

Q̄μ

[
e−α(t+T )Xt+T (h)

]
dt

= Q̄μ

[ ∫ ∞

T

e−αtXt(h)dt

]

,

and hence

ν(R̄αh) ≤ Q̄μ

[ ∫ ∞

0

e−αtXt(h)dt

]

= μ(R̄αh).

Since μ ∈ M(E), the above inequality means that νR̄α is dominated by a potential
for the Borel right semigroup (πα

t )t≥0. Consequently, νR̄α is supported by E and
it is an excessive measure for (πα

t )t≥0. By Getoor (1990, p.42), there is a unique
measure λ ∈ M(E) such that νR̄α = λRα. By applying Getoor (1990, p.12)
or Sharpe (1988, p.195) to the Borel right semigroup (π̄α

t )t≥0 on D, we conclude
ν = λ and hence Q̄μ[XT (D \E)] = 0. Since T was arbitrary, we have Q̄μ{Xt(D \
E) = 0 for all t ≥ 0} = 1 by an application of the optional section theorem; see
Dellacherie and Meyer (1978, p.138) or Sharpe (1988, p.388). Then {Xt : t ≥ 0}
is Q̄μ-a.s. right continuous in M(Eρ). 
�

Let W̄1 denote the space of sample paths w ∈ W̄ satisfying Xt(w) = wt ∈
M(E) for all t ≥ 0. By (5.5) and Theorem 5.7 the set W̄1 has Q̄K-outer measure
one for every initial distribution K on M(Eρ). Let (G 0, G 0

t ,QK) be the traces of
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(Ḡ 0, Ḡ 0
t , Q̄K) on W̄1. It is not hard to show (G 0, G 0

t ) coincide with the natural
σ-algebras generated by the coordinate process of W̄1. Let (G K , G K

t ) be the aug-
mentation of (G 0, G 0

t ) by QK , and write (G μ, G μ
t ) simply if K is the unit mass at

μ ∈ M(Eρ). Let G = ∩KG K and Gt = ∩KG K
t , where the intersections are taken

over all probability laws K on M(Eρ).

Theorem 5.8 The system X = (W̄1, G , Gt, Xt,Qμ) is a Borel right process in
M(Eρ) with transition semigroup (Qt)t≥0. Moreover, for every initial distribution
K on M(Eρ) the filtration (G K

t ) is quasi-left continuous.

Proof. The property stated in Theorem 5.5 remains true for the system X . Then X
is a Borel right process in M(Eρ) by Theorem A.16 and Corollary A.17. Fix an
initial law K and a (G K

t )-predictable time T . The σ-algebra G K
T can be generated

by G K
T− and XT ; see Sharpe (1988, p.118). Moreover, a left-handed version of the

arguments in proofs of Theorems 5.5 and 5.6 shows that

QK

[
F (XT+t)1{T<∞}

∣
∣G K

T−
]

= Q̄tF (Xρ
T−)1{T<∞} (5.14)

for every t ≥ 0 and every function F ∈ B(M(Ē)). In particular, for every f̄ ∈
C(Ē)+ we have

QK

[
e−XT (f̄)1{T<∞}

∣
∣G K

T−
]

= e−Xρ
T−(P̄0f̄)1{T<∞},

where we have used the equality V̄0f̄(x) = P̄0f̄(x) for x ∈ Ē. It is then easy to
show

QK

{[
e−XT (f̄) − e−Xρ

T−(P̄0f̄)
]21{T<∞}

}
= 0.

Consequently, we have QK-a.s. XT (f̄) = Xρ
T−(P̄0f̄) on {T < ∞}. It follows

that G K
T− = G K

T and hence (G K
t ) is quasi-left continuous for every K; see Sharpe

(1988, p.220). That proves the second assertion. 
�

Proposition 5.9 Let μ ∈ M(E) and f ∈ B(E). If f is finely continuous relative to
ξ, then Qμ-a.s. t �→ Xt(f) is right continuous. If t �→ f(ξt) a.s. has left limits on
(0,∞), then Qμ-a.s. t �→ Xt(f) has left limits on (0,∞).

Proof. Let {Tn} be a decreasing sequence of bounded (G μ
t )-stopping times with

limit T . For α > c0 define ν ∈ M(E) by ν(f) = Qμ{e−αT XT (f)} and define
νn ∈ M(E) analogously with Tn replacing T . For f ∈ B(E)+ the calculations in
the proof of Theorem 5.7 imply

νn(Rαf) = Qμ

[ ∫ ∞

0

e−α(t+Tn)Xt+Tn(f)dt

]

, (5.15)

which converges increasingly as n → ∞ to

ν(Rαf) = Qμ

[ ∫ ∞

0

e−α(t+T )Xt+T (f)dt

]

. (5.16)
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As observed in Section A.6, a right process realization ξ̃ of (πα
t )t≥0 can be obtained

by concatenating a countable number of copies of the subprocess ξ̂ constructed from
ξ and the multiplicative functional

t �→ mt := exp
{

− αt −
∫ t

0

b(ξs)ds

}

. (5.17)

Since t �→ mt is continuous, a function f ∈ B(E) finely continuous relative to
(Pt)t≥0 is also finely continuous relative to (πα

t )t≥0. By a result of Fitzsimmons
(1988) we have νn(f) → ν(f); see Theorem A.22. A monotone class argument
shows that {e−αtXt(f) : t ≥ 0} is optional. Then t �→ e−αtXt(f) is Qμ-a.s. right
continuous by Dellacherie and Meyer (1982, p.109) or Sharpe (1988, p.389). That
proves the first assertion. From the construction of the process ξ̃ it is also clear that
if t �→ f(ξt) a.s. has left limits in (0,∞), so does t �→ f(ξ̃t). Then the second
assertion follows by arguments similar to those in the above. 
�
Proposition 5.10 Let f ∈ B(E). If t �→ f(ξt) is quasi-left continuous, so is t �→
Xt(f).

Proof. Step 1. Let μ ∈ M(E) and let {Tn} be a uniformly bounded increasing
sequence of (G μ

t )-stopping times with limit T . Let ν and νn be defined as in the
proof of Proposition 5.9. By (5.15) and (5.16) we have νnRα → νRα decreasingly
as n → ∞. Since the multiplicative functional {mt : t ≥ 0} defined by (5.17) is
continuous and strictly positive, the lifetime of ξ̂ is totally inaccessible. Then the
function f ∈ B(E) quasi-left continuous relative to ξ is also quasi-left continuous
relative to ξ̃. By a result of Fitzsimmons (1988) we have νn(f) → ν(f) as n →
∞; see Theorem A.22. Consequently, the left limits lims→t− e−αsXs(f) exist Qμ-
a.s. and the predictable projection of t �→ e−αtXt(f) is indistinguishable from
t �→ lims→t− e−αsXs(f); see Dellacherie and Meyer (1982, pp.113–114). For any
(G μ

t )-predictable time S we have G μ
S− = G μ

S by Theorem 5.8. Then Qμ-a.s.

lim
s→S−

e−αsXs(f) = Qμ[e−αSXS(f)|G μ
S−]

= Qμ[e−αSXS(f)|G μ
S ] = e−αSXS(f)

on {S < ∞}. It follows that Qμ-a.s. lims→S− Xs(f) = XS(f) on {S < ∞}.
Step 2. Let {Tn} be a general increasing sequence of (G μ

t )-stopping times with
limit T . Then XTn(f) → XT (f) certainly holds on {T < ∞}∩{Tn = T for some
n}. Let

S(w) =
{

T (w) if Tn(w) < T (w) for all n,
∞ if Tn(w) = T (w) for some n.

It is simple to check that S is a predictable time with announcing sequence {Sn}
defined by

Sn(w) =
{

Tn(w) if Tn(w) < T (w),
∞ if Tn(w) = T (w).
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By the first step we have Qμ-a.s. limn→∞ XSn(f) = XS(f) on {S < ∞}, which
implies Qμ-a.s. limn→∞ XTn(f) = XT (f) on {T < ∞}. Since μ ∈ M(E) was
arbitrary, the quasi-left continuity of t �→ Xt(f) follows in view of (5.5). 
�

Since Cu(E) is separable in the supremum norm, by Proposition 5.9 the process
t �→ Xt is a.s. right continuous in the original topology of M(E). By deleting from
W̄1 the paths not right continuous in M(E) we obtain the subspace W of paths that
are right continuous in both M(E) and M(Eρ) and have left limits in M(Ē). We
equip W with the σ-algebras and probability measures inherited from those on W̄1

without changing the notation.

Theorem 5.11 The system X = (W, G , Gt, Xt,Qμ) is a Borel right process in
M(E) with transition semigroup (Qt)t≥0. If, in addition, ξ is a Hunt process, then
X is a Hunt process in M(E).

Proof. It is simple to see that X is a Borel right process in M(E) with transition
semigroup (Qt)t≥0. If ξ is a Hunt process, then each f ∈ Cu(E) is quasi-left con-
tinuous relative to ξ. By (5.5) and Proposition 5.10 one sees t �→ Xt(f) is quasi-left
continuous. Since Cu(E) is separable, we infer that t �→ Xt is quasi-left continu-
ous. 
�

Theorem 5.12 For a general Borel right spatial motion, the (ξ, φ)-superprocess
has a right realization in M(E). If ξ is a Hunt process, the (ξ, φ)-superprocess has
a Hunt realization in M(E).

Proof. Let (P̃t)t≥0 be the conservative Borel right extension of (Pt)t≥0 on the
Lusin topological space Ẽ := E ∪ {∂} with ∂ being an isolated cemetery. For
f̃ ∈ B(Ẽ)+ let φ̃(∂, f̃) = 0 and let φ̃(x, f̃) = φ(x, f̃ |E) if x ∈ E. Let (Ṽt)t≥0

be defined by (2.33) from those extended ingredients and let (Q̃t)t≥0 be the cor-
responding transition semigroup on M(Ẽ). For any f ∈ B(E)+ we extend its
definition to Ẽ by setting f(∂) = 0. Since ∂ is a cemetery of (P̃t)t≥0, we have
Ṽtf(∂) = P̃tf(∂) = 0 and

Ṽtf(x) = Ptf(x) −
∫ t

0

ds

∫

E

φ(y, Ṽsf)Pt−s(x,dy), t ≥ 0, x ∈ E.

The uniqueness of the solution of (2.33) now implies Ṽtf(x) = Vtf(x) for t ≥ 0
and x ∈ E. Let ψ(μ) denote the restriction of the measure μ ∈ M(Ẽ) to E. For
μ ∈ M(Ẽ) and f ∈ B(E)+ it is easy to show

∫

M(Ẽ)

e−ψ(ν)(f)Q̃t(μ,dν) =
∫

M(E)

e−ν(f)Qt(ψ(μ), dν), (5.18)

where (Qt)t≥0 is the transition semigroup of the (ξ, φ)-superprocess. Let L be the
set of functions F ∈ bBu(M(E)) such that

Q̃t(F ◦ ψ)(μ) = (QtF ) ◦ ψ(μ), t ≥ 0, μ ∈ M(Ẽ).
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By (5.18) and a monotone class argument one shows L ⊃ bB(M(E)). It is then
easily seen that L = bBu(M(E)). Let X̃ be the Borel right realization of (Q̃t)t≥0

provided by Theorem 5.11. Since ∂ is isolated from E, the path t �→ ψ(X̃t) is right
continuous in M(E). By Theorem A.21 one sees X := ψ(X̃) with the augmented
natural σ-algebras is a right realization of the (ξ, φ)-superprocess in M(E). The
second assertion follows by a further application of Theorem 5.11. 
�

Corollary 5.13 If E is a locally compact separable metric space and ξ has Feller
transition semigroup, then the (ξ, φ)-superprocess has a Hunt realization in M(E).

We have proved that the (ξ, φ)-superprocess with transition semigroup (Qt)t≥0

defined by (2.32) and (2.33) has a Borel right process realization. Then every right
continuous realization of the superprocess with the augmented natural σ-algebras
is a right process; see Theorem A.33. In particular, the (ξ, φ)-superprocess can be
realized canonically on the space of right continuous paths from [0,∞) to M(E).

Given a general continuous admissible additive functional {K(t) : t ≥ 0}, we
can define the semigroup of kernels (πt)t≥0 by (2.17). Let πβ

t = e−βtπt for β ≥ 0
and t ≥ 0. If there exists β ≥ 0 so that (πβ

t )t≥0 is a Borel right semigroup, one can
use this as a replacement of (Pt)t≥0 to show that the (ξ, K, φ)-superprocess has a
right process realization with state space M(E). By Theorem A.43, this is true if
b(x) ≥ γ(x, 1) for every x ∈ E. Similarly, if there exists β ≥ 0 so that (πβ

t )t≥0 has
a Hunt realization, so does the (ξ, K, φ)-superprocess.

5.4 Weighted Occupation Times

In this section, we give some characterizations of a class of linear functionals of
the (ξ, φ)-superprocess. It will be more convenient to start the underlying spa-
tial motion and the superprocess from the arbitrary initial time r ≥ 0. Let ξ =
(Ω,F , Fr,t, ξt,Pr,x) and X = (W, G ,Gr,t, Xt,Qr,μ) be right continuous real-
izations of those processes. In view of (2.32) and (2.33), for any t ≥ r ≥ 0 and
f ∈ B(E)+ we have

Qr,μ exp{−Xt(f)} = exp{−μ(ur)}, (5.19)

where ur(x) := Vt−rf(x) satisfies

ur(x) +
∫ t

r

Pr,x[φ(ξs, us)]ds = Pr,x[f(ξt)], 0 ≤ r ≤ t, x ∈ E. (5.20)

Proposition 5.14 Suppose that {s1 < · · · < sn} ⊂ [0,∞) and {f1, . . . , fn} ⊂
B(E)+. Then we have

Qr,μ exp
{

−
n∑

j=1

Xsj (fj)1{r≤sj}

}

= exp{−μ(ur)}, 0 ≤ r ≤ sn, (5.21)
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where (r, x) �→ ur(x) is a bounded positive solution on [0, sn] × E of

ur(x) +
∫ sn

r

Pr,x[φ(ξs, us)]ds =
n∑

j=1

Pr,x[fj(ξsj )]1{r≤sj}. (5.22)

Proof. We shall give the proof by induction in n ≥ 1. For n = 1 the result follows
from (5.19) and (5.20). Now supposing (5.21) and (5.22) are satisfied when n is
replaced by n−1, we prove they are also true for n. It is clearly sufficient to consider
the case with 0 ≤ r ≤ s1 < · · · < sn. By the Markov property of X ,

Qr,μ exp
{

−
n∑

j=1

Xsj (fj)
}

= Qr,μ exp
{
− Xs1(f1) − Xs1(vs1)

}
,

where (r, x) �→ vr(x) is a bounded positive Borel function on [0, sn]×E satisfying

vr(x) +
∫ sn

r

Pr,x

[
φ(ξs, vs)

]
ds =

n∑

j=2

Pr,x

[
fj(ξsj )

]
1{r≤sj}. (5.23)

Then the result for n = 1 implies that

Qr,μ exp
{

−
n∑

j=1

Xsj (fj)
}

= exp{−μ(ur)}

with (r, x) �→ ur(x) being a bounded positive Borel function on [0, s1] × E satis-
fying

ur(x) +
∫ s1

r

Pr,x

[
φ(ξs, us)

]
ds = Pr,x[f1(ξs1)] + Pr,x[vs1(ξs1)]. (5.24)

Setting ur = vr for s1 < r ≤ sn, from (5.23) and (5.24) one checks that (r, x) �→
ur(x) is a bounded positive solution on [0, sn] × E of (5.22). 
�

Theorem 5.15 Suppose that t ≥ 0 and λ ∈ M([0, t]). Let (s, x) �→ fs(x) be a
bounded positive Borel function on [0, t] × E. Then we have

Qr,μ exp
{

−
∫

[r,t]

Xs(fs)λ(ds)
}

= exp{−μ(ur)}, 0 ≤ r ≤ t, (5.25)

where (r, x) �→ ur(x) is the unique bounded positive solution on [0, t] × E of

ur(x) +
∫ t

r

Pr,x

[
φ(ξs, us)

]
ds =

∫

[r,t]

Pr,x

[
fs(ξs)

]
λ(ds). (5.26)

Proof. Step 1. We first assume (s, x) �→ fs(x) is uniformly continuous on [0, t]×E.
For any integer n ≥ 1 let
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λn(ds) =
∞∑

k=0

λ((t − γn(k + 1), t − γn(k)] ∩ [0, t])δt−γn(k)(ds),

where γn(k) = k/2n. From Proposition 5.14 we see that

Qr,μ exp
{

−
∫

[r,t]

Xs(fs)λn(ds)
}

= exp{−μ(un(r))}, (5.27)

where (r, x) �→ un(r, x) is a bounded positive solution on [0, t] × E to

un(r, x) +
∫ t

r

Pr,x

[
φ(ξs, un(s))

]
ds = Pr,x

[ ∫

[r,t]

fs(ξs)λn(ds)
]

. (5.28)

For any 0 ≤ s ≤ t let pn(s) = t−γn([(t−s)2n]+1) and qn(s) = t−γn([(t−s)2n]),
where [(t − s)2n] denotes the integer part of (t − s)2n. Then we have s − 2−n ≤
pn(s) < s ≤ qn(s) < s + 2−n. It is easy to see that

∫

[r,t]

fs(ξs)λn(ds) =
∫

[r,t]

fqn(s)(ξqn(s))λ(ds)

+ fqn(r)(ξqn(r))λ((pn(r), r) ∩ [0, t])

and the second term on the right-hand side tends to zero as n → ∞. By the right
continuity of s �→ ξs and the uniform continuity of (s, x) �→ fs(x) we have

lim
n→∞

∫

[r,t]

fs(ξs)λn(ds) =
∫

[r,t]

fs(ξs)λ(ds).

A similar argument shows that

lim
n→∞

∫

[r,t]

Xs(fs)λn(ds) =
∫

[r,t]

Xs(fs)λ(ds).

From (5.27) we see the limit ur(x) = limn→∞ un(r, x) exists and (5.25) holds. It is
not hard to show that {un} is uniformly bounded on [0, t] × E. Then we get (5.26)
by letting n → ∞ in (5.28).

Step 2. Let B1 ⊂ B([0, t]×E)+ be the set of functions (s, x) �→ fs(x) for which
there exist bounded positive solutions (r, x) �→ ur(x) of (5.26) such that (5.25)
holds. It is easy to show that B1 is closed under bounded pointwise convergence.
The result of the first step shows that B1 contains all uniformly continuous functions
in B([0, t] × E)+, so we have B1 = B([0, t] × E)+ by Proposition 1.3.

Step 3. To show the uniqueness of the solution of (5.26), suppose that (r, x) �→
vr(x) is another bounded positive Borel function on [0, t] × E satisfying this equa-
tion. It is easy to find a constant K ≥ 0 such that

‖ur − vr‖ ≤
∫ t

r

‖φ(·, us) − φ(·, vs)‖ds ≤ K

∫ t

r

‖us − vs‖ds.
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We may rewrite the above inequality into

‖ut−r − vt−r‖ ≤ K

∫ r

0

‖ut−s − vt−s‖ds, 0 ≤ r ≤ t,

so Gronwall’s lemma implies ‖ut−r − vt−r‖ = 0 for every 0 ≤ r ≤ t. 
�

Suppose that λ(ds) is a locally bounded Borel measure on [0,∞) and (s, x) �→
fs(x) is a locally bounded positive Borel function on [0,∞)×E. For any t ≥ r ≥ 0
we can define the positive random variable

A[r, t] :=
∫

[r,t]

Xs(fs)λ(ds),

which is called a weighted occupation time of the superprocess on [r, t]. By replac-
ing fs with θfs in Theorem 5.15 for θ ≥ 0 we get a characterization of the Laplace
transform of A[r, t].

Theorem 5.16 Let t ≥ 0 be given. Let f ∈ B(E)+ and let (s, x) �→ gs(x) be a
bounded positive Borel function on [0, t] × E. Then for 0 ≤ r ≤ t we have

Qr,μ exp
{

− Xt(f) −
∫ t

r

Xs(gs)ds

}

= exp{−μ(ur)}, (5.29)

where (r, x) �→ ur(x) is the unique bounded positive solution on [0, t] × E of

ur(x) +
∫ t

r

Pr,x[φ(ξs, us)]ds = Pr,x[f(ξt)] +
∫ t

r

Pr,x[gs(ξs)]ds. (5.30)

Proof. This follows by an application of Theorem 5.15 to the measure λ(ds) =
ds + δt(ds) and the function fs(x) = 1{s<t}gs(x) + 1{s=t}f(x). 
�

Corollary 5.17 Let X = (W, G ,Gt, Xt,Qμ) be a right realization of the (ξ, φ)-
superprocess started from time zero. Then for t ≥ 0 and f, g ∈ B(E)+ we have

Qμ exp
{

− Xt(f) −
∫ t

0

Xs(g)ds

}

= exp{−μ(vt)}, (5.31)

where (t, x) �→ vt(x) is the unique locally bounded positive solution of

vt(x) +
∫ t

0

ds

∫

E

φ(y, vs)Pt−s(x,dy) = Ptf(x) +
∫ t

0

Psg(x)ds. (5.32)

Corollary 5.18 Suppose that φ1 and φ2 are two branching mechanisms given by
(2.26) or (2.27) satisfying φ1(x, f) ≥ φ2(x, f) for all x ∈ E and f ∈ B(E)+. Let
(t, x) �→ vi(t, x) be the solution of (2.33) with φ replaced by φi. Then v1(t, x) ≤
v2(t, x) for all t ≥ 0 and x ∈ E.
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Proof. Fix t ≥ 0 and let ui(r, x) = vi(t − r, x) for 0 ≤ r ≤ t and x ∈ E. Then
(r, x) �→ ui(r, x) is the unique bounded positive solution of

u(r, x) +
∫ t

r

Pr,x[φi(ξs, u(s))]ds = Pr,x[f(ξt)], i = 1, 2.

One can see that (r, x) �→ u2(r, x) is also the unique bounded positive solution of

u(r, x) +
∫ t

r

Pr,x[φ1(ξs, u(s))]ds = Pr,x[f(ξt)] +
∫ t

r

Pr,x[gs(ξs)]ds,

where

gs(x) = φ1(x, u2(s)) − φ2(x, u2(s))

is a bounded positive Borel function on [0, t] × E. By Theorem 5.16 one can see
u1(t, x) ≤ u2(t, x) for all 0 ≤ r ≤ t and x ∈ E. 
�

5.5 A Counterexample

In this section we provide a counterexample showing that the (ξ, φ)-superprocess
usually does not have a Hunt realization if the underlying spatial motion ξ is not a
Hunt process. Let E1 := (0, 1) and let μ(dx) be a probability measure on E1. We
define a Borel transition semigroup (Pt)t≥0 on E1 by

Ptf(x) = f(x − t)1{0≤t<x} +

∫

E1

f(x + x1 − t)1{x≤t<x+x1}μ(dx1)

+

∞∑

n=2

∫

E1

· · ·
∫

E1

f(sn − t)1{sn−1≤t<sn}μ(dx1) · · ·μ(dxn), (5.33)

where sn = x +
∑n

i=1 xi and f ∈ B(E1). The corresponding Markov process ξ is
intuitively described as follows. Starting from x ∈ E1 the process moves to the left
at the unit speed until it reaches zero; at that moment it takes a new position in E1

according to the distribution μ(dy); then it starts moving to the left again and so on.
Clearly, the process ξ has a right realization, but none of its realizations is càdlàg.
Thus ξ has no Hunt process realization. From (5.33) we have the equation

Ptf(x) = f(x − t)1{0≤t<x} + μ(Pt−xf)1{t≥x}, t ≥ 0, x ∈ E1. (5.34)

Let Cu(E1) denote the set of uniformly continuous functions on E1. For f ∈
Cu(E1) it is easy to see that

Ptf(t) = μ(f) and Pt−f(t) = f(0+), t ∈ E1. (5.35)
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Proposition 5.19 Let (Uα)α>0 be the resolvent of (Pt)t≥0. Then UαCu(E1) ⊂
Cu(E1) for every α > 0 and the Ray topology of ξ is coarser than the original
topology of E1.

Proof. In view of (5.34) for any f ∈ Cu(E1) we have

Uαf(x) =
∫ x

0

e−αtf(x − t)dt + e−αx

∫ ∞

0

e−αtμ(Ptf)dt. (5.36)

Then Uαf ∈ Cu(E1). By Proposition A.28 the Ray topology of ξ is coarser than
the original topology. 
�

Suppose that φ is a spatially constant branching mechanism defined by (3.1)
and X = (W, G , Gt, Xt,Qμ) is a right realization of the (ξ, φ)-superprocess. Let
x(t) = Xt(1) for t ≥ 0. It is not hard to show that {x(t) : t ≥ 0} is a CB-process
with cumulant semigroup defined by (3.3).

Proposition 5.20 For any z ∈ E1 and a > 0 we have Qaδz{Xt = x(t)δz−t for
0 ≤ t < z and Xz = x(z)μ} = 1.

Proof. Let gs(x) = 1{x�=z−s} for s ≥ 0 and x ∈ E1. By Theorem 5.16 we have

Qμ exp
{

−
∫ z

0

Xs(gs)ds

}

= exp{−μ(u0)}, (5.37)

where (r, x) �→ ur(x) is the unique bounded positive solution of

ur(x) +
∫ z

r

Pr,x[φ(us(ξs))]ds =
∫ z

r

Pr,x[gs(ξs)]ds, 0 ≤ r ≤ z, x ∈ E1.

From the above equation it follows that

ur(z − r) +
∫ z

r

φ(us(z − s))ds = 0, 0 ≤ r < z.

Then Gronwall’s inequality implies ur(z − r) = 0 for 0 ≤ r < z. In view of (5.37)
we get

Qaδz exp
{

−
∫ z

0

Xs(gs)ds

}

= 1. (5.38)

Let g
(k)
s (x) = 1 ∧ (k|z − s − x|) for s ≥ 0 and x ∈ E1. Then g

(k)
s (x) → gs(x)

increasingly as k → ∞. From (5.38) it follows that

Qaδz exp
{

−
∫ z

0

Xs(g(k)
s )ds

}

= 1.

Then the right continuity of s �→ Xs yields Qaδz{Xs(g
(k)
s ) = 0 for all 0 ≤ s < z

and all integer k ≥ 1} = 1. That implies Qaδz{Xt = x(t)δz−t for 0 ≤ t < z} = 1.
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Let (vt)t≥0 be the cumulant semigroup of the CB-process defined by (3.3). Fix
f ∈ Cu(E1) and let hr = Vrf(r) for 0 < r < 1. From (2.33) and (5.35) we have

hr = μ(f) −
∫ r

0

φ(hs)ds, 0 < r < 1,

and so hr = vr(μ(f)) by the uniqueness of the solution of (3.3). Then (2.32) implies

Qaδz exp{−Xz(f)} = exp{−avz(μ(f))}. (5.39)

By (3.2) and (5.39) one sees that Xz(f) has the distribution of x(z)μ(f) under
Qaδz . Then we must have Qaδz{Xz = x(z)μ} = 1. 
�

By Proposition 5.20 we have limt→z− Xt = x(z)δ0 by the weak convergence in
M([0, 1)). However, Theorem 3.5 implies x(z) > 0 with strictly positive probabil-
ity. Then any realization of the (ξ, φ)-superprocess cannot be càdlàg in M(E1), so
the superprocess has no Hunt process realization in M(E1). This superprocess does
not even have a Hunt realization in M(Eρ), where Eρ denotes the set E1 equipped
with the Ray topology of ξ. To show this, let D = {1, h1, h2, . . .} be a countable
and uniformly dense subset of Cu(E1)+, where h1 ∈ Cu(E1)+ is a non-constant
function satisfying U1h1(0+) = 1. From D we can construct the countable Ray
cone R for (Pt)t≥0. Then g1 := U1h1 ∈ R and g0 := 1 ∧ g1 ∈ R are both con-
tinuous in the topology of Eρ. By Proposition 5.19 they are also continuous in the
original topology of E1.

Corollary 5.21 Suppose that μ has support supp(μ) = E1. Then t �→ Xt(g0) is
not quasi-left continuous.

Proof. By (5.36) it is easy to show that Uαf(0+) = μ(Uαf) for every α > 0 and
f ∈ Cu(E1). In particular, we have 1 = g1(0+) = μ(g1). Since g1 is not a constant,
we have

μ(g0) < min{μ(1), μ(g1)} = 1. (5.40)

For each n ≥ 1 let Tn = inf{s ≥ 0 : Xs((0, 1/n]) > 0}. Let T = z if x(z) > 0
and let T = ∞ otherwise. Then {Tn} is an increasing sequence of stopping times
and Proposition 5.20 implies Qaδx -a.s. Tn → T . Moreover, we have Qaδx -a.s.

lim
t→z−

Xt(g0) = x(z)g0(0+) = x(z) and Xz(g0) = x(z)μ(g0).

Since x(z) > 0 with strictly positive probability, by (5.40) we see t �→ Xt(g0)
cannot be quasi-left continuous at the stopping time T . 
�

By Corollary 5.21, any realization of the (ξ, φ)-superprocess cannot be quasi-left
continuous in M(Eρ), so the superprocess has no Hunt realization in M(Eρ). Then
it seems the last assertion in Theorem 2.20 of Fitzsimmons (1988, p.347) requires
some additional condition. On the other hand, Theorem 5.8 implies that X has a
Hunt realization in its own Ray topology; see Sharpe (1988, p.220). Thus the Ray
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topology of the (ξ, φ)-superprocess on M(E1) is different from the topology of
M(Eρ).

5.6 Notes and Comments

The proofs in the first three sections follow those of Fitzsimmons (1988, 1992),
where local branching mechanisms were considered. Some different potential the-
oretical methods for the regularity of superprocesses were given in Beznea (2010).
For càdlàg spatial motions, the existence of right realizations of superprocesses was
studied in Dynkin (1993b), Kuznetsov (1994), Leduc (2000) and Schied (1999). In
particular, Leduc (2000) constructed a class of Hunt superprocesses under a second-
moment condition on the kernel H(x,dν) in the expression of the branching mech-
anism and proved that any Hunt MB-process satisfying certain assumptions has a
version in his class. The weighted occupation times were first introduced by Iscoe
(1986) for super-stable processes. They were then used in Iscoe (1988) to study
supporting properties of super-Brownian motions. The results and their proofs in
Section 5.4 are reorganizations of those of Dynkin (1993a).

We may think of (5.31) as a Feynman–Kac formula for the (ξ, φ)-superprocess
X . The formula gives a characterization of the subprocess of X obtained from the
decreasing multiplicative functional

t �→ exp
{

−
∫ t

0

Xs(g)ds

}

.

In view of (2.33) and (5.32), this subprocess can also be regarded as a superprocess
with branching mechanism f �→ φ(·, f)−g. This type of branching mechanism was
considered in Dynkin (1994) under the technical condition

lim
ε→0

sup
x∈E

∫

{ν(1)≤ε}

[
νx(1) + ν({x})2

]
H(x,dν) = 0,

where νx(dy) denotes the restriction of ν(dy) to E \ {x}.





Chapter 6
Constructions by Transformations

In this chapter, we give the construction of several classes of superprocesses by
transformations. In particular, we extend the state space of the superprocess to
some σ-finite measures. Other classes we shall construct include multitype su-
perprocesses, age-structured superprocesses, conditioned superprocesses and time-
inhomogeneous superprocesses. The constructions give not only the existence but
also the regularity of those superprocesses. The setting of Borel right processes we
have chosen is particularly suitable for the applications of those transformations.

6.1 Spaces of Tempered Measures

In this section, we construct some Dawson–Watanabe superprocesses in a space
of infinite measures. Suppose that E is a Lusin topological space. We fix a strictly
positive function h ∈ pB(E). Recall that Mh(E) is the space of tempered measures
μ on E satisfying μ(h) < ∞. Let Mh(E)◦ = Mh(E) \ {0}. The topology on
Mh(E) is defined by the convention:

μn → μ if and only if μn(hf) → μ(hf) for all f ∈ C(E).

Suppose that ξ = (Ω,F , Ft, ξt,Px) is a Borel right process in E with transition
semigroup (Pt)t≥0. We here assume (F , Ft) are the augmentations of the natural
σ-algebras (F 0, F 0

t ) generated by the sample path {ξt : t ≥ 0}. Let (Fu, Fu
t )

be the natural σ-algebras on Ω generated by {ξt : t ≥ 0} as random variables in
E furnished with the universal σ-algebra Bu(E). Let t �→ K(t) be a continuous
additive functional of ξ and assume each ω �→ Kt(ω) is measurable with respect
to F 0. Let ρ ∈ pB(E) be a strictly positive function so that ρ ≤ h and define the
continuous additive functional

J(t) =
∫ t

0

ρ(ξs)h(ξs)−1K(ds), t ≥ 0.
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Suppose that there is a constant α ≥ 0 so that, as t → 0+,

Px

[
e−αJ(t)h(ξt)

]
→ h(x), x ∈ E (6.1)

increasingly and

h(x)−1Px

[ ∫ t

0

e−αJ(s)ρ(ξs)K(ds)
]

→ 0 (6.2)

uniformly on E. Let b ∈ B(E), c ∈ pB(E) and let η(x,dy) be a σ-finite kernel on
E and H(x,dν) a σ-finite kernel from E to Mh(E)◦ such that

sup
x∈E

ρ(x)−1

{

|b(x)|h(x) + c(x)h(x)2 + η(x, h)

+
∫

Mh(E)◦

[
ν(h) ∧ ν(h)2 + νx(h)

]
H(x,dν)

}

< ∞, (6.3)

where νx(dy) denotes the restriction of ν(dy) to E \ {x}. Recall that Bh(E) is
the set of functions f ∈ B(E) satisfying |f | ≤ const · h. Let Bρ(E) be defined
similarly with ρ replacing h. We consider the operator f �→ φ(·, f) from Bh(E)+

to Bρ(E) with the representation

φ(x, f) = b(x)f(x) + c(x)f(x)2 −
∫

E

f(y)η(x,dy)

+
∫

Mh(E)◦

[
e−ν(f) − 1 + ν({x})f(x)

]
H(x,dν). (6.4)

Theorem 6.1 For each f ∈ Bh(E)+ there is a unique positive solution (t, x) �→
vt(x, f) = Vtf(x) to the evolution equation

vt(x) = Px[f(ξt)] − Px

[ ∫ t

0

φ(ξs, vt−s)K(ds)
]

, t ≥ 0, x ∈ E, (6.5)

so that t �→ ‖h−1vt(·, f)‖ is bounded on each bounded interval [0, T ]. Moreover,
∫

Mh(E)

e−ν(f)Qt(μ,dν) = exp{−μ(Vtf)}, f ∈ Bh(E)+, (6.6)

defines a transition semigroup (Qt)t≥0 on Mh(E).

A realization of the transition semigroup (Qt)t≥0 defined by (6.6) is naturally
called a (ξ, K, φ)-superprocess with state space Mh(E). The proof of the above
theorem is based on a number of transformations. Since (Pt)t≥0 is Borel and each
ω �→ Jt(ω) is measurable with respect to the natural σ-algebra F 0, we can define a
Borel right semigroup (Pα

t )t≥0 on E by

Pα
t f(x) = Px

[
e−αJ(t)f(ξt)

]
, x ∈ E, f ∈ B(E).
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Let ζ denote the lifetime of ξ. By the discussions in Sharpe (1988, pp.286–287), for
every initial law μ on E there exists a probability measure Pα

μ on (Ω,Fu) so that

Pα
μ(H1{t<ζ}) = Pμ

[
e−αJ(t)H1{t<ζ}

]
, H ∈ bFu

t (6.7)

and ξα = (Ω,Fα, Fα
t , ξt,Pα

x) is a right process with transition semigroup
(Pα

t )t≥0, where (Fα, Fα
t ) is the augmentation of (Fu, Fu

t ) by the system {Pα
μ :

μ is a probability on E}. From (6.1) we see that h is an excessive function for
(Pα

t )t≥0. Then we can define another Borel semigroup (P̃t)t≥0 by

P̃tf(x) = h(x)−1Pα
t (x, hf), x ∈ E, f ∈ B(E).

By the discussions in Sharpe (1988, pp.296–299), there is a unique probability ker-
nel P̃x(dw) from (E,Bu(E)) to (Ω,Fu) rendering {ξt : t ≥ 0} Markov with
transition semigroup (P̃t)t≥0 and P̃x{ξ0 = x} = 1. In addition, we have

P̃x(H1{t<ζ}) = h(x)−1Px

[
e−αJ(t)h(ξt)H

]
, t ≥ 0, H ∈ bFu

t . (6.8)

For each initial law μ on E define P̃μ as usual and let (F̃ , F̃t) be the augmentation
of (Fu, Fu

t ) by {P̃μ : μ is an initial law on E}. Then ξ̃ = (Ω, F̃ , F̃t, ξt, P̃x) is a
right process.

Lemma 6.2 For any t ≥ 0 and f ∈ B(E) we have

Px

[ ∫ t

0

f(ξs)J(ds)e−αJ(t)h(ξt)
]

= Px

[ ∫ t

0

f(ξs)e−αJ(s)ρ(ξs)K(ds)
]

. (6.9)

Proof. We first assume f ∈ Bh(E)+. Let 0 = t0 < t1 < · · · < tn = t be a
partition of [0, t] and write

l.h.s. of (6.9) =
n∑

i=1

Px

[ ∫ ti

ti−1

f(ξs)J(ds)e−αJ(t)h(ξt)
]

.

One can use (6.8) to see

Px

[
Ge−αJ(t)h(ξt)

]
= Px

[
Ge−αJ(ti)h(ξti)

]
, G ∈ pFti .

In particular, we get

l.h.s. of (6.9) =
n∑

i=1

Px

[ ∫ ti

ti−1

f(ξs)ρ(ξs)h(ξs)−1K(ds)e−αJ(ti)h(ξti)
]

= Px

[ ∫ t

0

f(ξs)ρ(ξs)e−αJ(τn(s))h(ξτn(s))h(ξs)−1K(ds)
]

,
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where τn(s) = ti for ti−1 < s ≤ ti. Since h is an excessive function for (Pα
t )t≥0, it

is finely continuous relative to this semigroup. From (6.7) we see that h is also finely
continuous relative to (Pt)t≥0, so t �→ h(ξt) is Px-a.s. right continuous. Then we
get (6.9) by taking limits in the right-hand side of the above equation. By monotone
convergence, we see (6.9) remains true for f ∈ B(E)+. The equality for f ∈ B(E)
follows by linearity. 
�

Proof (of Theorem 6.1). If we write ψ(x, f) = ρ(x)−1φ(x, hf), then the operator
f �→ ψ(·, f) − αf satisfies the assumptions on the branching mechanism in Theo-
rem 2.21. From (6.2) we see that t �→ J(t) is an admissible additive functional of ξ̃.
By Theorem 2.21 for each f ∈ B(E)+ there is a unique locally bounded positive
solution (t, x) �→ ut(x, f) to

ut(x) = P̃x[f(ξt)] − P̃x

{∫ t

0

[ψ(ξs, ut−s) − αut−s(ξs)]J(ds)
}

and the operators Ut : f �→ ut(·, f) constitute a cumulant semigroup. Let (Qh
t )t≥0

be the transition semigroup of the Dawson–Watanabe superprocess in M(E) corre-
sponding to (Ut)t≥0. By Lemma 6.2 we can rewrite the above equation into

h(x)ut(x) = Px

[
e−αJ(t)h(ξt)f(ξt)

]
− Px

[ ∫ t

0
ψ(ξs, ut−s)e−αJ(s)ρ(ξs)K(ds)

]

+Px

[ ∫ t

0
αut−s(ξs)e−αJ(s)ρ(ξs)K(ds)

]

.

A careful application of Proposition 2.9 shows the above equation is equivalent to

h(x)ut(x) = Px

[
h(ξt)f(ξt)

]
− Px

[ ∫ t

0

ψ(ξs, ut−s)ρ(ξs)K(ds)
]

.

Let vt(x, f) = h(x)ut(x, h−1f) for f ∈ Bh(E)+. Then (t, x) �→ vt(x, f) is the
unique positive solution of (6.5) so that t �→ ‖h−1vt(·, f)‖ is bounded on each
bounded interval [0, T ]. Now (Qh

t )t≥0 induces a transition semigroup (Qt)t≥0 on
Mh(E) by the homeomorphism μ(dx) �→ h(x)−1μ(dx) from M(E) to Mh(E). It
is easy to see that (Qt)t≥0 is characterized by (6.6). 
�

Now let us consider the special case where h ∈ pB(E) is a strictly positive α-
excessive function for (Pt)t≥0 for some α ≥ 0. Then we can define a Borel right
process (P̃t)t≥0 on E by

P̃tf(x) = h(x)−1e−αtPt(x, hf), x ∈ E, f ∈ B(E). (6.10)

Theorem 6.3 Suppose that (6.3) is satisfied for ρ = h. Then for each f ∈ Bh(E)+

there is a unique positive solution (t, x) �→ vt(x, f) = Vtf(x) to the evolution
equation

vt(x) = Ptf(x) −
∫ t

0

ds

∫

E

φ(y, vs)Pt−s(x,dy), t ≥ 0, x ∈ E, (6.11)
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so that t �→ ‖h−1vt(·, f)‖ is bounded on each bounded interval [0, T ]. Moreover,
a Borel right semigroup (Qt)t≥0 on Mh(E) is defined by (6.6). If, in addition, the
semigroup (P̃t)t≥0 given by (6.10) has a Hunt realization, then (Qt)t≥0 has a Hunt
realization.

Proof. The first assertion is a special case of Theorem 6.1. By Theorem 5.12 the
semigroup (Qh

t )t≥0 constructed in the proof of Theorem 6.1 has a right realization.
Then (Qt)t≥0 has a right realization by Theorem A.21. If (P̃t)t≥0 has a Hunt real-
ization, then (Qh

t )t≥0 has a Hunt realization by Theorem 5.12. From the proof of
Theorem 6.1 one can see (Qt)t≥0 has a Hunt realization. 
�

A typical situation where the above theorems apply is described as follows. Let F
be the set of functions f ∈ B(E) that are finely continuous relative to ξ. Fix β > 0
and let (A,D(A)) be the weak generator of (Pt)t≥0 defined by D(A) = UβF and
Af = βf − g for f = Uβg ∈ D(A). Take a constant α > 0 and a strictly positive
function h ∈ D(A) satisfying Ah(x) ≤ αh(x) for all x ∈ E. By Theorem A.46
and integration by parts we have

e−αtPth(x) = h(x) +
∫ t

0

e−αs[PsAh(x) − αPsh(x)]ds ≤ h(x). (6.12)

Then h is an α-excessive function for (Pt)t≥0.

Example 6.1 Consider the d-dimensional Euclidean space R
d. Let C2(Rd) denote

the set of bounded continuous real functions on R
d with bounded continuous deriva-

tives up to the second order. Suppose that ξ is a diffusion process in R
d with gener-

ator A defined by

Af(x) =
d∑

i,j=1

aij(x)
∂2f

∂xi∂xj
(x) +

d∑

j=1

bj(x)
∂f

∂xj
(x), f ∈ C2(Rd),

where x �→ aij(x) and x �→ bj(x) are bounded Hölder continuous functions on R
d

satisfying the uniform elliptic condition. That is, there is a constant θ0 > 0 so that

d∑

i,j=1

aij(x)uiuj ≥ θ0

d∑

i=1

u2
i , x ∈ R

d, ui ∈ R, i = 1, . . . , d.

Fix p > 0 and let h(x) = (1+|x|2)−p/2 for x ∈ R
d, where |·| denotes the Euclidean

norm. It is easy to find a constant α > 0 so that |Ah(x)| ≤ αh(x) for all x ∈ R
d.

Example 6.2 Let ξ be the standard one-dimensional Brownian motion killed at the
origin. Then ξ has state space R

◦ := R \ {0}. Let (Pt)t≥0 denote the transition
semigroup of ξ. For any t > 0 the sub-Markov kernel Pt(x,dy) has density

pt(x, y) =
{

gt(x − y) − gt(x + y) if xy > 0,
0 otherwise,



132 6 Constructions by Transformations

where gt(z) is given by (2.44). It is easy to show that h(x) ≡ |x| is an invariant
function for (Pt)t≥0. Let φ(x, f) = |x|−σf(x)1+β for constants 0 < β ≤ 1 and
β ≤ σ ≤ 1 + β. Then (6.3) is satisfied with ρ(x) = |x|1+β−σ. Moreover, since
0 ≤ 1 + β − σ ≤ 1, we have

∫ t

0

Px[ρ(ξs)]ds ≤
∫ t

0

Px[1 + |ξs|]ds

≤
∫ t

0

ds√
2πs

∫ |x|

−|x|
e−z2/2sdz + t|x|

≤
(

2
√

2t√
π

+ t

)

h(x).

By Theorem 6.1 we can define a cumulant semigroup (Vt)t≥0 on Bh(R◦)+ by

Vtf(x) = Px[f(ξt)] −
∫ t

0

Px

{
|ξs|−σVt−sf(ξs)1+β

}
ds, t ≥ 0, x ∈ R

◦.

That gives a (ξ, φ)-superprocess X in Mh(R◦). By Proposition 2.27 and the con-
struction in the proof of Theorem 6.1 we have the moment formula

Qμ[Xt(f)] = μ(Ptf), t ≥ 0, μ ∈ Mh(R◦), f ∈ Bh(R◦).

Then we can also take M(R◦) as the state space of X and the above formula remains
true for μ ∈ M(R◦) and f ∈ B(R◦). It is simple to see that {Xt(1) : t ≥ 0} is a
supermartingale but not a martingale unless X0 = 0.

6.2 Multitype Superprocesses

In this section, we derive the existence of some multitype superprocesses from
the non-local branching superprocess. For simplicity we only consider Lebesgue
killing densities. Suppose that E and I are Lusin topological spaces. Let ξ =
{Ω,F , Ft, (ξt, αt),P(x,a)} be a Borel right process with state space E × I . Let
φ = φ(x, a, z) and ζ = ζ(x, a, z) be given respectively by (2.45) and (2.46) with
x ∈ E replaced by (x, a) ∈ E×I . Let π(x, a,db) be a probability kernel from E×I
to I . By Theorem 5.12, there is a Borel right superprocess X = (W,Xt, G , Gt,Qμ)
with state space M(E × I) and with transition probabilities determined by

Qμ exp{−Xt(f)} = exp{−μ(Vtf)}, t ≥ 0, f ∈ B(E × I)+, (6.13)

where t �→ Vtf is the unique locally bounded positive solution of

Vtf(x, a) = P(x,a)
[
f(ξt, αt)

]
−

∫ t

0
P(x,a)

[
φ(ξs, αs, Vt−sf(ξs, αs))

]
ds

+

∫ t

0
P(x,a)

[
ζ(ξs, αs, π(ξs, αs, Vt−sf(ξs, ·)))

]
ds. (6.14)
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We may call X a multitype superprocess with type space I . Heuristically, {ξt : t ≥
0} gives the law of migration of the particles, {αt : t ≥ 0} represents the mutation
of their types, φ(x, a, ·) describes the death and birth of particles of type a ∈ I
at x ∈ E, and ζ(x, a, ·) describes the amount of the offspring born by a parent
of type a ∈ I at x ∈ E that change into new types randomly according to the
kernel π(x, a,db). In this model, the offspring may change their types, but they all
start migrating from the death sites of their parents. Note that the migration process
{ξt : t ≥ 0} and the mutation process {αt : t ≥ 0} are not necessarily independent.

From the non-local branching superprocess, we can derive another multitype su-
perprocess. Suppose that ζ = ζ(x, a, b, z) is given by (2.46) with x ∈ E replaced
by (x, a, b) ∈ E × I2. Instead of (6.14), we may also define t �→ Vtf by

Vtf(x, a) = P(x,a)
[
f(ξt, αt)

]
−

∫ t

0
P(x,a)

[
φ(ξs, αs, Vt−sf(ξs, αs))

]
ds

+

∫ t

0
P(x,a)

[ ∫

I

ζ(ξs, αs, b, Vt−sf(ξs, b))π(ξs, αs, db)

]

ds. (6.15)

The resulting multitype superprocess X can be interpreted in the same way as the
above except the mutations of the particles. In this case, when a particle of type
a ∈ I dies at point x ∈ E, a new type index b ∈ I is first chosen following the
distribution π(x, a, ·), then offspring of type b are produced according to the law
given by ζ(x, a, b, ·).
Example 6.3 Let us consider the case where I = R+ and αt = α0 + t for all t ≥ 0.
Suppose that ξ = (Ω,F ,Ft, ξt,Px) is a Borel right process with state space E.
Let ρ ∈ B(E × R+) and let ζ = ζ(x, a, z) be given by (2.46) with x ∈ E replaced
by (x, a) ∈ E × R+. In addition, we assume supx,a ζ ′z(x, a, 0+) ≤ 1. A special
form of (6.14) is the equation

Vtf(x, a) = Px[f(ξt, a + t)] −
∫ t

0
Px

[
ρ(ξs, a + s)Vt−sf(ξs, a + s)

]
ds

+

∫ t

0
Px

[
ρ(ξs, a + s)ζ(ξs, a + s, Vt−sf(ξs, 0))

]
ds. (6.16)

The corresponding multitype superprocess in M(E×R+) is called an age-structured
superprocess. Clearly, we can also get (6.16) as a special case of (4.40) with φ = 0.
Heuristically, ξt represents the location of a “particle” and αt represents its age. At
its branching time a particle gives birth to a random number of offspring whose spa-
tial motions start from the branching site and whose ages start from zero. See also
the explanations following Theorem 4.15.

In many cases, we only consider multitype superprocesses with finite or count-
able type spaces. For simplicity, let I = {1, 2, . . . , k}. Suppose for each i ∈ I we
have:

• a Borel right process ξi in E with transition semigroup (Pi(t))t≥0;
• a function φi = φi(x, z) belonging to the class given by (2.45);
• a discrete probability distribution pi(x) = {pij(x) : j ∈ I} on I with pij ∈

B(E)+;
• a function ζi = ζi(x, z) belonging to the class given by (2.46).
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The next two theorems deal with processes with state space M(E)I . We shall write
μ = (μi : i ∈ I) and Yt = (Yi(t) : i ∈ I).

Theorem 6.4 There is a Borel right process Y = (W,Yt, G , Gt,Qμ) with state
space M(E)I and with transition probabilities defined by

Qμ exp
{
−

∑

i∈I

〈Yi(t), fi〉
}

= exp
{
−

∑

i∈I

〈μi, vi(t)〉
}

, (6.17)

where fi ∈ B(E)+ and vi(t) = vi(t, x) is determined by the evolution equation

vi(t, x) = Pi(t)fi(x) −
∫ t

0

ds

∫

E

φi(y, vi(t − s, y))Pi(s, x,dy)

+
∫ t

0

ds

∫

E

ζi

(
y,

∑

j∈I

pij(y)vj(t − s, y)
)
Pi(s, x,dy). (6.18)

Proof. Let ξ be the Borel right process in the product space E × I with transition
semigroup (Pt)t≥0 defined by

Ptf(x, i) =
∫

E

f(y, i)Pi(t, x,dy), (x, i) ∈ E × I.

Let φ(x, i, z) = φi(x, z) and let π(x, i, ·) be the Markov kernel from E × I to I
defined by

π(x, i, ·) =
∑

j∈I

pij(x)δj(·),

where δj(·) stands for the unit mass at j ∈ I . Then we have a multitype superprocess
{Xt : t ≥ 0} in M(E×I) defined by (6.13) and (6.14). For i ∈ I and μ ∈ M(E×I)
we define Uiμ ∈ M(E) by Uiμ(B) = μ(B×{i}) for B ∈ B(E). Then μ �→ (Uiμ :
i ∈ I) is a homeomorphism between M(E × I) and M(E)I . Let Yi(t) = UiXt. It
is clear that {(Yi(t) : i ∈ I) : t ≥ 0} is a Markov process in M(E)I with transition
probabilities defined by (6.17) and (6.18). By Theorem A.21 this process has a right
process realization. 
�

The heuristical meaning of the process {(Yi(t) : i ∈ I) : t ≥ 0} constructed in
Theorem 6.4 is described as follows. The process ξi gives the law of migration of
the particles of type i ∈ I , φi(x, ·) describes the death and birth of the particles of
type i ∈ I at x ∈ E, and ζi(x, ·) describes the amount of the offspring born by a
parent of type i ∈ I at x ∈ E that change into new types randomly according to the
discrete distribution pi(x) = {pij(x) : j ∈ I}.

For i ∈ I let the parameters (ξi, φi, pi) be given as in the paragraph before
Theorem 6.4. Let ζij = ζij(x, z) be given by (2.46) depending on the parameters
i, j ∈ I . Then we have the following:
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Theorem 6.5 There is a Borel right process Y = (W,Yt, G , Gt,Qμ) with state
space M(E)I and with transition probabilities defined by (6.17) with vi(t) =
vi(t, x) determined by the evolution equation

vi(t, x) = Pi(t)fi(x) −
∫ t

0

ds

∫

E

φi(y, vi(t − s, y))Pi(s, x,dy)

+
∫ t

0

ds

∫

E

∑

j∈I

pij(y)ζij

(
y, vj(t − s, y)

)
Pi(s, x,dy). (6.19)

The proof of the above theorem is based on (6.13) and (6.15) and is similar to
that of Theorem 6.4. The process constructed in this way can be interpreted as the
one given in Theorem 6.4. The difference is that when a particle of type i ∈ I dies
at x ∈ E, a new label j ∈ I is first chosen according to the distribution pi(x) =
{pij(x) : j ∈ I}, then offspring of this type are produced at x ∈ E according to the
law given by ζij(x, ·).

6.3 A Two-Type Superprocess

A two-type superprocess can be constructed by a conditioning argument. For i = 1
and 2, let ξi be a Borel right process in E with transition semigroup (Pi(t))t≥0

and let φi = φi(x, z) be a function belonging to the class given by (2.45). Given
fi ∈ B(E)+ let vi(t) = vi(t, x) be defined by

vi(t, x) = Pi(t)fi(x) −
∫ t

0

ds

∫

E

φi(y, vi(t − s, y))Pi(s, x,dy). (6.20)

Let X = {W, (X1(t), X2(t)), G , Gt,Q(μ1,μ2)} be a Markov process in M(E) ×
M(E) so that (X1(t), Gt) under Q(μ1,μ2) is a (ξ1, φ1)-superprocess and (X2(t), Gt)
under the conditional probability Q(μ1,μ2){·|X1(t) : t ≥ 0} is an inhomogeneous
Markov process in M(E) with transition semigroup (QX1

r,t )t≥r determined by

∫

M(E)

e−〈ν,f〉QX1
r,t (μ2, dν)

= exp
{

− 〈μ2, v2(t − r)〉 −
∫ t

r

〈X1(s), v2(t − s)〉ds

}

. (6.21)

Using (6.21) and Theorem 5.16 we obtain

Q(μ1,μ2) exp
{
− 〈X1(t), f1〉 − 〈X2(t), f2〉

}

= Q(μ1,μ2) exp
{

− 〈X1(t), f1〉 − 〈μ2, v2(t)〉 −
∫ t

0

〈X1(s), v2(t − s)〉ds

}

= exp
{
− 〈μ1, u1(0, t)〉 − 〈μ2, v2(t)〉

}
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where u1(r, t) = u1(r, t, x) is the solution of

u1(r, t, x) +
∫ t

r

ds

∫

E

φ1(y, u1(s, t, y))P1(s − r, x,dy)

= P1(t − r)f1(x) +
∫ t

r

ds

∫

E

v2(t − s, y)P1(s − r, x,dy). (6.22)

Let w1(t) = w1(t, x) be defined by

w1(t, x) +
∫ t

0

ds

∫

E

φ1(y, w1(t − s, y))P1(s, x,dy)

= P1(t)f1(x) +
∫ t

0

ds

∫

E

v2(t − s, y)P1(s, x,dy). (6.23)

It is not hard to show that u1(r, t, x) = w1(t−r, x) for all t ≥ r ≥ 0. Obviously, the
system (6.20) and (6.23) can be regarded as a special case of (6.18) or (6.19). Then
X is in fact a special two-type superprocess. In this model, particles of type one can
produce particles of type two, but particles of type two cannot produce those of type
one.

6.4 Change of the Probability Measure

Let E be a Lusin topological space and let ξ be a conservative Borel right process in
E with transition semigroup (Pt)t≥0. For simplicity we consider a local branching
mechanism (x, z) �→ φ(x, z) given by (2.45) with constant function b(x) ≡ b ≥ 0.
Let (Qt)t≥0 denote the transition semigroup of the (ξ, φ)-superprocess defined by
(2.32) and (2.33). By Corollary 2.28,

∫

M(E)

ν(1)Qt(μ,dν) = e−btμ(1)

for t ≥ 0 and μ ∈ M(E). Then we can define a Borel transition semigroup (Q̃t)t≥0

on M(E)◦ by

Q̃t(μ,dν) = ebtμ(1)−1ν(1)Qt(μ,dν). (6.24)

This formula is a simple variation of the h-transform of Doob; see, e.g., Sharpe
(1988, p.298). A realization of (Q̃t)t≥0 can be obtained by a change of the proba-
bility measure in the (ξ, φ)-superprocess.

Let W be the space of paths w : [0,∞) → M(E) that are right continuous in
both M(E) and M(Eρ) and have left limits in M(Ē), where Ē is a Ray–Knight
completion of E with respect to ξ and Eρ denotes the set E with the Ray topology
inherited from Ē. Let W0 be the set of paths w ∈ W that have zero as a trap. Let
X = (W0, G , Gt, Xt,Qμ) be the canonical Borel right realization of the (ξ, φ)-
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superprocess. Let τ0 = inf{t ≥ 0 : Xt(1) = 0} denote the extinction time of X . It
is easy to show that

mt := ebtX0(1)−1Xt(1), t ≥ 0, (6.25)

defines a positive martingale multiplicative functional of the restriction of X on
M(E)◦. Let (G u, G u

t ) be the natural σ-algebras on W0 generated by {Xt : t ≥ 0}
as random variables on M(E) furnished with the universal σ-algebra Bu(M(E)).
By the results in Sharpe (1988, p.296), for each μ ∈ M(E)◦ there is a unique
probability measure Q̃μ on (W0, G u) so that {Xt : t ≥ 0} is a Markov process
with transition semigroup (Q̃t)t≥0 and Q̃μ{X0 = μ} = 1. In addition, we have

Q̃μ(H1{t<τ0}) = μ(1)−1Qμ

[
ebtXt(1)H

]
, t ≥ 0, H ∈ bG u

t .

For each initial law K on M(E)◦ define Q̃K in the usual way. Then the system X̃ =
(W0, G̃ , G̃t, Xt, Q̃μ) is a Borel right process, where (G̃ , G̃t) is the augmentation of
(G u, G u

t ) by {Q̃K : K is an initial law on M(E)◦}. Consequently, we have the
following:

Theorem 6.6 The semigroup (Q̃t)t≥0 on M(E)◦ has a right realization.

The process X̃ defined above is called the subprocess of the (ξ, φ)-superprocess
X generated by the martingale multiplicative functional {mt : t ≥ 0}. Let

φ′
0(x, z) = 2c(x)z +

∫ ∞

0

u
(
1 − e−zu

)
m(x,du), x ∈ E, z ≥ 0. (6.26)

The next theorem gives a characterization of the transition semigroup (Q̃t)t≥0.

Theorem 6.7 For every t ≥ 0, μ ∈ M(E)◦ and f ∈ B(E)+ we have
∫

M(E)◦
e−ν(f)Q̃t(μ,dν) = exp{−μ(Vtf)}μ̂(Utf), (6.27)

where μ̂ = μ(1)−1μ and (t, x) �→ Utf(x) is the unique locally bounded positive
solution to

Utf(x) = 1 −
∫ t

0

ds

∫

E

φ′
0(y, Vsf(y))Usf(y)Pt−s(x,dy). (6.28)

Proof. We first use Proposition 2.29 to see
∫

M(E)

ν(1)e−ν(f)Qt(μ,dν) = exp{−μ(Vtf)}μ(V 1
t f),

where (t, x) �→ V 1
t f(x) is the unique locally bounded positive solution of
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V 1
t f(x) = 1 −

∫ t

0

ds

∫

E

[b + φ′
0(y, Vsf(y))]V 1

s f(y)Pt−s(x,dy).

By Proposition 2.9 the above equation is equivalent to

V 1
t f(x) = e−bt −

∫ t

0

ds

∫

E

φ′
0(y, Vsf(y))V 1

s f(y)P b
t−s(x,dy).

Then we have (6.27) and (6.28) with Utf(x) = ebtV 1
t f(x). 
�

By a modification of the proof of Proposition 2.9 it is not hard to show that the
solution of (6.28) can be expressed in terms of the spatial motion process as

Utf(x) = Px

[

exp
{

−
∫ t

0

φ′
0(ξs, Vt−sf(ξs))ds

}]

.

Using Theorems 1.35 and 1.37 we see that the quantity under expectation gives the
Laplace functional of an infinitely divisible probability measure on M(E). Then for
each μ ∈ M(E)◦ a probability measure Nt(μ,dν) on M(E) is defined by

∫

M(E)

e−ν(f)Nt(μ,dν) = μ̂(Utf), f ∈ B(E)+.

Now (6.27) implies

Q̃t(μ, ·) = Qt(μ, ·) ∗ Nt(μ, ·). (6.29)

This decomposition describes an interesting structure of the semigroup (Q̃t)t≥0.
Recall that τ0 = inf{t ≥ 0 : Xt(1) = 0}. The next theorem shows that in the
subcritical case we can understand X̃ as the conditioned superprocess given the
null event {τ0 = ∞}. The proof is very similar to that of Theorem 3.25 and is left
to the reader.

Theorem 6.8 Suppose that the branching mechanism φ is spatially constant and
satisfies Condition 3.6. Then for any t ≥ 0 and μ ∈ M(E)◦, the distribution of Xt

under Qμ{·|r + t < τ0} converges to Q̃t(μ, ·) as r → ∞.

6.5 Time-Inhomogeneous Superprocesses

Suppose that I ⊂ R+ is an interval and F is a Lusin topological space. Let Ẽ be a
Borel subset of I × F . For any t ∈ I let It = [0, t] ∩ I and Et = {x ∈ F : (t, x) ∈
Ẽ}. We fix an abstract point ∂ /∈ I×F and assume all functions on Ẽ ⊂ I×F have
been extended trivially to Ẽc ∪ {∂}. Let us consider an inhomogeneous Borel right
transition semigroup (Pr,t : t ≥ r ∈ I) with global state space Ẽ. Let (P̃t)t≥0 be
the corresponding time–space semigroup on Ẽ defined by (A.44). Suppose that ξ̃ =
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(Ω, F̃ , F̃t, (αt, yt),Pr,x) is a right process realizing (P̃t)t≥0, where αt = α0 + t
for all t ≥ 0. For ω ∈ Ω define

ξt(ω) =
{

yt−α0(ω)(ω) if t ∈ I ∩ [α0(ω),∞),
∂ if t ∈ I ∩ [0, α0(ω)).

Let F = σ({ξt : t ∈ I}) and let Fr,t = σ({ξs : r ≤ s ≤ t}) for t ≥ r ∈
I . By Theorem A.59, the system ξ = (Ω,F , Fr,t, ξt,Pr,x) is a right continuous
inhomogeneous Markov process realizing (Pr,t : t ≥ r ∈ I).

Lemma 6.9 The set M̃ := {(t, μ) : t ∈ I, μ ∈ M(Et)} with the topology inherited
from I × M(F ) is a Lusin topological space.

Proof. We here understand M̃ = {(t, μ) ∈ I × M(F ) : μ(F \ Et) = 0}. For
(t, μ) ∈ I × M(F ) define γt ∈ M(I × F ) by γt(B) = μ({x ∈ F : (t, x) ∈ B}),
where B ∈ B(I × F ). Let

M0 = {γ ∈ M(I × F ) : γ((I \ {t}) × F ) = 0 for some t ∈ I}.

Let Q = {0, r1, r2, . . .} be the set of positive rationals. For r ∈ Q and n ≥ 1 let

Mn,r = {γ ∈ M(I × F ) : γ((I \ [r, r + 1/n]) × F ) = 0}.

Then M0 = ∩n≥1 ∪r∈Q Mn,r, so M0 is a Borel subset of M(I × F ). It is easy
to see that the mapping (t, μ) �→ γt induces a homeomorphism between M̃ and
M0 ∩ M(Ẽ). Therefore M̃ is a Lusin topological space. 
�

Let b ∈ B(Ẽ) and c ∈ B(Ẽ)+. Let η(s, x,dy) be a bounded kernel on Ẽ and let
H(s, x,dν) be a σ-finite kernel from Ẽ to M(Ẽ)◦. For every (s, x) ∈ Ẽ we assume
η(s, x,dy) is supported by {s}×Es and H(s, x,dν) is supposed by M({s}×Es)◦.
Then we can regard η(s, x,dy) as a measure on Es and regard H(s, x,dν) as a
measure on M(Es)◦. In addition, we assume

sup
(s,x)∈Ẽ

[

|b(s, x)| + c(s, x) + η(s, x,Es)

+
∫

M(Es)◦
[ν(1) ∧ ν(1)2 + νx(1)]H(s, x,dν)

]

< ∞, (6.30)

where νx(dy) denotes the restriction of ν(dy) to Es \ {x}. For (s, x) ∈ Ẽ and
f ∈ B(Es)+ define

φ(s, x, f) = b(s, x)f(x) + c(s, x)f(x)2 −
∫

Es

f(y)η(s, x,dy)

+
∫

M(Es)◦

[
e−ν(f) − 1 + ν({x})f(x)

]
H(s, x,dν). (6.31)

The following theorem establishes the existence and regularity of a class of time-
inhomogeneous superprocesses.
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Theorem 6.10 For every t ∈ I and f ∈ B(Et)+ there is a unique bounded positive
solution (r, x) �→ vr,t(x) = Vr,tf(x) to the integral equation

vr,t(x) = Pr,x[f(ξt)] −
∫ t

r

Pr,x

[
φ(s, ξs, vs,t)

]
ds, r ∈ It, x ∈ Er. (6.32)

Moreover, we can define an inhomogeneous Borel right transition semigroup (Qr,t :
t ≥ r ∈ I) with global state space M̃ by

∫

M(Et)

e−ν(f)Qr,t(μ,dν) = exp{−μ(Vr,tf)}, f ∈ B(Et)+. (6.33)

Proof. Given f̃ ∈ B(Ẽ)+ we can apply Theorem 2.21 to the time–space process
ξ̃ to see there is a unique locally bounded positive solution (t, r, x) �→ ṽt(r, x) =
Ṽtf̃(r, x) to the evolution equation

ṽt(r, x) = Pr,x[f̃(r + t, yt)] −
∫ t

0

Pr,x

[
φ(r + s, ys, ṽt−s)

]
ds, (6.34)

where t ≥ 0 and (r, x) ∈ Ẽ. Moreover, the family of operators (Ṽt)t≥0 constitute
a cumulant semigroup. By Theorem 5.12, the corresponding superprocess in M(Ẽ)
has a right realization X̃ = (W̃ , G̃ , G̃t, X̃t, Q̃μ). We define a bounded kernel on Ẽ
by

γ(s, x,dy) = η(s, x,dy) +
∫

M({s}×Es)◦
ν(s,x)(dy)H(s, x,dν),

where ν(s,x)(dy) denotes the restriction of ν(dy) to Ẽ\{(s, x)}. For any (s, x) ∈ Ẽ
we can also regard γ(s, x,dy) as a measure on Es. Let (π̃t)t≥0 be the semigroup of
linear operators on B(Ẽ) defined by

π̃tf̃(r, x) = Pr,x[f̃(r + t, yt)] −
∫ t

0

Pr,x

[
b(r + s, ys)π̃t−sf̃(r + s, ys)

]
ds

+
∫ t

0

Pr,x

[
γ(r + s, ys, π̃t−sf̃(r + s, ·))

]
ds.

By the construction given in Proposition A.41 it is not hard to see that for any t ≥ 0
and (r, x) ∈ Ẽ the finite measure π̃t(r, x, ·) is supported by {r + t} × Er+t ⊂ Ẽ.
From the moment formula in Proposition 2.27 one can see for any μ ∈ M(Ẽ)
carried by {r} × Er the random measure X̃t ∈ M(Ẽ) is Q̃μ-a.s. carried by {r +
t} × Er+t. In particular, for any f ∈ B(Er+t)+ we have π̃t(s, x, 1{r+t}f) = 0 if
s ∈ I \ {r}. Then we can use the result of Proposition 2.20 to see

Ṽt(1{r+t}f)(s, x) = 1{r}(s)Ṽt(1{r+t}f)(s, x), (s, x) ∈ Ẽ. (6.35)
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Let X̄ = (W̄ , Ḡ , Ḡt, (ᾱt, X̄t), Q̄r,μ) be a Borel right time–space process in I ×
M(Ẽ) associated with X̃ . The existence of X̄ follows from Theorem A.58. For
(s, μ) ∈ I × M(Ẽ) let ψ(s, μ) = (s, πsμ), where πsμ ∈ M(Es) is defined by
πsμ(B) = μ({s} × B) for B ∈ B(Es). Then ψ is a surjective Borel map from
I × M(Ẽ) to M̃ . From X̄ and ψ we can use Theorem A.21 to obtain a Borel
right process X̂ = (Ŵ , Ĝ , Ĝt, (α̂t, X̂t), Q̂r,μ) with state space M̃ . For (r, x) ∈ Ẽ,
r ≤ t ∈ I and f ∈ B(Et)+ let Vr,tf(x) = Ṽt−r(1{t}f)(r, x). From (6.34) one may
see that (r, x) �→ Vr,tf(x) solves the equation (6.32). On the other hand, starting
from any solution to (6.32) one can also construct a solution to (6.34). Then the
uniqueness of the solution to (6.32) follows from that of (6.34). From (6.35) and the
semigroup property of (Ṽt)t≥0 it follows that Vr,sVs,t = Vr,t for r ≤ t ∈ I . For
r ≤ r + t ∈ I , μ ∈ M(Er) and f ∈ B(Er+t)+ it is simple to see

Q̂r,μe−〈X̂t,f〉 = Q̄r,δr×μe−〈X̄t,1{r+t}f〉

= e−〈μ,Ṽt(1{r+t}f)(r,·)〉 = e−〈μ,Vr,r+tf〉.

Then (6.33) defines an inhomogeneous Borel transition semigroup (Qr,t : r ≤ t ∈
I) with global space M̃ and X̂ is a right realization of the corresponding homoge-
neous time–space semigroup. That gives the desired result. 
�

Example 6.4 Let E be a complete separable metric space. Suppose that (Pt)t≥0 is
a Borel right semigroup on E with a càdlàg realization. Let DE := D([0,∞), E)
be the space of càdlàg paths from [0,∞) to E furnished with the Skorokhod metric.
Let ξ = (DE , F 0, F 0

t , ξt,Px) be the canonical realization of (Pt)t≥0 and let ξ̄ =
(DE , F 0, F 0

r,t, ξ̄t, P̄r,y) be the path process of ξ defined in Example A.2. Then ξ̄
is an inhomogeneous càdlàg Markov process with global state space S := {(t, y) ∈
[0,∞) × DE : y = yt}. For t ≥ 0 let St = {(s, y) ∈ S : s ≤ t} and let Dt

E be
defined as in Example A.2. We regard M(Dt

E) as a subspace of M(DE) and endow

M̃ := {(t, μ) ∈ [0,∞) × M(DE) : μ(DE \ Dt
E) = 0}

with the topology inherited from [0,∞)×M(DE). Suppose that φ is a local branch-
ing mechanism on E given by (2.45) and let

φ̄(s, y, z) = φ(y(s), z), (s, y) ∈ S, z ≥ 0.

The (ξ̄, φ̄)-superprocess is an inhomogeneous Markov process with global state
space M̃ and Borel right transition semigroup (Q̄r,t : t ≥ r ≥ 0) given by

∫

M(Dt
E)

e−ν(f)Q̄r,t(μ,dν) = exp{−μ(V̄r,tf)}, f ∈ B(Dt
E)+, (6.36)

where (r, y) �→ v̄r,t(y) = V̄r,tf(y) is the unique bounded positive solution on St of
the equation
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v̄r,t(y) = P̄r,y[f(ξ̄t)] −
∫ t

r

P̄r,y

[
φ̄(s, ξ̄s, v̄s,t(ξ̄s))

]
ds. (6.37)

In view of (A.48) we can rewrite (6.37) as

v̄r,t(y) = Py(r)[f(y/r/ξt−r)] −
∫ t

r

Py(r)

[
φ(ξ(s − r), v̄s,t(y/r/ξs−r))

]
ds.

A realization of the (ξ̄, φ̄)-superprocess is called a (ξ, φ)-historical superprocess.
Let pt(y) = y(t) for t ≥ 0 and y ∈ DE . Then each pt is a Borel mapping
from DE to E. Suppose that X = (W, G ,Gt, Xt,Qμ) is a realization of the (ξ, φ)-
superprocess and X̄ = (W̄ , Ḡ , Ḡr,t, X̄t, Q̄r,μ) is a realization of the (ξ, φ)-historical
superprocess. If we identify D0

E with E, then for every μ ∈ M(E), the process
{X̄t ◦ p−1

t : t ≥ 0} under Q̄0,μ is distributed identically as {Xt : t ≥ 0} under Qμ;
see Dawson and Perkins (1991, p.29). The historical superprocess not only contains
the information on the current distribution of the population but also the records the
past histories of all the individuals. This feature makes it a very powerful tool in
studying the structural properties of the superprocess.

Example 6.5 Let E be a complete separable metric space. Suppose that ξ is a càdlàg
Borel right process with state space E satisfying Condition 4.7. In the setting of
Example 4.1 we can use the ξ-Brownian snake {(ηs, ζs) : s ≥ 0} to define a process
{X̄t : t ≥ 0} taking values in M(DE) by

X̄t(F ) =
∫ σ(u)

0

F (ηs)dls(t), F ∈ B(DE). (6.38)

Since s �→ ls(t) increases only when ζs = t, the random measure X̄t takes values
in M(Dt

E). In fact, the process {X̄t : t ≥ 0} is a realization of the (ξ, φ)-historical
superprocess with local branching mechanism φ(z) = z2.

6.6 Notes and Comments

The transformation μ(dx) �→ h(x)−1μ(dx) in the construction of superprocesses
in spaces of infinite measures was used in Schied (1999); see also El Karoui and
Roelly (1991) and Li (1992b). A special form of the superprocess in Example 6.2
was first given in Fleischmann and Mueller (1997); see also Wang (2002).

The study of multitype superprocesses was initiated by Gorostiza and Lopez-
Mimbela (1990); see also Gorostiza and Roelly (1991), Gorostiza et al. (1992) and
Li (1992a). A special form of the two-type superprocess in Section 6.3 was studied
in Hong and Li (1999), where {X2(t) : t ≥ 0} was interpreted as a superprocess
with immigration governed by the trajectory of {X1(t) : t ≥ 0}. Hong and Li
(1999) proved a central limit theorem of {X2(t) : t ≥ 0} for Brownian spatial mo-
tion and binary local branching. The corresponding moderate and large deviations
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were studied in Hong (2002, 2003) and the quenched mean limit theorems and mod-
erate deviations were discussed in Hong (2005). A quenched central limit theorem
was given in Hong and Zeitouni (2007). The multitype super-Brownian motion was
studied in Ceci and Gerardi (2006) in the framework of marked trees.

Theorems 6.7 and 6.8 are modifications of the results of Roelly and Rouault
(1989). Evans (1993) gave two representations of the conditioned superprocess with
transition semigroup (Q̃t)t≥0 defined by (6.27) or (6.29). One of those involves an
“immortal particle” that moves according to the underlying spatial motion and throw
off pieces of mass which then proceed to evolve as the original superprocess; see
also Etheridge and Williams (2003). This representation was used in Engländer and
Kyprianou (2004) and Liu et al. (2009) to investigate the long-time growth rate
of the process. A number of limit theorems of the conditioned superprocess were
proved in Evans (1991) and Evans and Perkins (1990); see also Liu and Ren (2009),
Overbeck (1993) and Zhao (1994, 1996).

The concepts of path process and historical superprocess were introduced by
Dawson and Perkins (1991); see also Dynkin (1991a, 1991c). A nonstandard model
containing the genealogical trees of the super-Brownian motion was introduced in
Perkins (1988); see also Dawson et al. (1989b). The representation (6.38) of histor-
ical superprocesses using Brownian snakes was given in Le Gall (1993). A different
approach to the genealogical structures was developed in Donnelly and Kurtz (1996,
1999a, 1999b) using lookdown processes. A super-Brownian motion with reflecting
historical paths was constructed in Burdzy and Le Gall (2001) and Burdzy and Myt-
nik (2005) by discrete approximations.

The age-structured superprocess defined in Example 6.3 was first studied in
Bose and Kaj (2000). A different age-structured branching model was introduced
in Jagers (1995). The high-density limits of age-dependent branching particle sys-
tems was studied in Kaj and Sagitov (1998). Some other models of superprocesses
that can be obtained by transformations were given in Dawson et al. (2002c).

Let Cd := C([0,∞), Rd) be the set of continuous paths from [0,∞) to R
d fur-

nished with the topology of locally uniform convergence. We consider the canonical
realization ξ = (Cd, F , Ft, ξt,Px) of the d-dimensional diffusion process gener-
ated by the differential operator A specified in Example 6.1. Let (x, z) �→ φ(x, z)
be a subcritical local branching mechanism given by (2.45) which is jointly contin-
uous in (x, z) ∈ R

d × [0,∞). Suppose that D ⊂ R
d is a bounded domain with

smooth boundary ∂D. Let τD = inf{t ≥ 0 : ξt ∈ Dc} be the exit time of ξ
from D and let ξD

t = ξt∧τD
for t ≥ 0. We consider the stopped diffusion pro-

cess ξD = (Cd, F , Ft, ξ
D
t ,Px). Let φD(x, z) = 1D(x)φ(x, z) for x ∈ R

d and
z ≥ 0. Suppose that X = (W, G , Gt, X

D
t ,Qμ) is a realization of the (ξD, φD)-

superprocess. Then for any μ ∈ M(Rd) we have

Qμ exp{−XD
t (f)} = exp{−μ(vD

t )}, t ≥ 0, f ∈ C(Rd)+, (6.39)

where (t, x) �→ vD
t (x) is the unique bounded positive solution to the integral evolu-

tion equation
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vD
t (x) = Px[f(ξt∧τD

)] − Px

[ ∫ t∧τD

0

φ(ξs, v
D
t−s(ξs))ds

]

. (6.40)

In view of (6.39) and (6.40) one would expect there is a random measure XD ∈
M(Dc) defined on the probability space (W, G ,Qμ) so that

Qμ exp{−XD(f)} = exp{−μ(vD)}, f ∈ C(Rd)+,

where x �→ vD(x) is the unique bounded positive solution to the equation

v(x) = Px[f(ξτD
)] − Px

[ ∫ τD

0

φ(ξs, v(ξs))ds

]

.

This observation was made rigorous by Dynkin (1991b), who showed that x �→
vD(x) can also be defined by the nonlinear partial differential equation

{Av(x) = φ(x, v(x)), x ∈ D,
v(x) = f(x), x ∈ Dc.

(6.41)

The random measure XD is called the exit measure of the (ξ, φ)-superprocess from
D. It can be obtained in a limit theorem of the type of Theorem 4.6 by freezing each
particle at its exit time from D. Using the (ξ, φ)-historical superprocess X̄ , the exit
measure can be represented formally as

XD(f) = lim
ε→0+

1
ε

∫ ∞

0

dt

∫

Cd

f(w(τD(w))1[t−ε,t](τD(w))X̄t(dw),

where τD(w) = inf{t ≥ 0 : w(t) ∈ Dc} for w ∈ Cd; see Dynkin (1991c). In the
binary local branching case, it can also be represented in terms of the ξ-Brownian
snake; see Le Gall (1999) for details. In Salisbury and Verzani (1999, 2000), some
conditioned exit measures of the super-Brownian motion were defined and char-
acterized. Mselati (2004) applied the Brownian snake to give classifications and
probabilistic representations of positive solutions of the equation Δv(x) = v(x)2 in
a bounded smooth domain; see also Le Gall (1995). The interplay between super-
processes and nonlinear partial differential equations has led to many deep results.
We refer the reader to Dynkin (2002, 2004) and Le Gall (1999, 2005) for the devel-
opments in this subject.



Chapter 7
Martingale Problems of Superprocesses

Martingale problems play a very important role in the study of Markov processes.
In this chapter we investigate some martingale problems associated with Dawson–
Watanabe superprocesses. In particular, we shall prove the equivalence of a num-
ber of martingale problems for the superprocesses. The martingale problems induce
martingale measures which are not necessarily orthogonal, but still worthy in the
sense of Walsh (1986). We give a representation for the superprocesses in terms
of stochastic integrals with respect to the martingale measures. The Girsanov type
transform of Dawson (1978) is used to derive superprocesses with interactive growth
rates. For simplicity, we only consider locally compact underlying spaces and estab-
lish the results under Feller type assumptions.

7.1 The Differential Evolution Equation

Let E be a locally compact separable metric space and (Pt)t≥0 be a transition semi-
group on E. Suppose that (Pt)t≥0 preserves C0(E) and t �→ Ptf is continuous
in the supremum norm for every f ∈ C0(E), but the semigroup is not necessarily
conservative. Let A denote the strong generator of (Pt)t≥0 defined by

Af(x) = lim
t→0

Ptf(x) − f(x)
t

, x ∈ E, (7.1)

where the limit is taken in the supremum norm. The domain D0(A) of A is the to-
tality of functions f ∈ C0(E) for which the above limit exists. In general, this is
much smaller than the domain of the weak generator of (Pt)t≥0. Let φ be a branch-
ing mechanism given by (2.26) or (2.27). In this section, we always assume the
following conditions:

Condition 7.1 b ∈ C(E), c ∈ C(E)+ and the operator f �→ γ(·, f) preserves
C0(E)+.
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Condition 7.2 x �→ (ν(1) ∧ ν(1)2)H(x,dν) is continuous by weak convergence
on M(E)◦ and C0(E)+ is preserved by the operator

f �→
∫

M(E)◦
(ν(f) ∧ ν(f)2)H(x,dν).

Let φn(x, f) be defined by (2.29). Then the above conditions imply that both f �→
φ(·, f) and f �→ φn(·, f) map C0(E)+ into C0(E). Recall that c0 = ‖b−‖ +
‖γ(·, 1)‖.

Lemma 7.3 Let f ∈ C0(E)+ and let t �→ πtf be defined by (2.35). Then as n → ∞
we have φn(x, πtf) → φ(x, πtf) uniformly and increasingly on the set [0, T ] × E
for each T ≥ 0.

Proof. Clearly, φn(x, f) → φ(x, f) increasingly for f ∈ C0(E)+. Let b∗ = ‖b−‖
and let t �→ π∗

t f be defined by (2.35) with b replaced by −b∗. By Corollary 5.18
we have πtf ≤ π∗

t f for t ≥ 0. From (2.37) it is easy to see the operators (π∗
t )t≥0

preserve C0(E)+ and t �→ π∗
t f is strongly continuous for each f ∈ C0(E)+. By

Proposition A.49 we have ‖π∗
t f‖ ≤ ‖f‖ec0t for t ≥ 0. Observe that

φ(x, f) − φn(x, f) = c(x)f(x)2 − 2n2c(x)
[
e−f(x)/n − 1 + f(x)/n

]

+
∫

{ν(1)<1/n}

[
e−ν(f) − 1 + ν(f)

]
[1 − nν(1)]H(x,dν). (7.2)

Then we have

0 ≤ φ(x, f) − φn(x, f) ≤ εn(x, f) + ηn(x, f),

where

εn(x, f) = c(x)f(x)2 − 2n2c(x)
[
e−f(x)/n − 1 + f(x)/n

]

and

ηn(x, f) =
1
2

∫

{ν(1)<1/n}
ν(f)2(1 − nν(1))H(x,dν).

By Taylor’s expansion it is simple to see that

εn(x, πtf) ≤ εn(x, π∗
t f) ≤ 1

3n
‖c‖‖π∗

t f‖3 ≤ 1
3n

e3c0t‖c‖‖f‖3.

Then εn(x, πtf) → 0 uniformly on the set [0, T ] × E for each T ≥ 0. By the
assumptions on the kernel H(x,dν), it is elementary to see that f �→ ηn(·, f) pre-
serves C0(E)+ and ηn(x, f) → 0 as n → ∞. Moreover, we have

|ηn(x, π∗
t f) − ηn(x, f)|
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≤ 1
2

∫

{ν(1)<1/n}
ν(|π∗

t f − f |)ν(|π∗
t f + f |)H(x,dν)

≤ 1
2
‖π∗

t f − f‖‖π∗
t f + f‖

∫

{ν(1)<1/n}
ν(1)2H(x,dν),

so t �→ ηn(·, π∗
t f) is strongly continuous on C0(E)+. Let Ē = E∪{∂} with ∂ being

an isolated point if E is compact and with Ē being the one-point compactification
of E otherwise. Then (t, x) �→ ηn(x, π∗

t f) extends continuously onto [0,∞) × Ē
with ηn(∂, π∗

t f) = 0 for all t ≥ 0. Given ε > 0 let n0(t, x) ≥ 1 be sufficiently
large so that ηn0(t,x)(x, π∗

t f) < ε/2. Consequently, there is a neighborhood U(t, x)
of (t, x) so that ηn0(t,x)(y, π∗

sf) < ε for (s, y) ∈ U(t, x). By the compactness, for
each T ≥ 0 we can find a finite subset {(ti, xi) : i = 1, 2, . . . , k} of [0, T ] × Ē so
that ∪k

i=1U(ti, xi) ⊃ [0, T ] × Ē. Then ηn(x, πsf) ≤ ηn(x, π∗
sf) < ε for (s, y) ∈

[0, T ] × Ē and n ≥ n0 := max1≤i≤k n0(ti, xi). It follows that ηn(x, πtf) → 0
uniformly on [0, T ] × E for each T ≥ 0. That proves the desired result. �


Now let us prove a regularity property of the cumulant semigroup (Vt)t≥0 of the
(ξ, φ)-superprocess, which is defined by the nonlinear integral evolution equation

Vtf(x) +
∫ t

0

ds

∫

E

φ(y, Vsf)Pt−s(x,dy) = Ptf(x), t ≥ 0, x ∈ E. (7.3)

Recall that (Vt)t≥0 has the canonical representation (2.5).

Theorem 7.4 The operators (Vt)t≥0 preserve C0(E)+ and t �→ Vtf is continuous
in the supremum norm for each f ∈ C0(E)+.

Proof. For n ≥ 1 and f ∈ C0(E)+ let (t, x) �→ vn(t, x, f) be the unique locally
bounded positive solution of

v(t, x) +
∫ t

0

ds

∫

E

φn(y, v(s))Pt−s(x,dy) = Ptf(x), t ≥ 0, x ∈ E.

The above equation is a special case of (2.21). By Proposition 2.19 it is easy to
infer that f �→ vn(t, ·, f) preserves C0(E)+ and t �→ vn(t) = vn(t, ·, f) is contin-
uous in the supremum norm for each f ∈ C0(E)+. By Proposition 2.20 we have
vn(t, x, f) → Vtf(x) decreasingly. Recall that f �→ φn(·, f) maps C0(E)+ into
C0(E). Now fix T ≥ 0 and f ∈ C0(E)+ and let a = ‖f‖ec0T . Then

‖vn(t, ·, f)‖ ≤ ‖Vtf‖ ≤ ‖πtf‖ ≤ a, 0 ≤ t ≤ T.

By Lemma 7.3 for ε > 0 there is an integer N = N(ε, T ) ≥ 1 so that φ(x, πtf) −
φn(x, πtf) ≤ ε and hence φ(x, vn(t)) − φn(x, vn(t)) ≤ ε for (t, x) ∈ [0, T ] × E
and n ≥ N . From (7.3) we have

‖vn(t) − Vtf‖ ≤
∫ t

0

(
ε + ‖φ(·, vn(s)) − φ(·, Vsf)‖

)
ds
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≤ εT + La

∫ t

0

‖vn(s) − Vsf‖ds

for 0 ≤ t ≤ T and n ≥ N , where La ≥ 0 is a Lipschitz constant for the restric-
tion of the operator f �→ φ(·, f) on C0(E)+ ∩ Ba(E)+. By applying Gronwall’s
inequality we get

‖vn(t) − Vtf‖ ≤ εT exp{Lat}.

It follows that vn(t, x, f) → Vtf(x) uniformly on [0, T ] × E. Then (Vt)t≥0 pre-
serves C0(E)+ and t �→ Vtf is continuous in the supremum norm. �


Corollary 7.5 Let f ∈ C0(E)+ and let t �→ Vtf be the unique locally bounded
positive solution of (7.3). Then t �→ Vtf is continuous in the supremum norm uni-
formly on each bounded interval.

Corollary 7.6 Let f ∈ C0(E) and let t �→ πtf be the unique locally bounded
solution of (2.35). Then t �→ πtf is continuous in the supremum norm uniformly on
each bounded interval.

Proof. For f ∈ C0(E)+ the result follows from Corollary 7.5. The extension to
f ∈ C0(E) is easy. �


Let us introduce a differential form of the equation (7.3). Given f ∈ D0(A)+ we
consider the nonlinear differential evolution equation

{ d
dt

Vtf(x) = AVtf(x) − φ(x, Vtf), t ≥ 0, x ∈ E,

V0f(x) = f(x), x ∈ E.
(7.4)

By a positive solution of (7.4) we mean a mapping t �→ Vtf from [0,∞) to D0(A)+

that is continuously differentiable in t ≥ 0 by the supremum norm and satisfies the
equalities in (7.4). The main purpose of this section is to prove that (7.3) and (7.4)
are equivalent for any f ∈ D0(A)+.

Theorem 7.7 Let f ∈ D0(A)+. If t �→ Vtf is a positive solution of the differential
equation (7.4), it also solves the integral equation (7.3).

Proof. Fix t ≥ 0 and let g(s) = Pt−sVsf for 0 ≤ s ≤ t. If t �→ Vtf is a positive
solution of the differential equation (7.4), it is easy to show that

d
ds

g(s) = Pt−s

( d
ds

Vsf
)
− Pt−sAVsf = −Pt−sφ(Vsf), 0 ≤ s ≤ t.

Then s �→ (d/ds)g(s) is continuous by the supremum norm, and (7.3) follows by
integrating both sides of the above equation over [0, t]. �


Now we show that (7.3) also implies (7.4). Given f ∈ D0(A)+ we define
B0f(x) = Af(x)−φ(x, f) and Btf(x) = V B0f

t f(x), using the notation of Propo-
sition 2.29. Let ψ be defined by (2.54). Then we have
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Btf(x) = PtB0(x) −
∫ t

0

ds

∫

E

ψ(y, Vsf,Bsf)Pt−s(x,dy) (7.5)

and

Btf(x) = λt(x,B0f) +
∫

M(E)◦
e−ν(f)ν(B0f)Lt(x,dν) (7.6)

for t ≥ 0 and x ∈ E.

Lemma 7.8 For every t ≥ 0 and f ∈ D0(A)+ we have Btf ∈ C0(E) and the
mapping t �→ Btf is continuous in the supremum norm.

Proof. Since B0f ∈ C0(E), by Proposition 2.32 we have immediately Btf ∈
C0(E) for every t ≥ 0. By (7.5) it is easy to show ‖Btf − B0f‖ → 0 as t → 0.
Moreover, for any t ≥ r ≥ 0 we have

‖Btf − Brf‖ ≤ ‖PtB0f − PrB0f‖ +
∫ t

r

‖Pt−sψ(Vsf,Bsf)‖ds

+
∫ r

0

‖Pt−sψ(Vsf,Bsf) − Pr−sψ(Vsf,Bsf)‖ds

≤ ‖PtB0f − PrB0f‖ +
∫ t

r

‖Pt−sψ(Vsf,Bsf)‖ds

+
∫ r

0

‖Pt−rψ(Vsf,Bsf) − ψ(Vsf,Bsf)‖ds.

Clearly, the right-hand side tends to zero as t → r or r → t. Then t �→ Btf is
continuous in the supremum norm. �


Lemma 7.9 Let f ∈ D0(A)+ and let t �→ Vtf be the unique locally bounded
positive solution of the integral equation (7.3). Then

d
dt

Vtf(x) = Btf(x), t ≥ 0, x ∈ E, (7.7)

where the derivative is taken in the supremum norm.

Proof. By (7.3) and Corollary 7.5 it is easy to show that (7.7) holds at t = 0. For
t, s > 0 we can use (2.5) and (7.6) to get

∣
∣
∣
1
s

[
Vt+sf(x) − Vtf(x)

]
− Btf(x)

∣
∣
∣

≤ λt

(
x,

∣
∣
∣
1
s
(Vsf − f) − B0f

∣
∣
∣
)

+
∫

M(E)◦
Js(ν, f)Lt(x,dν),

where

Js(ν, f) =
∣
∣
∣
1
s
(e−ν(f) − e−ν(Vsf)) − e−ν(f)ν(B0f)

∣
∣
∣.
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By the mean-value theorem we have

Js(ν, f) =
∣
∣
∣e−ηs(f) 1

s
ν(Vsf − f) − e−ν(f)ν(B0f)

∣
∣
∣

≤
∣
∣
∣
1
s
ν(Vsf − f) − ν(B0f)

∣
∣
∣ +

∣
∣e−ηs(f) − e−ν(f)

∣
∣ν(|B0f |),

where

ν(f) ∧ ν(Vsf) ≤ ηs(f) ≤ ν(f) ∨ ν(Vsf).

Then we get

∣
∣
∣
1
s

[
Vt+sf(x) − Vtf(x)

]
− Btf(x)

∣
∣
∣

≤
∥
∥
∥

1
s
(Vsf − f) − B0f

∥
∥
∥πt1(x)

+ ‖B0f‖
∫

M(E)◦

∣
∣e−ηs(f) − e−ν(f)

∣
∣ν(1)Lt(x,dν).

Given ε > 0 we take N = Nt(x, ε) ≥ 1 so that
∫

{ν(1)>N}
ν(1)Lt(x,dν) < ε.

If ν(1) ≤ N , we have
∣
∣e−ηs(f) − e−ν(f)

∣
∣ ≤

∣
∣ν(Vsf) − ν(f)

∣
∣ ≤ N‖Vsf − f‖.

It follows that
∣
∣
∣
1
s
[Vt+sf(x) − Vtf(x)] − Btf(x)

∣
∣
∣

≤
∥
∥
∥

1
s
(Vsf − f) − B0f

∥
∥
∥πt1(x) + ε‖B0f‖

+N‖B0f‖‖Vsf − f‖
∫

M(E)◦
ν(1)Lt(x,dν)

≤
(∥
∥
∥

1
s
(Vsf − f) − B0f

∥
∥
∥ + N‖B0f‖‖Vsf − f‖

)
πt1(x) + ε‖B0f‖.

Consequently,

lim
s→0+

∥
∥
∥

1
s
(Vt+sf − Vtf) − Btf

∥
∥
∥ = 0.

In particular, for any x ∈ E the function t �→ Vtf(x) has continuous right derivative
t �→ Btf(x), and thus t �→ Vtf(x) is continuously differentiable. This implies

Vtf(x) = f(x) +
∫ t

0

Bsf(x)ds, t ≥ 0, x ∈ E.
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Then one can use the strong continuity of t �→ Btf to see (7.7) holds in the supre-
mum norm. �


Theorem 7.10 For f ∈ D0(A)+ the unique locally bounded positive solution t �→
Vtf of the integral equation (7.3) also solves the differential equation (7.4).

Proof. Recall that Vt+rf = VrVtf for t, u ≥ 0. Then from (7.3) it follows that

PrVtf − Vtf = Vt+rf − Vtf +
∫ r

0

Pr−sφ(Vs+tf)ds.

By Corollary 7.5 and Lemma 7.9 we see Vtf ∈ D0(A)+ and AVtf = Btf+φ(Vtf).
That gives (7.4). �


By a combination of Theorems 7.7 and 7.10 we obtain:

Theorem 7.11 For any f ∈ D0(A)+, the integral equation (7.3) and the differen-
tial equation (7.4) for t �→ Vtf are equivalent.

By modifications of the arguments given above one can prove the following:

Theorem 7.12 For any f ∈ D0(A)+ and g ∈ C0(E)+, the integral equation (5.32)
is equivalent to the differential evolution equation

{ d
dt

vt(x) = Avt(x) − φ(x, vt) + g(x), t ≥ 0, x ∈ E,

v0(x) = f(x), x ∈ E.
(7.8)

Suppose that there is a Hunt process ξ with transition semigroup (Pt)t≥0. Let
X = (W, G , Gt, Xt,Qμ) be a Hunt realization of the (ξ, φ)-superprocess. Since any
function in C(E)+ is the increasing limit of a sequence of functions from C0(E)+,
we can define the transition semigroup (Qt)t≥0 of X by

∫

M(E)

e−ν(f)Qt(μ,dν) = exp{−μ(Vtf)}, f ∈ C0(E)+, (7.9)

where t �→ Vtf is the unique locally bounded positive solution of (7.3). In fact,
the operators (Vt)t≥0 are uniquely determined by their restrictions on the smaller
set D0(A)+, which is uniformly dense in C0(E)+. Then the transition semigroup
(Qt)t≥0 can be defined by (7.9) for f ∈ D0(A)+ with t �→ Vtf being the unique
positive solution of the differential equation (7.4). Similarly, the joint distribution
of Xt and

∫ t

0
Xsds can also be determined by (5.31) and (7.8). In applications we

may also consider (7.4) in a smaller class of functions as shown in the following
example.

Example 7.1 Let C2
0 (Rd) denote the set of twice continuously differentiable func-

tions on R
d that together with all their partial derivatives up to the second order

vanish at infinity. If ξ is a d-dimensional diffusion process with generator A speci-
fied in Example 6.1, then for any f ∈ C2

0 (Rd)+ we can also define (t, x) �→ Vtf(x)
by the nonlinear partial differential equation
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{ d
dt

Vtf(x) = AVtf(x) − φ(x, Vtf), t ≥ 0, x ∈ R
d,

V0f(x) = f(x), x ∈ R
d.

(7.10)

The operators (Vt)t≥0 are uniquely determined by their restrictions on C2
0 (Rd)+.

This follows from the fact that any function in C0(Rd)+ is the limit of a sequence
of functions from C2

0 (Rd)+ in the supremum norm.

7.2 Generators and Martingale Problems

Suppose that E is a locally compact separable metric space. Let ξ be a Hunt process
in E with transition semigroup (Pt)t≥0 and let φ be a branching mechanism given
by (2.26) or (2.27). We assume that (Pt)t≥0 and φ satisfy the conditions specified at
the beginning of the first section. Let (Qt)t≥0 and (Vt)t≥0 denote respectively the
transition semigroup and the cumulant semigroup of the (ξ, φ)-superprocess. Let
D0 be the class of functions on M(E) of the form

F (μ) = G(μ(f1), . . . , μ(fn)), (7.11)

where G ∈ C2(Rn) and {f1, . . . , fn} ⊂ D0(A). For F ∈ D0 define

L0F (μ) =
∫

E

[
AF ′(μ; x) + γ(x, F ′(μ)) − b(x)F ′(μ; x)

]
μ(dx)

+
∫

E

μ(dx)
∫

M(E)◦

[
F (μ + ν) − F (μ) − ν(F ′(μ))

]
H(x,dν)

+
∫

E

c(x)F ′′(μ; x)μ(dx), (7.12)

where

F ′(μ; x) = lim
ε→0+

1
ε

[
F (μ + εδx) − F (μ)

]
(7.13)

and F ′′(μ; x) is defined by the limit with F (·) replaced by F ′(·; x).
Suppose that (Ω,G ,Gt,P) is a filtered probability space satisfying the usual

hypotheses and {Xt : t ≥ 0} is a càdlàg process in M(E) that is adapted to (Gt)t≥0

and satisfies P[X0(1)] < ∞. Let us consider the following properties:

(1) For every T ≥ 0 and f ∈ C0(E)+,

exp{−Xt(VT−tf)}, 0 ≤ t ≤ T,

is a martingale.
(2) For every f ∈ D0(A)+,
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Ht(f) := exp
{

− Xt(f) +
∫ t

0

Xs(Af − φ(f))ds

}

, t ≥ 0,

is a local martingale.
(3) (a) The process {Xt : t ≥ 0} has no negative jumps. Let N(ds,dν) be the

optional random measure on [0,∞) × M(E)◦ defined by

N(ds,dν) =
∑

s>0

1{ΔXs �=0}δ(s,ΔXs)(ds,dν),

where ΔXs = Xs − Xs−, and let N̂(ds,dν) denote the predictable compen-
sator of N(ds,dν). Then N̂(ds,dν) = dsK(Xs−, dν) with

K(μ,dν) =
∫

E

μ(dx)H(x,dν).

(b) Let Ñ(ds,dν) = N(ds,dν) − N̂(ds,dν). Then for any f ∈ D0(A) we
have

Xt(f) = X0(f) + M c
t (f) + Md

t (f) +
∫ t

0

Xs(Af + γf − bf)ds,

where t �→ M c
t (f) is a continuous local martingale with quadratic variation

2Xt(cf2)dt and

t �→ Md
t (f) =

∫ t

0

∫

M(E)◦
ν(f)Ñ(ds,dν)

is a purely discontinuous local martingale.
(4) For every F ∈ D0 we have

F (Xt) = F (X0) +
∫ t

0

L0F (Xs)ds + local mart.

(5) For every G ∈ C2(R) and f ∈ D0(A) we have

G(Xt(f)) = G(X0(f)) +
∫ t

0

{

G′(Xs(f))Xs(Af + γf − bf)

+G′′(Xs(f))Xs(cf2) +
∫

E

Xs(dx)
∫

M(E)◦

[
G(Xs(f) + ν(f))

−G(Xs(f)) − ν(f)G′(Xs(f))
]
H(x,dν)

}

ds + local mart.

Theorem 7.13 The above properties (1), (2), (3), (4) and (5) are equivalent to
each other. Those properties hold if and only if {(Xt, Gt) : t ≥ 0} is a (ξ, φ)-
superprocess with transition semigroup (Qt)t≥0.
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Proof. Clearly, (1) holds if and only if {Xt : t ≥ 0} is a Markov process relative to
(Gt)t≥0 with transition semigroup (Qt)t≥0 defined by (7.9). Then we only need to
prove the equivalence of the five properties.

(1)⇒(2): If (1) holds, then {Xt : t ≥ 0} is a (ξ, φ)-superprocess, so Corol-
lary 2.28 implies

P[Xt(f)] = P[X0(πtf)], t ≥ 0, f ∈ B(E), (7.14)

where (πt)t≥0 is defined by (2.35). Now we fix r ≥ 0 and B ∈ Gr and define

Jt(f) = P[1Be−Xt(f)] = P[1Be−Xr(Vt−rf)]

for t ≥ r and f ∈ D0(A)+. In view of (7.14), we can use Theorem 7.10 and
dominated convergence to show that Jt(f) is continuously differentiable in t ≥ r.
By calculating the right derivative, we have

d
dt

Jt(f) =
d
ds

P[1Be−Xt(Vsf)]
∣
∣
∣
s=0

= −P
[
1BXt(Af − φ(f))e−Xt(f)

]
.

It follows that

Yt(f) := e−Xt(f) +
∫ t

0

Xs(Af − φ(f))e−Xs(f)ds, t ≥ 0

is a martingale. By integration by parts applied to

Zt(f) := e−Xt(f) and Wt(f) := exp
{ ∫ t

0

Xs(Af − φ(f))ds

}

(7.15)

we obtain

dHt(f) = e−Xt−(f)dWt(f) + Wt(f)de−Xt(f) = Wt(f)dYt(f).

Then {Ht(f)} is a local martingale.
(2)⇒(3): For f ∈ D0(A)+ define Zt(f) and Wt(f) by (7.15). We have Zt(f) =

Ht(f)Wt(f)−1 and so

dZt(f) = Wt(f)−1dHt(f) − Zt−(f)Xt−(Af − φ(f))dt (7.16)

by integration by parts. Then {Zt(f)} is a special semi-martingale; see, e.g., Del-
lacherie and Meyer (1982, p.213). By Itô’s formula we find the {Xt(f)} is also a
special semi-martingale. Let S(E) denote the space of finite Borel signed measures
on E endowed with the σ-algebra generated by the mappings μ �→ μ(B) for all
B ∈ B(E). Let S(E)◦ = S(E) \ {0}. We define the optional random measure
N(ds,dν) on [0,∞) × S(E)◦ by

N(ds,dν) =
∑

s>0

1{ΔXs �=0}δ(s,ΔXs)(ds,dν),
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where ΔXs = Xs − Xs− ∈ S(E). Let N̂(ds,dν) denote the predictable compen-
sator of N(ds,dν) and let Ñ(ds,dν) denote the compensated random measure; see
Dellacherie and Meyer (1982, pp.371–374). It follows that

Xt(f) = X0(f) + Ut(f) + M c
t (f) + Md

t (f), (7.17)

where {Ut(f)} is a predictable process with locally bounded variations, {M c
t (f)}

is a continuous local martingale and

Md
t (f) =

∫ t

0

∫

S(E)◦
ν(f)Ñ(ds,dν), t ≥ 0, (7.18)

is a purely discontinuous local martingale; see Dellacherie and Meyer (1982, p.353
and p.376) or Jacod and Shiryaev (2003, p.84). Let {Ct(f)} denote the quadratic
variation process of {Mc

t (f)}. By Itô’s formula,

Zt(f) = Z0(f) −
∫ t

0

Zs−(f)dUs(f) +
1
2

∫ t

0

Zs−(f)dCs(f)

+
∫ t

0

∫

S(E)◦
Zs−(f)

[
e−ν(f) − 1 + ν(f)

]
N̂(ds,dν)

+ local mart. (7.19)

In view of (7.16) and (7.19) we get

dUt(f) =
1
2
dCt(f) + Xt−(Af − φ(f))dt

+
∫

S(E)◦

[
e−ν(f) − 1 + ν(f)

]
N̂(dt, dν)

by the uniqueness of canonical decompositions of special semi-martingales; see
Dellacherie and Meyer (1982, p.213). By substituting the representation (2.27) of
φ into the above equation and comparing both sides it is easy to find that (3.a) holds
and (3.b) holds for f ∈ D0(A)+. For an arbitrary f ∈ D0(A) set f+ = 0 ∨ f and
f− = 0 ∨ (−f). For n ≥ 1 define

f+
n = n

∫ 1
n

0

Psf
+ds and f−

n = n

∫ 1
n

0

Psf
−ds. (7.20)

Then (3.b) holds for f+
n and f−

n ∈ D0(A)+, so it holds for fn := f+
n − f−

n ∈
D0(A). It is easy to show that fn → f and Afn → Af in the supremum norm as
n → ∞. Therefore (3.b) is also satisfied for f ∈ D0(A).

(3)⇒(4): If F ∈ D0 is given by (7.11), it is easy to show that

F ′(μ; x) =
n∑

i=1

fi(x)G′
i(μ(f1), . . . , μ(fn))
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and

F ′′(μ; x) =
n∑

i,j=1

fi(x)fj(x)G′′
ij(μ(f1), . . . , μ(fn)).

Consequently, we have

L0F (μ) =
n∑

i=1

G′
i(μ(f1), . . . , μ(fn))μ(Afi + γfi − bfi)

+

∫

E

μ(dx)

∫

M(E)◦

[
G(μ(f1) + ν(f1), . . . , μ(fn) + ν(fn))

−G(μ(f1), . . . , μ(fn)) −
n∑

i=1

ν(fi)G
′
i(μ(f1), . . . , μ(fn))

]
H(x, dν)

+
n∑

i,j=1

G′′
ij(μ(f1), . . . , μ(fn))μ(cfifj). (7.21)

Then (4) follows by (3) and Itô’s formula.
(4)⇒(5): Let F (μ) = G(μ(f)) for G ∈ C2(R) and f ∈ D0(A). As a special

case of (7.21), we have

L0F (μ) = G′(μ(f))μ(Af + γf − bf) + G′′(μ(f))μ(cf2)

+
∫

E

μ(dx)
∫

M(E)◦

[
G(μ(f) + ν(f)) − G(μ(f))

− ν(f)G′(μ(f))
]
H(x,dν) (7.22)

Then (5) follows from (4).
(5)⇒(1): Let G ∈ C2(R) and let t �→ ft be a mapping from [0, T ] to D0(A)+

such that t �→ ft is continuously differentiable and t �→ Aft is continuous by the
supremum norm. For 0 ≤ t ≤ T and k ≥ 1 we have

G(Xt(ft)) = G(X0(f0)) +

∞∑

j=0

[
G(Xt∧(j+1)/k(ft∧j/k)) − G(Xt∧j/k(ft∧j/k))

]

+

∞∑

j=0

[
G(Xt∧(j+1)/k(ft∧(j+1)/k)) − G(Xt∧(j+1)/k(ft∧j/k))

]
,

where the summations only consist of finitely many non-trivial terms. By applying
(5) term by term we obtain

G(Xt(ft)) = G(X0(f0)) +
∞∑

j=0

∫ t∧(j+1)/k

t∧j/k

{

G′(Xs(ft∧j/k))Xs((A + γ)ft∧j/k)

−G′(Xs(ft∧j/k))Xs(bft∧j/k) + G′′(Xs(ft∧j/k))Xs(cf2
t∧j/k)

+

∫

E

Xs(dx)

∫

M(E)◦

[
G(Xs(ft∧j/k) + ν(ft∧j/k))

−G(Xs(ft∧j/k)) − ν(ft∧j/k)G′(Xs(ft∧j/k))
]
H(x, dν)

}

ds
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+
∞∑

j=0

∫ t∧(j+1)/k

t∧j/k

G′(Xt∧(j+1)/k(fs))Xt∧(j+1)/k(f ′
s)ds + Mk(t),

where {Mk(t)} is a local martingale. Since {Xt} is a càdlàg process, letting k → ∞
in the equation above gives

G(Xt(ft)) = G(X0(f0)) +

∫ t

0

{

G′(Xs(fs))Xs(Afs + γfs − bfs + f ′
s)

+ G′′(Xs(fs))Xs(cf2
s ) +

∫

E

Xs(dx)

∫

M(E)◦

[
G(Xs(fs) + ν(fs))

−G(Xs(fs)) − ν(fs)G′(Xs(fs))
]
H(x, dν)

}

ds + M(t),

where {M(t)} is a local martingale. For any f ∈ D0(A)+ we may apply the above
to G(z) = e−z and ft = VT−tf to see t �→ exp{−Xt(VT−tf)} is a local martin-
gale. Then the assertion of (1) follows by dominated convergence. �


Corollary 7.14 Let {(Xt, Gt) : t ≥ 0} be a càdlàg (ξ, φ)-superprocess satisfy-
ing P[X0(1)] < ∞. Then for every T ≥ 0 and f ∈ D0(A) there is a constant
C(T, f) ≥ 0 such that

P
[

sup
0≤t≤T

|Xt(f)|
]
≤ C(T, f)

{
P[X0(1)] +

√
P[X0(1)]

}
.

Proof. By the above property (3.b) and Doob’s martingale inequality we have

P
[

sup
0≤t≤T

|Xt(f)|
]
≤ P[|X0(f)|] + P

[
sup

0≤t≤T
|Mc

t (f)|
]

+P
[

sup
0≤t≤T

∣
∣
∣

∫ t

0

∫

M(E)◦
ν(f)1{ν(1)≤1}Ñ(ds, dν)

∣
∣
∣
]

+P
[

sup
0≤t≤T

∣
∣
∣

∫ t

0

∫

M(E)◦
ν(f)1{ν(1)>1}Ñ(ds, dν)

∣
∣
∣
]

+P
[ ∫ T

0
|Xs(Af + γf − bf)|ds

]

≤ P[|X0(f)|] + 2
{
P

[ ∫ T

0
Xs(cf2)ds

]}1/2

+2
{
P

[ ∫ T

0
ds

∫

E

Xs(dx)

∫

{ν(1)≤1}
ν(f)2H(x, dν)

]}1/2

+2P
[ ∫ T

0
ds

∫

E

Xs(dx)

∫

{ν(1)>1}
ν(|f |)H(x, dν)

]

+P
[ ∫ T

0
Xs(|Af + γf − bf |)ds

]
.

Then the desired inequality follows by simple estimates based on Corollary 2.28.
�


Corollary 7.15 Suppose that ν(1)2H(x,dν) is a bounded kernel from E to M(E)◦

and {(Xt, Gt) : t ≥ 0} is a càdlàg (ξ, φ)-superprocess satisfying P[X0(1)] < ∞.
Then for every f ∈ D0(A),
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Mt(f) = Xt(f) − X0(f) −
∫ t

0

Xs(Af + γf − bf)ds (7.23)

is a square integrable (Gt)-martingale with increasing process

〈M(f)〉t =
∫ t

0

ds

∫

E

q(x, f)Xs(dx), (7.24)

where q(x, f) is defined by (2.59).

Proof. Since {Xt : t ≥ 0} is a (ξ, φ)-superprocess, it satisfies the properties (1)–
(5). In particular, from (3) one sees that (7.23) defines a local martingale with in-
creasing process (7.24). From (7.14) we see that t �→ P[Xt(1)] is locally bounded,
so {Mt(f)} is actually a square integral martingale. �


Corollary 7.16 Suppose that the branching mechanism φ has the special form with
H(x,M(E)◦) = 0 for all x ∈ E. Then any càdlàg (ξ, φ)-superprocess {(Xt, Gt) :
t ≥ 0} is a.s. continuous. Conversely, if {(Xt, Gt) : t ≥ 0} is a continuous process
in M(E) and if for every f ∈ D0(A) the process {Mt(f) : t ≥ 0} defined by (7.23)
is a (Gt)-local martingale with increasing process

〈M(f)〉t = 2
∫ t

0

ds

∫

E

c(x)f(x)2Xs(dx), (7.25)

then {(Xt, Gt) : t ≥ 0} is a (ξ, φ)-superprocess.

Proof. If {(Xt, Gt) : t ≥ 0} is a càdlàg (ξ, φ)-superprocess, by Theorem 7.13 it has
property (3) with K(μ, M(E)◦) = 0. Then {Xt : t ≥ 0} is a.s. continuous. That
gives the first assertion. Conversely, if {Xt : t ≥ 0} is continuous in M(E) and
if for every f ∈ D0(A) the process in (7.23) is a local martingale with increasing
process given by (7.25), we can use Itô’s formula to obtain

G(Xt(f)) = G(X0(f)) +
∫ t

0

G′(Xs(f))Xs(Af + γf − bf)ds

+
∫ t

0

G′′(Xs(f))Xs(cf2)ds + local mart.

Then another application of Theorem 7.13 gives the second assertion. �


The above property (4) implies that the generator of the (ξ, φ)-superprocess is
the closure of (L0, D0) in the sense of Ethier and Kurtz (1986). Under suitable
assumptions, we can replace D0(A) by a larger function class in Theorem 7.13 and
its corollaries. In particular, if Pt1 ∈ C(E) for every t ≥ 0 and there exists a
function A1 ∈ C(E) such that

lim
t→0

1
t

[
Pt1(x) − 1

]
= A1(x), x ∈ E (7.26)
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by the uniform convergence, we can extend the operator A to the linear span D(A)
of D0(A) and the constant functions. In this case, the results of Theorem 7.13
and its corollaries remain true with D0(A) replaced by D(A). Of course, we have
D(A) = D0(A) if E is a compact metric space. Recall that C2(R+) denotes the set
of bounded continuous real functions on R+ with bounded continuous derivatives
up to the second order. From Theorem 7.13 we derive immediately the following
characterization of a CB-process.

Theorem 7.17 Suppose that {(x(t), Gt) : t ≥ 0} is a positive càdlàg process such
that P[x(0)] < ∞. Then {(x(t), Gt) : t ≥ 0} is a CB-process with branching
mechanism given by (3.1) if and only if for every f ∈ C2(R+) we have

f(x(t)) = f(x(0)) +
∫ t

0

L0f(x(s))ds + local mart.,

where

L0f(x) = cxf ′′(x) − bxf ′(x) +
∫ ∞

0

x[f(x + z) − f(x) − zf ′(x)]m(dz).

The martingale problems for the (ξ, φ)-superprocess can also be reformulated
on the state space of tempered measures. In the next two theorems we assume h ∈
D0(A) is a strictly positive function satisfying Ah ≤ αh for some constant α >
0. From (6.12) we see that h is an α-excessive function for (Pt)t≥0. Recall that
Mh(E) is the space of measures μ on E satisfying μ(h) < ∞ and Ch(E) is the
set of continuous functions f on E satisfying |f | ≤ const · h. Let Dh(A) = {f ∈
D0(A) ∩ Ch(E) : Af ∈ Ch(E)}. Let f �→ φ(·, f) be a branching mechanism
given as in Section 6.1 with ρ = h and let (Qt)t≥0 be the transition semigroup on
Mh(E) defined by (6.6) and (6.11). Suppose that f �→ h−1φ(·, hf) − αf satisfies
the conditions for the branching mechanism specified at the beginning of the first
section. The proof of the following theorem is similar to that of Theorem 7.13.

Theorem 7.18 Let (Ω,G ,Gt,P) be a filtered probability space satisfying the usual
hypotheses and let {Xt : t ≥ 0} be a càdlàg process in Mh(E) that is adapted to
(Gt)t≥0 and satisfies P[X0(h)] < ∞. Then Theorem 7.13 still holds when M(E),
C0(E) and D0(A) are replaced by Mh(E), Ch(E) and Dh(A), respectively.

If the semigroup (P̃t)t≥0 given by (6.10) has a Hunt realization, the (ξ, φ)-
superprocess has a càdlàg realization in Mh(E) by Theorem 6.3. The following
theorem describes another situation where a càdlàg realization in Mh(E) of the
(ξ, φ)-superprocess exists.

Theorem 7.19 Suppose that ξ is a Hunt process. Then for every μ ∈ Mh(E) there
is a càdlàg realization {Xt : t ≥ 0} in Mh(E) of the (ξ, φ)-superprocess with
initial value X0 = μ.

Proof. Given μ ∈ Mh(E) we write μ =
∑∞

i=1 μi for a sequence of finite measures
{μi : i = 1, 2, . . .} ⊂ M(E). Let {Xi(t) : t ≥ 0}, i = 1, 2, . . . be a sequence of
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independent càdlàg (ξ, φ)-superprocesses in M(E) with Xi(0) = μi, i = 1, 2, . . ..
For n ≥ k ≥ 1 it is easy to see that

Zk,n(t) =
n∑

i=k

Xi(t), t ≥ 0

is a càdlàg realization of the (ξ, φ)-superprocess in M(E) with initial state μk,n :=∑n
i=k μi. By the assumptions on the branching mechanism one can see as in the

proof of Corollary 7.14 that

P
[

sup
0≤s≤t

〈Zk,n(s), h〉
]
≤ C(t, h)

[
〈μk,n, h〉 + 〈μk,n, h〉1/2

]
,

where t �→ C(t, h) is a locally bounded function. The right-hand side tends to zero
as k, n → ∞. Then

Xt =
∞∑

i=1

Xi(t), t ≥ 0

defines a càdlàg process in Mh(E). This process is clearly a realization of the (ξ, φ)-
superprocess with X0 = μ. �


7.3 Worthy Martingale Measures

In this section, we assume E is a Lusin topological space. However, the results
obtained here can obviously be modified to the case of a Lusin measurable space.
Given a signed measure K(ds,dx,dy) on B((0,∞) × E2) with the total variation
|K|(ds,dx,dy) satisfying |K|((0, T ] × E2) < ∞ for all T ≥ 0, we define the
bilinear form

(f, g)K,T =
∫ T

0

∫

E2
f(s, x)g(s, y)K(ds,dx,dy), (7.27)

where f, g ∈ B((0, T ]×E). We say the signed measure is symmetric if (f, g)K,T =
(g, f)K,T for all T ≥ 0 and f, g ∈ B((0, T ]×E), and say K(ds,dx,dy) is positive
definite if (f, f)K,T ≥ 0 for all T ≥ 0 and f ∈ B((0, T ]×E). For a symmetric and
positive definite signed measure K(ds,dx,dy), one shows by a standard argument
the following Schwarz’s inequality

(f, g)2K,T ≤ (f, f)K,T (g, g)K,T . (7.28)

In particular, those apply to random (positive) measures K(ds,dx,dy).
Now let (Ω,G , Gt,P) be a filtered probability space satisfying the usual hy-

potheses. Suppose that for each B ∈ B(E) there exists a square-integrable càdlàg
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(Gt)-martingale {Mt(B) : t ≥ 0} satisfying M0(B) = 0. The system {Mt(B) :
t ≥ 0; B ∈ B(E)} is called a martingale measure on E if for every t ≥ 0 and
every disjoint sequence {B1, B2, . . .} ⊂ B(E) we have

Mt

( ∞⋃

k=1

Bk

)
=

∞∑

k=1

Mt(Bk)

by the convergence in L2(Ω,P). A martingale measure {Mt(B) : t ≥ 0; B ∈
B(E)} is said to be worthy if there is a random measure K(ds,dx,dy) on
B((0,∞) × E2) such that:

(1) K(ds,dx,dy) is symmetric and positive definite;
(2) t �→ K((0, t] × A × B) is predictable for all A, B ∈ B(E) and

P{K((0, t] × E2)} < ∞, t ≥ 0; (7.29)

(3) for every t ≥ s ≥ 0 and A, B ∈ B(E) we have

|〈M(A), M(B)〉t − 〈M(A), M(B)〉s| ≤ K((s, t] × A × B). (7.30)

In this case, we call K(ds,dx,dy) the dominating measure of {Mt(B) : t ≥ 0; B ∈
B(E)}.

Let R denote the semi-algebra consisting of rectangles on (0,∞) × E2 of the
form (s, t] × A × B for t ≥ s ≥ 0 and A, B ∈ B(E). Given a worthy martingale
measure {Mt(B) : t ≥ 0; B ∈ B(E)} with dominating measure K(ds,dx,dy),
we define a random set function η(ω, ·) on R by

η((s, t] × A × B) = 〈M(A), M(B)〉t − 〈M(A), M(B)〉s.

Since the σ-algebra B(E) is separable, η(ω, ·) can be extended to a random signed
measure on B((0,∞) × E2) with total variation dominated by K(ω, ·). It is sim-
ple to see that η(ω, ds,dx,dy) is symmetric and positive definite. We refer to
η(ω, ds,dx,dy) as the covariance measure of {Mt(B) : t ≥ 0; B ∈ B(E)}.
We say the martingale measure is orthogonal if η(ω, ds,dx,dy) is a.s. carried by
[0,∞) × Δ(E), where Δ(E) = {(x, x) : x ∈ E}. An orthogonal martingale mea-
sure is called a time–space white noise if {Mt(B) : t ≥ 0} is a one-dimensional
Brownian motion for every B ∈ B(E).

Proposition 7.20 A worthy martingale measure {Mt(B) : t ≥ 0; B ∈ B(E)} is
orthogonal if and only if {Mt(A) : t ≥ 0} and {Mt(B) : t ≥ 0} are orthogonal
martingales whenever A and B ∈ B(E) are disjoint.

Proof. Suppose that {Mt(B) : t ≥ 0; B ∈ B(E)} is orthogonal and A, B ∈ B(E)
are disjoint sets. Then 〈M(A), M(B)〉t = η((0, t]×A×B) vanishes, so {Mt(A) :
t ≥ 0} and {Mt(B) : t ≥ 0} are orthogonal martingales. Conversely, suppose that
{Mt(A) : t ≥ 0} and {Mt(B) : t ≥ 0} are orthogonal whenever A and B ∈ B(E)
are disjoint. Then η((0, t] × A × B) = 〈M(A), M(B)〉t vanishes when A and
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B ∈ B(E) are disjoint, and hence η(ω, ds,dx,dy) is carried by [0,∞) × Δ(E).
�


Let L be a linear space of Borel functions on E. Suppose that for each f ∈ L
there is a square-integrable càdlàg (Gt)-martingale {Mt(f) : t ≥ 0} satisfying
M0(f) = 0. The family {Mt(f) : t ≥ 0; f ∈ L } is called a martingale functional
if for every t ≥ 0 the following properties hold:

(1) For each c ∈ R and each f ∈ L we have a.s. Mt(cf) = cMt(f).
(2) If f, f1, f2, . . . ∈ L and f =

∑∞
k=1 fk by bounded pointwise convergence,

then

Mt(f) =
∞∑

k=1

Mt(fk)

by the convergence in L2(Ω,P).

Proposition 7.21 For each worthy martingale measure {Mt(B) : t ≥ 0; B ∈
B(E)} there is a martingale functional {Mt(f) : t ≥ 0; f ∈ B(E)} so that
Mt(1B) = Mt(B) a.s. for every t ≥ 0 and every B ∈ B(E). Moreover, for any
f ∈ B(E) the (Gt)-martingale {Mt(f) : t ≥ 0} has increasing process

(f, f)η,t =
∫ t

0

∫

E2
f(x)f(y)η(ds,dx,dy). (7.31)

Proof. We shall give an explicit construction of the martingale functional {Mt(f) :
t ≥ 0; f ∈ B(E)}. If f ∈ B(E) is a simple function given by

f(x) =
n∑

i=1

bi1Bi(x), x ∈ E,

where bi ∈ R and Bi ∈ B(E) for i = 1, . . . , n, we define

Mt(f) =
n∑

i=1

biMt(Bi), t ≥ 0.

It is easy to see that {Mt(f) : t ≥ 0} is a càdlàg martingale with increasing process
given by (7.31). For a general function f ∈ B(E) let {fk} be a sequence of simple
functions on E so that ‖fk − f‖ → 0 as k → ∞. By Doob’s martingale inequality
and the definition of the worthy martingale measure,

P
[

sup
0≤s≤t

|Ms(fk) − Ms(fj)|2
]
≤ 4P

[
(fk − fj , fk − fj)η,t

]

≤ 4‖fk − fj‖2P
[
K([0, t] × E2)

]

for any k ≥ j ≥ 1. Then there is a square-integrable càdlàg (Gt)-martingale
{Mt(f) : t ≥ 0} independent of the choice of {fk} so that
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lim
k→∞

P
[

sup
0≤s≤t

|Ms(fk) − Ms(f)|2
]

= 0, t ≥ 0.

Since (7.31) holds when f is replaced by fk, for any t ≥ r ≥ 0 we have

E
[
Mt(fk)2 − Mr(fk)2 − (fk, fk)η,t + (fk, fk)η,r

]
= 0.

Then we can let k → ∞ to see {Mt(f) : t ≥ 0} has increasing process (7.31). It
is easy to show that {Mt(f) : t ≥ 0; f ∈ B(E)} satisfies the two properties in the
definition of a martingale functional. �


The worthy martingale measure defined above is finite. Let h ∈ pB(E) be a
strictly positive function. Recall that Bh(E) denotes the set of functions f ∈ B(E)
such that |f | ≤ const · h. Instead of (7.29) one can also define a worthy martingale
measure with dominating measure K(ds,dx,dy) satisfying

P
[ ∫ t

0

∫

E2
h(x)h(y)K(ds,dx,dy)

]

< ∞, t ≥ 0.

Let En = {x ∈ E : h(x) ≥ 1/n} and let B0(E) = {B ∈ B(E) : B ⊂ En for
some n ≥ 1}. A family of square-integrable càdlàg (Gt)-martingales {Mt(B) : t ≥
0; B ∈ B0(E)} is called a σ-finite worthy martingale measure on E if (7.30) holds
for all t ≥ s ≥ 0 and A, B ∈ B0(E). Following the arguments in the proof above,
we can extend the σ-finite worthy martingale measure to a martingale functional
{Mt(f) : t ≥ 0; f ∈ Bh(E)}. For simplicity we shall only discuss finite worthy
martingale measures in this section, but all the results can be reformulated for σ-
finite worthy martingale measures.

Now suppose we are given a worthy martingale measure {Mt(B) : t ≥
0; B ∈ B(E)} on E with covariance and dominating measures η(ds,dx,dy) and
K(ds,dx,dy), respectively. The martingale functional {Mt(f) : t ≥ 0; f ∈ B(E)}
given in Proposition 7.21 is clearly unique in the following sense: If {Zt(f) : t ≥
0; f ∈ B(E)} is also a martingale functional so that Zt(1B) = Mt(B) a.s. for every
t ≥ 0 and every B ∈ B(E), then Mt(f) = Zt(f) a.s. for every t ≥ 0 and every
f ∈ B(E). A real-valued two-parameter process {hs(x) : s ≥ 0, x ∈ E} is said
to be progressive if for every t ≥ 0 the mapping (ω, s, x) �→ hs(ω, x) restricted
to Ω × [0, t] × E is measurable relative to Gt × B([0, t] × E). Let P = P(Gt)
denote the σ-algebra on Ω × [0,∞) generated by all real-valued left continuous
processes adapted to (Gt). A progressive process {hs(x) : s ≥ 0, x ∈ E} is said
to be predictable if the mapping (ω, s, x) �→ hs(ω, x) is (P ×B(E))-measurable.
Let L 2

K(E) be the space of two-parameter predictable processes h = {hs(x) : s ≥
0, x ∈ E} satisfying

‖h‖K,T :=
{
P

[
(|h|, |h|)K,T

]}1/2
< ∞, T ≥ 0. (7.32)

It is easy to show that each ‖ · ‖K,T is a seminorm on L 2
K(E). We identify h1 and

h2 ∈ L 2
K(E) if ‖h1 − h2‖K,T = 0 for every T ≥ 1. Then



164 7 Martingale Problems of Superprocesses

d2(h1, h2) =
∞∑

n=1

1
2n

(1 ∧ ‖h1 − h2‖K,n) (7.33)

defines a metric on L 2
K(E). We call {qs(x) : s ≥ 0, x ∈ E} a step process if it is

of the form

qs(x) = g0(x)1{0}(s) +
∞∑

i=0

gi(x)1(ri,ri+1](s), (7.34)

where each (ω, x) �→ gi(ω, x) is a (Gri × B(E))-measurable function and {0 =
r0 < r1 < r2 < · · · } is a sequence increasing to infinity. Clearly, a step process is
predictable. Let L 0

K(E) be the set of step processes in L 2
K(E).

Proposition 7.22 The metric space (L 2
K(E), d2) is complete and L 0

K(E) is a
dense subset of L 2

K(E).

Proof. Suppose that {hk} is a Cauchy sequence in L 2
K(E). Then for any fixed

n ≥ 1 the restrictions of {hk} to Ω × [0, n] × E form a Cauchy sequence with
respect to the seminorm ‖ · ‖K,n defined by (7.32). It is easily seen that

Qn(dω, ds,dx,dy) = P(dω)K(ω, ds,dx,dy)

defines a finite measure on G × B((0, n] × E2). For any ε > 0 and j, k ≥ 1 we
have

Qn{(ω, s, x, y) : |hj(ω, s, x) − hk(ω, s, x)| ≥ ε}

≤ 1
ε
P

[ ∫ n

0

∫

E2
|hj(s, x) − hk(s, x)|K(ds,dx,dy)

]

≤ 1
ε
P

[(
|hj − hk|, |hj − hk|

)1/2

K,n
K

(
(0, n] × E2

)1/2
]

≤ 1
ε
‖hj − hk‖K,nP

[
K

(
(0, n] × E2

)]1/2
,

where the second inequality follows from (7.28). Then for each i ≥ 1 we can choose
li ≥ 1 so that

Qn

{
(ω, s, x, y) : |hj(ω, s, x) − hk(ω, s, x)| ≥ 1/2i

}
< 1/2i

for all j, k ≥ li. In addition, we can assume li → ∞ increasingly as i → ∞. Let

Fi =
{
(ω, s, x, y) : |hli(ω, s, x) − hli+1(ω, s, x)| ≥ 1/2i

}

and N1 = ∩∞
m=1 ∪∞

i=m Fi. We have

Qn

( ∞⋃

i=m

Fi

)
≤

∞∑

i=m

1
2i

=
1

2m−1
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and hence Qn(N1) = 0. For any (ω, s, x, y) ∈ N c
1 there is some m ≥ 1 so that

|hli(ω, s, x) − hli+1(ω, s, x)| < 1/2i for all i ≥ m, and hence {hli(ω, s, x)} is a
Cauchy sequence. Now define the predictable process

h(ω, s, x) = lim sup
i→∞

hli(ω, s, x), ω ∈ Ω, s ≥ 0, x ∈ E.

We have hli(ω, s, x) → h(ω, s, x) for all (ω, s, x, y) ∈ N c
1 . Let

N =
{
(ω, s, x, y) ∈ Ω × (0, n] × E2 : (ω, s, x, y) or (ω, s, y, x) ∈ N1

}
.

Then Qn(N) = 0 by the symmetry of K(ds,dx,dy). Moreover, hli(ω, s, x) →
h(ω, s, x) and hli(ω, s, y) → h(ω, s, y) for all (ω, s, x, y) ∈ Nc. For any ε > 0
let m(ε) ≥ 1 be such that ‖hk − hj‖K,n ≤ ε for j, k ≥ m(ε). Letting j → ∞
along the sequence {li} and applying Fatou’s lemma we see ‖hk − h‖K,n ≤ ε
for k ≥ m(ε). Thus ‖hk − h‖K,n → 0 as k → ∞. Since n ≥ 1 was arbitrary,
it is easy to define a process h ∈ L 2

K(E) so that hk → h relative to the metric
defined by (7.33). That gives the first assertion of the proposition. To prove the
second assertion, note that the σ-algebra P × B(E) can be generated by bounded
two-parameter step processes. Let bL 2

K(E) and bL 0
K(E) denote respectively the

sets of bounded elements of L 2
K(E) and L 0

K(E). By Proposition A.1 one sees
that bL 0

K(E) is dense in bL 2
K(E). Now let h ∈ L 2

K(E). For any k ≥ 1 define
hk ∈ bL 2

K(E, k) by hk(ω, s, x) = h(ω, s, x)1{|h(ω,s,x)|≤k}. Then we have

‖hk − h‖2K,n = P

[ ∫ n

0

∫

E2
|h(s, x)h(s, y)|1{|h(s,x)|>k,|h(s,y)|>k}K(ds, dx, dy)

]

,

which tends to zero as k → ∞. Then bL 2
K(E) is dense in L 2

K(E), so bL 0
K(E) is

also dense in L 2
K(E). �


We are now ready to define the stochastic integrals of processes in L 2
K(E) with

respect to the martingale measure {Mt(B) : t ≥ 0; B ∈ B(E)}. For a step process
q ∈ L 0

K(E) given by (7.34), each gi is a deterministic Borel function on E under
the conditional probability P{·|Gri}. Then we can use the martingale functional
induced by {Mt(B) : t ≥ 0; B ∈ B(E)} to define the process {Mri+1∧t(gi) −
Mri∧t(gi) : t ≥ 0}, which is a square-integrable càdlàg (Gt)-martingale first under
P{·|Gri} and then under P. It follows that

Mt(qt) =
∞∑

i=0

[
Mri+1∧t(gi) − Mri∧t(gi)

]
, t ≥ 0

is a square-integrable càdlàg (Gt)-martingale. The increasing process of {Mt(qt) :
t ≥ 0} is clearly given by

〈M(q)〉t =
∫ t

0

∫

E2
qs(x)qs(y)η(ds,dx,dy).

For a general process h ∈ L 2
K(E), choose a sequence {qk} ⊂ L 0

K(E) so that
d2(qk, h) → 0 as k → ∞. By Doob’s martingale inequality,
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P
[

sup
0≤s≤n

Ms(qk(s) − qj(s))2
]
≤ 4P

[
(qk − qj , qk − qj)η,n

]

≤ 4‖qk − qj‖2
K,n,

which tends to zero as j, k → ∞. Then there is a square-integrable càdlàg (Gt)-
martingale {Mt(ht) : t ≥ 0} so that

lim
k→∞

P
[

sup
0≤s≤n

∣
∣Ms(qk(s)) − Ms(hs)

∣
∣2

]
= 0, n ≥ 1.

It is easy to see that {Mt(ht) : t ≥ 0} has increasing process

(h, h)η,t =
∫ t

0

∫

E2
hs(x)hs(y)η(ds,dx,dy). (7.35)

We shall write

Mt(ht) =
∫ t

0

∫

E

hs(x)M(ds,dx)

and call it the stochastic integral of h ∈ L 2
K(E) with respect to {Mt(B) : t ≥

0; B ∈ B(E)}.
We next prove an important property of stochastic integrals with respect to the

martingale measure. Suppose that F is another Lusin topological space and λ is a
finite Borel measure on F . Let {h(s, x, z) : s ≥ 0, x ∈ E, z ∈ F} be a predictable
process satisfying

P
[ ∫

F

λ(dz)
∫ n

0

∫

E2
|h(s, x, z)h(s, y, z)|K(ds,dx,dy)

]

< ∞ (7.36)

for every n ≥ 1. The above condition implies

P
[ ∫ n

0

∫

E2
|h(s, x, z)h(s, y, z)|K(ds,dx,dy)

]

< ∞

for λ-a.e. z ∈ F . Then the stochastic integral

Mt(z) :=
∫ t

0

∫

E

h(s, x, z)M(ds,dx) (7.37)

is well-defined for λ-a.e. z ∈ F . On the other hand, using (7.28) we have

P
[ ∫

F 2

(
|h(z1)|, |h(z2)|

)
K,n

λ(dz1)λ(dz2)
]

≤
∫

F 2
P

[(
|h(z1)|, |h(z1)|

)1/2

K,n

(
|h(z2)|, |h(z2)|

)1/2

K,n

]
λ(dz1)λ(dz2)

≤
∫

F

{
P

[(
|h(z1)|, |h(z1)|

)
K,n

]}1/2

λ(dz1)
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·
∫

F

{
P

[(
|h(z2)|, h(z2)|

)
K,n

]}1/2

λ(dz2)

≤ λ(1)
∫

F

P
[(
|h(z)|, |h(z)|

)
K,n

]
λ(dz). (7.38)

The right-hand side is finite by (7.36). It follows that

H(s, x) :=
∫

F

h(s, x, z)λ(dz), s ≥ 0, x ∈ E (7.39)

defines a predictable process H ∈ L 2
K(E). Therefore

t �→
∫ t

0

∫

E

H(s, x)M(ds,dx)

is well-defined as a square-integrable càdlàg martingale. From (7.39) and (7.37) it
is natural to expect

∫

F

Mt(z)λ(dz) =
∫ t

0

∫

E

H(s, x)M(ds,dx). (7.40)

The above formula is called a stochastic Fubini’s theorem for the martingale mea-
sure, which means that (ω, z) �→ Mt(ω, z) has a (Gt × B(F ))-measurable version
and the equality holds with probability one. To establish the formula rigorously we
first prove the following:

Lemma 7.23 Let h and hk be predictable processes satisfying condition (7.36).
Suppose that (7.40) holds for every hk and

∫

F

P
[(
|hk(z) − h(z)|, |hk(z) − h(z)|

)
K,n

]
λ(dz) → 0 (7.41)

as k → ∞ for every n ≥ 1. Then (7.40) also holds for the process h.

Proof. Step 1. Let Mk(t, z) be defined by the right-hand side of (7.37) with h re-
placed by hk. Since (7.40) holds for hk, the function (ω, z) �→ Mk(ω, t, z) has a
(Gt × B(F ))-measurable version. By (7.41) it is easy to show that

P
[ ∫

F

|Mk(t, z) − Mj(t, z)|2λ(dz)
]

→ 0

as j, k → ∞. Then there is a (Gt ×B(F ))-measurable function (ω, z) �→ Nt(ω, z)
so that

P
[ ∫

F

|Mk(t, z) − Nt(z)|2λ(dz)
]

→ 0, (7.42)

and hence
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∫

F

Mk(t, z)λ(dz) →
∫

F

Nt(z)λ(dz) (7.43)

in L2(Ω,P) because λ is a finite measure. By (7.42) we can choose a sequence {ki}
so that Mki(t, z) → Nt(z) in L2(Ω,P) for λ-a.e. z ∈ F . On the other hand, by
(7.41) there is a subsequence {k′

i} ⊂ {ki} so that ‖hk′
i
(·, ·, z) − h(·, ·, z)‖K,n → 0

for every n ≥ 1 and λ-a.e. z ∈ F . Then Mk′
i
(t, z) → Mt(z) in L2(Ω,P) for λ-a.e.

z ∈ F . It follows that Mt(z) = Nt(z) a.s. for λ-a.e. z ∈ F .
Step 2. Let Hk be defined by the right-hand side of (7.39) with h replaced by hk.

From (7.41) and the calculations in (7.38) we have ‖Hk − H‖K,n → 0 as k → ∞
for every n ≥ 1. It follows that

∫ t

0

∫

E

Hk(s, x)M(ds,dx) →
∫ t

0

∫

E

H(s, x)M(ds,dx) (7.44)

in L2(Ω,P) as k → ∞. By the assumption of the lemma,

∫

F

Mk(t, z)λ(dz) =
∫ t

0

∫

E

Hk(s, x)M(ds,dx).

This together with (7.43) and (7.44) yields a.s.

∫

F

Nt(z)λ(dz) =
∫ t

0

∫

E

H(s, x)M(ds,dx),

which is just what (7.40) means. �


Theorem 7.24 Let {h(s, x, z) : s ≥ 0, x ∈ E, z ∈ F} be a predictable process
satisfying (7.36). Let {Mt(z) : t ≥ 0, z ∈ F} and {H(s, x) : s ≥ 0, x ∈ E} be
defined by (7.37) and (7.39), respectively. Then (7.40) holds a.s. for every t ≥ 0.

Proof. Let H be the class of bounded predictable process h = {h(s, x, z) : s ≥
0, x ∈ E, z ∈ F} for which the theorem holds. Then Lemma 7.23 implies that H is
closed under bounded pointwise convergence. If h(ω, s, x, z) = q(ω, s, x)f(z) for
a bounded (P ×B(E))-measurable function q on Ω × [0,∞)×E and a bounded
B(F )-measurable function f on F , then (7.40) holds clearly. By Proposition A.1,
the class H contains all bounded (P×B(E)×B(F ))-measurable processes. For
a general predictable process h = {h(s, x, z) : s ≥ 0, x ∈ E, z ∈ F} satisfying
(7.36), the result follows from Lemma 7.23 by an approximation using the sequence
defined by hk := h1{|h|≤k}. �


7.4 A Representation for Superprocesses

Suppose that E is a locally compact separable metric space. Let ξ be a Hunt process
in E with transition semigroup (Pt)t≥0 and φ a branching mechanism given by
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(2.26) or (2.27). We assume that (Pt)t≥0 and φ satisfy the conditions specified at
the beginning of the first section and ν(1)2H(x,dν) is a bounded kernel from E to
M(E)◦. Suppose that {Xt : t ≥ 0} is a càdlàg (ξ, φ)-superprocess relative to the
filtration (Gt)t≥0 satisfying P[X0(1)] < ∞.

Theorem 7.25 The martingales defined in (7.23) induce a worthy (Gt)-martingale
measure {Mt(B) : t ≥ 0; B ∈ B(E)} satisfying

Mt(f) =
∫ t

0

∫

E

f(x)M(ds,dx), t ≥ 0, f ∈ D0(A) (7.45)

and having covariance measure defined by

η(ds,dx,dy) = ds

∫

E

2c(z)δz(dx)δz(dy)Xs(dz)

+ds

∫

E

Xs(dz)
∫

M(E)◦
ν(dx)ν(dy)H(z, dν). (7.46)

Proof. We first note that (7.23) and (7.24) define a martingale functional {Mt(f) :
t ≥ 0; f ∈ D0(A)}. For each n ≥ 1 define the measure μn ∈ M(E) by

μn(f) = P
{∫ n

0

ds

∫

E

[

2c(z)f(z) +
∫

M(E)◦
ν(f)ν(1)H(z, dν)

]

Xs(dz)
}

,

where f ∈ B(E). It is well-known that C0(E) is dense in L2(μn); see, e.g., Hewitt
and Stromberg (1965, p.197). Since D0(A) is dense in C0(E) by the supremum
norm, it is also dense in L2(μn). Consequently, for any f ∈ B(E) there is a se-
quence {fk} ⊂ D0(A) so that limk→∞ μn(|fk − f |2) = 0 for every n ≥ 1. By
Doob’s martingale inequality and Corollary 7.15,

P
[

sup
0≤s≤n

Ms(fk − fj)2
]
≤ 4P

{∫ n

0

ds

∫

E

[

2c(z)|fk(z) − fj(z)|2

+
∫

M(E)◦
ν(|fk − fj |)2H(z, dν)

]

Xs(dz)
}

≤ 4P
{∫ n

0

ds

∫

E

[

2c(z)|fk(z) − fj(z)|2

+
∫

M(E)◦
ν(|fk − fj |2)ν(1)H(z, dν)

]

Xs(dz)
}

≤ 4μn(|fk − fj |2).

The right-hand side goes to zero as j, k → ∞. Then there is a square-integrable
càdlàg (Gt)-martingale {Mt(f) : t ≥ 0} so that

lim
k→∞

P
[

sup
0≤s≤t

|Ms(fk) − Ms(f)|2
]

= 0, t ≥ 0.



170 7 Martingale Problems of Superprocesses

It is easy to see that {Mt(f) : t ≥ 0; f ∈ B(E)} is a martingale functional. Let
Mt(B) = Mt(1B) for t ≥ 0 and B ∈ B(E). Then {Mt(B) : t ≥ 0; B ∈ B(E)}
is a worthy martingale measure with covariance measure η(ds,dx,dy). �


It is easy to see that the martingale measure defined by (7.45) is orthogonal if
and only if the branching mechanism φ can be chosen in a way so that H(x,dν)
is concentrated on {uδx : u > 0} for all x ∈ E. The following theorem gives a
representation of the superprocess in terms of a stochastic integral with respect to
the martingale measure.

Theorem 7.26 Let {Mt(B) : t ≥ 0; B ∈ B(E)} be the worthy (Gt)-martingale
measure defined by (7.45) and (7.46). Then for any t ≥ 0 and f ∈ B(E) we have
a.s.

Xt(f) = X0(πtf) +
∫ t

0

∫

E

πt−sf(x)M(ds,dx), (7.47)

where t �→ πtf is defined by (2.35).

Proof. Since (s, x) �→ 1{s≤t}πt−sf(x) is a deterministic measurable function, the
stochastic integral on the right-hand side of (7.47) is well-defined. Let us consider a
partition Δ = {0 = t0 < t1 < · · · < tn = t} of [0, t]. Let |Δ| = max1≤i≤n |ti −
ti−1|. For any f ∈ D0(A)+ one can use Theorem 7.10 to see

d
dt

πtf(x) = (A + γ − b)πtf(x), t ≥ 0, x ∈ E.

It follows that

Xt(f) = X0(πtf) +
n∑

i=1

Xti(πt−tif − πt−ti−1f)

+
n∑

i=1

[
Xti(πt−ti−1f) − Xti−1(πt−ti−1f)

]

= X0(πtf) −
n∑

i=1

∫ t−ti−1

t−ti

Xti((A + γ − b)πsf)ds

+
n∑

i=1

[
Mti(πt−ti−1f) − Mti−1(πt−ti−1f)

]

+
n∑

i=1

∫ ti

ti−1

Xs((A + γ − b)πt−ti−1f)ds.

By letting |Δ| → 0 and using the right continuity of s �→ Xs and the strong con-
tinuity of s �→ πsf we obtain (7.47) for f ∈ D0(A)+. For any f ∈ C0(E) we let
fn = f+

n − f−
n for the functions f+

n and f−
n defined by (7.20). Note that fn → f

in the supremum norm as n → ∞. Using this approximation we get (7.47) for
f ∈ C0(E). The result for a general function f ∈ B(E) follows by Proposition A.1.

�
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To conclude this section, we give an application of the results above by proving
a structural property of the (ξ, φ)-superprocess. For this purpose we consider the
following condition:

Condition 7.27 There exists a σ-finite measure λ on E and a Borel function
(t, x, y) �→ pt(x, y) on (0,∞) × E2 so that

Pt(x,dy) = pt(x, y)λ(dy), t > 0, x, y ∈ E,

and there exists a constant 0 < α < 1 and a locally bounded function t �→ C(t) on
[0,∞) so that

pt(x, y) ≤ t−αC(t), t > 0, x, y ∈ E.

Theorem 7.28 Suppose that Condition 7.27 holds. Then for every t > 0 we have
P{Xt is absolutely continuous with respect to λ} = 1.

Proof. By the expression (2.37) one can show that for any t > 0 and x ∈ E the
finite measure πt(x,dy) is absolutely continuous with respect to λ(dy) with density
qt(x, y) satisfying

qt(x, y) ≤ g(t) := t−αe‖b‖tC(t) + K(t), t > 0, x, y ∈ E,

where t �→ K(t) is a locally bounded function on [0,∞). Let f ∈ C0(E)+ be a
strictly positive function satisfying 〈λ, f〉 < ∞ and define λf (dz) = f(z)λ(dz).
Let {Mt(B) : t ≥ 0; B ∈ B(R)} be the martingale measure defined by (7.45) and
(7.46). Recall that c0 = ‖b−‖ + ‖γ(·, 1)‖ and set qs(x, z) = 0 for s ≤ 0. For any
n ≥ 1 we have

P
[ ∫

E

λf (dz)
∫ n

0

∫

E2
qt−s(x, z)qt−s(y, z)η(ds,dx,dy)

]

≤ P
[ ∫ t

0

g(t − s)ds

∫

E

2c(x)πt−sf(x)Xs(dx)
]

+P
[ ∫ t

0

g(t − s)ds

∫

E

Xs(dx)
∫

M(E)◦
ν(πt−sf)ν(1)H(x,dν)

]

≤ ec0t‖f‖P
[ ∫ t

0

g(t − s)ds

∫

E

q(x, 1)Xs(dx)
]

< ∞,

where q(x, 1) is defined by (2.59) with f = 1. Then using Theorems 7.24 and 7.26
we get

Xt(f) =
∫

E

Yt(z)λf (dz) =
∫

E

f(z)Yt(z)λ(dz),

where

Yt(z) =
∫

E

qt(x, z)X0(dx) +
∫ t

0

∫

E

qt−s(x, z)M(ds,dx).
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By considering a sequence {fn} dense in C0(E)+ we obtain the desired result. �


Example 7.2 If ξ is a Brownian motion in R, then Condition 7.27 holds with λ being
the Lebesgue measure. Thus for the super-Brownian motion the random measures
{Xt : t > 0} are absolutely continuous with respect to the Lebesgue measure.

7.5 Transforms by Martingales

In this section, we assume E is a locally compact separable metric space and ξ is
a Hunt process with Feller transition semigroup (Pt)t≥0. Let us consider a local
branching mechanism φ given by (2.45) with constant function b(x) ≡ b ≥ 0.
Suppose in addition that c ∈ C(E)+ and x �→ (u ∧ u2)m(x,du) is continuous
by weak convergence on (0,∞). Let X = (W0, G̃ , G̃t, Xt, Q̃μ) be the subprocess
of the (ξ, φ)-superprocess generated by the multiplicative functional {mt : t ≥ 0}
given by (6.25). Recall that μ̂ = μ(1)−1μ for μ ∈ M(E)◦. Let L0 be defined by
(7.12) for the local branching mechanism.

Theorem 7.29 Under Q̃μ the process {Xt : t ≥ 0} solves the martingale problem:
For any F ∈ D0 given by (7.11),

F (Xt) =
∫ t

0

L0F (Xs)ds + 2
∫ t

0

ds

∫

E

c(x)F ′(Xs; x)X̂s(dx)

+
∫ t

0

ds

∫

E

X̂s(dx)
∫ ∞

0

[F (Xs + uδx) − F (Xs)]um(x,du)

+ local mart. (7.48)

Proof. Let H(μ) = μ(1)F (μ) for μ ∈ M(E). The operator L0 can still be applied
to H although the function is not necessarily in D0. In fact, it is easy to see that

H ′(μ; x) = F (μ) + μ(1)F ′(μ; x)

and

H ′′(μ; x) = 2F ′(μ; x) + μ(1)F ′′(μ; x).

Then we have

L0H(μ) = μ(1)(L0 − b)F (μ) + 2
∫

E

c(x)F ′(μ; x)μ(dx)

+
∫

E

μ(dx)
∫ ∞

0

[F (μ + uδx) − F (μ)]um(x,du).

By extending Theorem 7.13 slightly and applying it to suitable truncations of H we
get
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H(Xt) =
∫ t

0

Xs(1)(L0 − b)F (Xs)ds + 2
∫ t

0

ds

∫

E

c(x)F ′(Xs; x)Xs(dx)

+
∫ t

0

ds

∫

E

Xs(dx)
∫ ∞

0

[F (Xs + uδx) − F (Xs)]um(x,du)

+ local mart.

under Qμ. By integration by parts,

ebtH(Xt) =

∫ t

0
ebsXs(1)L0F (Xs)ds + 2

∫ t

0
ebsds

∫

E

c(x)F ′(Xs; x)Xs(dx)

+

∫ t

0
ebsds

∫

E

Xs(dx)

∫ ∞

0
[F (Xs + uδx) − F (Xs)]um(x, du)

+ local mart.

=

∫ t

0
ebsXs(1)J(Xs)ds + local mart., (7.49)

where

J(Xs) = L0F (Xs) + 2
∫

E

c(x)F ′(Xs; x)X̂s(dx)

+
∫

E

X̂s(dx)
∫ ∞

0

[F (Xs + uδx) − F (Xs)]um(x,du).

Since t �→ ebtXt(1) is a martingale under Qμ, we can use integration by parts again
to the right-hand side of (7.49) to see

ebtXt(1)F (Xt) = ebtH(Xt) = ebtXt(1)
∫ t

0

J(Xs)ds + local mart.

Then we have (7.48) under Q̃μ by a simple calculation. �


Now suppose that (Ω,G , Gt,P) is a probability space satisfying the usual hy-
pothesis. Let {Xt : t ≥ 0} be a continuous M(E)-valued adapted process satis-
fying P[〈X0, 1〉] < ∞. For b ∈ C(M(E) × E) and c ∈ C(E)+ we consider the
following martingale problem: For every f ∈ D0(A) the process

Mt(f) = 〈Xt, f〉 − 〈X0, f〉 −
∫ t

0

〈Xs, Af − b(Xs)f〉ds (7.50)

is a square-integrable (Gt)-martingale with increasing process

〈M(f)〉t =
∫ t

0

ds

∫

E

2c(x)f(x)2Xs(dx). (7.51)

This should be compared with the martingale problem given by (7.23) and (7.25).
If {Xt : t ≥ 0} is a solution of the martingale problem above, we can follow the
arguments in Section 7.3 to show that there is a continuous (Gt)-martingale measure
{Mt(B) : t ≥ 0; B ∈ B(E)} satisfying



174 7 Martingale Problems of Superprocesses

Mt(f) =
∫ t

0

∫

E

f(x)M(ds,dx), t ≥ 0, f ∈ D0(A) (7.52)

and having covariance measure

η(ds,dx,dy) = ds

∫

E

2c(z)δz(dx)δz(dy)Xs(dz). (7.53)

Then for any function β ∈ C(M(E)×E) we can define the continuous and strictly
positive local martingale {Zt : t ≥ 0} by

Zt = exp
{ ∫ t

0

∫

E

β(Xs, x)M(ds,dx) −
∫ t

0

ds

∫

E

c(x)β(Xs, x)2Xs(dx)
}

.

Lemma 7.30 Suppose that {Xt : t ≥ 0} is a solution of the martingale problem
given by (7.50) and (7.51). Then {Zt : t ≥ 0} is actually a (Gt)-martingale.

Proof. It suffices to prove P[Zt] = 1 for every t ≥ 0; see, e.g., Ikeda and Watanabe
(1989, p.152). For each n ≥ 1 let τn = inf{t ≥ 0 : 〈Xt, 1〉 ≥ n}. It is easy to see
that τn → ∞ as n → ∞. Observe also that

P
[

exp
{∫ t∧τn

0

ds

∫

E

c(x)β(Xs, x)2Xs(dx)
}]

< ∞.

Then {Zt∧τn : t ≥ 0} is a continuous and strictly positive (Gt)-martingale. It fol-
lows that

1 = P[Zt∧τn ] = P[Zt∧τn1{τn≤t}] + P[Zt∧τn1{τn>t}]. (7.54)

For fixed n ≥ 1 and t ≥ 0 we define the new probability measure Pt on Gt by
Pt(dω) = Zt∧τn(ω)P(dω). Under the measure Pt, for each f ∈ D0(A),

Nu(f) := Mu∧τn(f) − 2
∫ u∧τn

0

〈Xs, cβ(Xs)f〉ds, 0 ≤ u ≤ t, (7.55)

is a square-integrable martingale with increasing process given by

〈N(f)〉u = 2
∫ u∧τn

0

ds

∫

E

c(x)f(x)2Xs(dx);

see, e.g., Ikeda and Watanabe (1989, p.191). Since (Pt)t≥0 is conservative, it is
easy to extend the martingale problems to the constant function f = 1 with A1 = 0.
Consequently, for any 0 ≤ u ≤ t we have

Pt[〈Xu∧τn , 1〉] ≤ Pt[〈X0, 1〉] + ‖2cβ − b‖
∫ u

0

Pt[〈Xs∧τn , 1〉]ds,

where
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Pt[〈X0, 1〉] = P[〈X0, 1〉Zt∧τn ] = P[〈X0, 1〉].

Then Gronwall’s inequality implies

Pt[〈Xu∧τn , 1〉] ≤ P[〈X0, 1〉] exp{‖2cβ − b‖u}. (7.56)

From (7.50) and (7.55) it follows that

Pt
{

sup
0≤s≤t

〈Xs∧τn , 1〉 ≥ n
}

≤ Pt{〈X0, 1〉 ≥ n/3} + Pt

{

sup
0≤s≤t

|Ns(1)| ≥ n/3
}

+ ‖2cβ − b‖Pt

{∫ t

0

〈Xs∧τn , 1〉ds ≥ n/3
}

.

By Doob’s martingale inequality,

Pt
{

sup
0≤s≤t

|Ns(1)| ≥ n/3
}
≤ 18‖c‖

n2

∫ t

0

Pt[〈Xs∧τn , 1〉]ds.

In view of (7.56), we can use Chebyshev’s inequality to see

lim
n→∞

P[Zt∧τn1{τn≤t}] = lim
n→∞

Pt
{

sup
0≤s≤t

〈Xs∧τn , 1〉 ≥ n
}

= 0.

Then letting n → ∞ in (7.54) we get P[Zt] = 1. �

Theorem 7.31 Suppose that c ∈ C(E)+ is bounded away from zero. Then there is
a unique solution to the martingale problem given by (7.50) and (7.51).

Proof. If {Xt : t ≥ 0} is a solution of the martingale problem given by (7.50) and
(7.51) under P and if PZ is the probability measure on (Ω,G ) such that PZ(dω) =
Zt(ω)P(dω) on Gt for every t ≥ 0, then for each f ∈ D0(A),

Mt(f) = 〈Xt, f〉 − 〈X0, f〉 −
∫ t

0

〈Xs, Af − b(Xs)f + 2cβ(Xs)f〉ds

is a square-integrable (Gt)-martingale with increasing process (7.51) under PZ .
Here we may assume (Ω,G , Gt) is the P-augmentation of the canonical space con-
sisting of continuous paths from [0,∞) to M(E), which is a standard measurable
space, so that the measure PZ described as above is well-defined; see, e.g., Ikeda
and Watanabe (1989, p.190). By Corollary 7.16 the existence and uniqueness of the
martingale problem given by (7.50) and (7.51) hold for b(x) ≡ 0. Since c ∈ C(E)+

is bounded away from zero, using changes of the probability measures as the above
one can see the existence and uniqueness also hold for a general b ∈ C(M(E)×E).

�

Here we may interpret {Xt : t ≥ 0} as a superprocess with interactive growth

rate given by the function b(μ, x). The transformation based on the strictly positive
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martingale {Zt : t ≥ 0} used in the above proof is known as Dawson’s Girsanov
transform.

7.6 Notes and Comments

A systematic treatment of martingale problems for diffusions was given in Stroock
and Varadhan (1979). Those for Markov processes with abstract state spaces were
discussed in Ethier and Kurtz (1986). Nonlinear functional integral and differential
evolution equations were discussed in Pazy (1983). Our approach in Section 7.1
is different from that of Pazy (1983) and uses heavily the special structures of the
cumulant semigroup.

The approach of martingale problems plays an important role in the study of
measure-valued processes. Martingale problems for Dawson–Watanabe superpro-
cesses with Feller spatial motion and binary branching mechanism were stud-
ied in Roelly (1986). The treatment in Section 7.2 follows El Karoui and Roelly
(1991). Fitzsimmons (1988, 1992) studied martingale problems of superprocesses
in the Borel right setting. Our main references for worthy martingale measures are
El Karoui and Méléard (1990) and Walsh (1986). Dawson (1978) first used the
Girsanov type transform to derive superprocesses with interactive branching struc-
tures. Martingale problems of the type given by (7.50) and (7.51) were considered in
Etheridge (2004) and Fournier and Méléard (2004) in the study of locally regulated
population models; see also Méléard and Roelly (1993). Martingale problems for
superprocesses with general killing rates were studied in Leduc (2006). Champag-
nat and Roelly (2008) gave a martingale problem characterization for a continuous
multitype superprocess conditioned on non-extinction, and proved several results on
the long-time behavior of the conditioned superprocess.

Let b ∈ C(R) and c ∈ C(R)+. Then the super-Brownian motion {Xt : t ≥ 0}
on R with local branching mechanism φ(x, z) ≡ b(x)z + c(x)z2 has a continuous
realization. It was proved in Konno and Shiga (1988) that {Xt : t > 0} has a con-
tinuous density field {Xt(x) : t > 0, x ∈ R} with respect to the Lebesgue measure.
The density field solves the following stochastic partial differential equation:

∂

∂t
Xt(x) =

√
2c(x)Xt(x)Ẇ (t, x) +

1
2
ΔXt(x) − b(x)Xt(x), (7.57)

where {W (t, x) : t ≥ 0, x ∈ R} is a time–space white noise based on the Lebesgue
measure and the dot denotes the derivative in distribution sense. The above equation
should be understood in the weak sense, that is, for any f ∈ C2(R) we have

∫

R

f(x)Xt(x)dx =
∫

R

f(x)X0(dx) +
∫ t

0

∫

R

f(x)
√

2c(x)Xs(x)W (ds,dx)

+
∫ t

0

ds

∫

R

[1
2
f ′′(x) − b(x)f(x)

]
Xs(x)dx.
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A special case of (7.57) was established independently in Reimers (1989). Simi-
lar stochastic partial differential equations driven by stable noises were studied in
Mueller (1998) and Mytnik (1998a, 2002). In the past years, a lot of attention has
been paid to the study of stochastic partial differential equations. A theory of the
subject was developed in Walsh (1986) on the basis of martingale measures. Mueller
(2009) gave a recent survey of the tools and results for stochastic parabolic equations
with emphasis on the techniques from Dawson–Watanabe superprocesses and inter-
acting particle systems; see also Krylov (1997). The approaches of Hilbert spaces
and Sobolev spaces for stochastic partial differential equations were developed in
Da Prato and Zabczyk (1992) and Krylov (1996).

A mutually catalytic super-Brownian motion on the real line was constructed in
Dawson and Perkins (1998) as the solution of a system of stochastic partial differen-
tial equations. The uniqueness in law of the solution was proved in Mytnik (1998b)
by a duality method. The construction of the mutually catalytic super-Brownian
motion on the plane is a hard problem. This was settled by Dawson et al. (2002a,
2002b, 2003). See Dawson and Fleischmann (2002) and Klenke (2000) for reviews
of the study of catalytic and mutually catalytic branching models. Stochastic differ-
ential equations driven by the path processes of Brownian motions were introduced
in Perkins (1995, 2002) in the construction of superprocesses with interaction. A
super-Brownian motion with interaction was constructed in Delmas and Dhersin
(2003) using the technique of Brownian snake. Athreya et al. (2002) constructed
some classes of super-Markov chains with state-dependent branching rates and spa-
tial motions.

Let {Xt : t ≥ 0} be a super-Brownian motion on R
d with binary local branching

mechanism. Then for d ≥ 2 and t > 0 the random measure Xt has support with
Hausdorff dimension two and distributes its mass over the support in a deterministic
manner; see, e.g., Perkins (2002, p.209 and p.212). For d ≥ 2 it was proved in
Tribe (1994) that Xt can be approximated by suitably normalized restrictions of the
Lebesgue measure to the ε-neighborhoods of support of the random measure. The
analogous result for the more difficult case d = 2 was established in Kallenberg
(2008), which leads to a simple derivation of the property of deterministic mass
distribution.

The key assumption of a Dawson–Watanabe superprocess is the independence
of different particles in the approximating system. When dependence is introduced
into the branching or migrating mechanisms, the characterization of the limiting
measure-valued process usually becomes very difficult. The method of dual pro-
cesses plays an important role in the analysis of the uniqueness of martingale prob-
lems for measure-valued processes. A general theory of duality was developed in
Ethier and Kurtz (1986). The reader may refer to Dawson (1993) for systematic
applications of this method to measure-valued processes. The approach of filtered
martingale problems introduced by Kurtz (1998) and Kurtz and Ocone (1988) is
another important tool in handling the uniqueness of martingale problems.

A superprocess with dependent spatial motion over the real line R was con-
structed in Dawson et al. (2001), generalizing the model of Wang (1997a, 1998a).
Let c ∈ C2(R) and σ ∈ C2(R)+. Let h ∈ C1(R) and assume both h and h′ are
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square-integrable. Let

ρ(x) =
∫

R

h(y − x)h(y)dy and a(x) = c(x)2 + ρ(0), x ∈ R. (7.58)

The superprocess with dependent spatial motion is a diffusion process {Xt : t ≥ 0}
in M(R) characterized by the following martingale problem: For each f ∈ C2(R),

Mt(f) = 〈Xt, f〉 − 〈X0, f〉 −
1
2

∫ t

0

〈Xs, af ′′〉ds, (7.59)

is a continuous martingale with quadratic variation process

〈M(f)〉t =
∫ t

0

〈Xs, σf2〉ds +
∫ t

0

ds

∫

R

〈Xs, h(z − ·)f ′〉2dz. (7.60)

The process {Xt : t ≥ 0} arises as a weak limit of critical branching particle
systems with dependent spatial motion. Consider a family of independent Brownian
motions {Bi(t) : t ≥ 0, i = 1, 2, . . .} and a time–space white noise {W (dt, dy) :
t ≥ 0, y ∈ R}. Suppose that {Bi(t) : t ≥ 0, i = 1, 2, . . .} and {W (dt, dy) : t ≥
0, y ∈ R} are independent. The migration of the particle with label i ≥ 1 in the
approximating system is defined by the stochastic differential equation

dxi(t) = c(xi(t))dBi(t) +
∫

R

h(y − xi(t))W (dt, dy).

The uniqueness of solution of the martingale problem given by (7.59) and (7.60)
was established in Dawson et al. (2001) by considering a function-valued dual pro-
cess. Clearly, the superprocess with dependent spatial motion reduces to a usual
critical branching Dawson–Watanabe superprocess if h ≡ 0. On the other hand,
when σ ≡ 0, branching does not occur and the total mass of the process remains un-
changed as time passes. By considering a stochastic equation driven by a time–space
white noise and the path process of a Brownian motion, Gill (2009) unified the ap-
proaches of Dawson et al. (2001) and Perkins (1995, 2002) and gave a new class of
measure-valued diffusions. Ren et al. (2009) introduced a superprocess with depen-
dent spatial motion in a bounded domain in R

d with killing boundary. A discontinu-
ous superprocess with dependent spatial motion and general branching mechanism
was constructed in He (2009). Some probability-valued Markov processes arising
from consistent particle systems were studied in Ma and Xiang (2001) and Xiang
(2009).



Chapter 8
Entrance Laws and Excursion Laws

The main purpose of this chapter is to investigate the structures of entrance laws
for Dawson–Watanabe superprocesses. In particular, we establish a one-to-one cor-
respondence between minimal probability entrance laws for a superprocess and en-
trance laws for its spatial motion. Based on this result, a complete characterization is
given for infinitely divisible probability entrance laws of the superprocess. We also
prove some supporting properties of Kuznetsov measures determined by entrance
laws. Finally we discuss briefly the special case where the underlying process is an
absorbing-barrier Brownian motion in a domain. The results presented here will be
used in the study of immigration superprocesses.

8.1 Some Simple Properties

Suppose that E is a Lusin topological space. Let (Qt)t≥0 and (Vt)t≥0 denote re-
spectively the transition semigroup and the cumulant semigroup of an MB-process
with state space M(E). Recall that (Vt)t≥0 always has the representation (2.5) and
E◦ is the set of points x ∈ E so that (2.9) holds. Let (Q◦

t )t≥0 denote the restriction
of (Qt)t≥0 to M(E)◦.

Theorem 8.1 Given a bounded entrance law (K◦
t )t>0 for (Q◦

t )t≥0, we can define
a bounded entrance law (Kt)t>0 for (Qt)t≥0 by

Kt = lim
s→0

∫

M(E)◦
K◦

s (dμ)Qt−s(μ, ·), t > 0. (8.1)

Moreover, the above relation determines a one-to-one correspondence of bounded
entrance laws (K◦

t )t>0 for (Q◦
t )t≥0 with bounded entrance laws (Kt)t>0 for

(Qt)t≥0 satisfying limt→0 Kt({0}) = 0.

Proof. If (K◦
t )t>0 is a bounded entrance law for (Q◦

t )t≥0, the limit (8.1) clearly
exists and defines a bounded entrance law (Kt)t>0 for (Qt)t≥0. In fact, Kt is the
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extension of K◦
t to M(E) so that

Kt({0}) = lim
s→0

K◦
s (M(E)◦) − K◦

t (M(E)◦),

which implies limt→0 Kt({0}) = 0. Conversely, if (Kt)t>0 is a bounded entrance
law for (Qt)t≥0 satisfying limt→0 Kt({0}) = 0, we let K◦

t be the restriction of Kt

to M(E)◦. It is easy to see that (K◦
t )t>0 is a bounded entrance law for (Q◦

t )t≥0 and
(8.1) holds. Then we have the desired one-to-one correspondence. ��

Theorem 8.2 Let K = (Kt)t>0 be a family of infinitely divisible probability mea-
sures on M(E) given by

∫

M(E)

e−ν(f)Kt(dν)

= exp
{

− ηt(f) −
∫

M(E)◦

(
1 − e−ν(f)

)
Ht(dν)

}

, (8.2)

where ηt ∈ M(E) and [1 ∧ ν(1)]Ht(dν) is a finite measure on M(E)◦. Then K is
an entrance law for (Qt)t≥0 if and only if

ηr+t =
∫

E

ηr(dy)λt(y, ·) and Hr+t =
∫

E

ηr(dy)Lt(y, ·) + HrQ
◦
t , (8.3)

for all r, t > 0.

Proof. By Theorem 1.35 the family of infinitely divisible probability measures
(Kt)t>0 on M(E) can be represented by (8.2). By Proposition 2.6 one can see
(8.3) gives an alternative expression for the relation Kr+t = KrQt. ��

Corollary 8.3 If H = (Ht)t>0 is a σ-finite entrance law for the restricted semi-
group (Q◦

t )t≥0 satisfying

∫

M(E)◦
[1 ∧ ν(1)]Ht(dν) < ∞, t > 0, (8.4)

then
∫

M(E)

e−ν(f)Kt(dν) = exp
{

−
∫

M(E)◦

(
1 − e−ν(f)

)
Ht(dν)

}

(8.5)

defines an infinitely divisible probability entrance law K = (Kt)t>0 for (Qt)t≥0.

Corollary 8.4 If E◦ = E, then (8.5) establishes a one-to-one correspondence be-
tween infinitely divisible probability entrance laws K for (Qt)t≥0 and σ-finite en-
trance laws H for (Q◦

t )t≥0 satisfying (8.4).

We next turn to the special case of a (ξ, φ)-superprocess X . Here we assume ξ is
a Borel right process in E with transition semigroup (Pt)t≥0 and φ is a branching
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mechanism given by (2.26) or (2.27). A sufficient condition for the cumulant semi-
group of the (ξ, φ)-superprocess to admit the representation (2.9) for all x ∈ E is
the following:

Condition 8.5 There is a spatially constant local branching mechanism z �→ φ∗(z)
so that φ′

∗(z) → ∞ as z → ∞ and φ is bounded below by φ∗ in the sense

φ(x, f) ≥ φ∗(f(x)), x ∈ E, f ∈ B(E)+. (8.6)

Theorem 8.6 Suppose that Condition 8.5 is satisfied. Then we have E◦ = E.

Proof. Let Vt : f �→ vt(·, f) and V ∗
t : f �→ v∗

t (·, f) denote the cumulant semi-
groups of the (ξ, φ)- and the (ξ, φ∗)-superprocesses, respectively. Let λ �→ v∗t (λ)
denote the cumulant semigroup of the CB-process with branching mechanism φ∗.
Then for any constant λ ≥ 0 we have v∗t (x, λ) ≤ v∗t (λ) with equality if (Pt)t≥0 is
conservative. On the other hand, by Corollary 5.18 we have vt(x, λ) ≤ v∗t (x, λ).
Now suppose there exist t > 0 and x ∈ E so that vt(x, f) is represented by
the right-hand side of (2.5) with λt(x, 1) > 0. By Theorem 3.10, v∗

t (λ) has
the representation (3.15) for t > 0, so (∂/∂λ)v∗t (λ) → 0 as λ → ∞. Then
vt(x, λ) ≥ λt(x, 1)λ ≥ v∗t (λ) for sufficiently large λ ≥ 0, yielding a contradic-
tion. That proves λt(x, 1) = 0 for all t > 0 and x ∈ E. ��

Let γ(x,dy) be the kernel on E defined by (2.28) and let (πt)t≥0 be the semi-
group of kernels defined by (2.35). By Proposition A.49 we have ‖πt‖ ≤ ec0t for
all t ≥ 0, where c0 = ‖b−‖ + ‖γ(·, 1)‖. To study the structures of entrance laws
for the (ξ, φ)-superprocess, we need to clarify some connections between entrance
laws for the underlying semigroup (Pt)t≥0 and those for (πt)t≥0. Let K (P ) be the
set of entrance laws κ = (κt)t>0 for (Pt)t≥0 satisfying

∫ 1

0

κs(1)ds < ∞ (8.7)

and let K (π) be the set of entrance laws for (πt)t≥0 satisfying the above integral
condition. In particular, if (Pt)t≥0 is a conservative semigroup, then K (P ) coin-
cides with the space of bounded entrance laws for (Pt)t≥0.

Proposition 8.7 There is a one-to-one correspondence between κ ∈ K (P ) and
η ∈ K (π) given by

ηt(f) = lim
r→0

κr(πt−rf) and κt(f) = lim
r→0

ηr(Pt−rf), (8.8)

where t > 0 and f ∈ B(E). Moreover, if the two entrance laws are related by (8.8),
we have

ηt(f) = κt(f) +
∫ t

0

κt−s((γ − b)πsf)ds (8.9)

for t > 0 and f ∈ B(E).
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Proof. Suppose that κ ∈ K (P ). For t > r > 0 and f ∈ B(E) we can use (2.35)
and the entrance law property of κ = (κt)t>0 to see

κr(πt−rf) = κt(f) +
∫ t−r

0

κt−s((γ − b)πsf)ds. (8.10)

Then the first limit in (8.8) exists and is given by (8.9). Clearly, the family η =
(ηt)t>0 constitute an entrance law for (πt)t≥0. Moreover, we have

ηt(1) ≤ κt(1) + c0

∫ t

0

κt−s(πs1)ds ≤ κt(1) + c0ec0t

∫ t

0

κs(1)ds,

and hence η ∈ K (π). From (8.9) and the entrance law property of (κt)t>0 it follows
that

ηr(Pt−rf) = κt(f) +
∫ r

0

κr−s((γ − b)πsPt−rf)ds.

By letting r → 0 we obtain the second equality in (8.8). Conversely, suppose that
η ∈ K (π). For f ∈ B(E)+ we get from (2.34) and (2.36) that

e−‖b+‖tPtf(x) ≤ P b
t f(x) ≤ πtf(x). (8.11)

Then for any t > s > r > 0 we have

e‖b+‖rηr(Pt−rf) ≤ e‖b+‖sηr(πs−rPt−sf) = e‖b+‖sηs(Pt−sf).

Consequently, we can define an entrance law κ = (κt)t>0 for (Pt)t≥0 by

κt(f) = lim
r→0

e‖b+‖rηr(Pt−rf) = lim
r→0

ηr(Pt−rf). (8.12)

Clearly, the above relation also holds for all f ∈ B(E). In view of (8.11) and (8.12),
we have

κt(1) = lim
r→0

ηr(Pt−r1) ≤ lim
r→0

e‖b+‖tηr(πt−r1) ≤ e‖b+‖tηt(1),

and hence κ ∈ K (P ). Then we use (2.35) and the entrance law property of (ηt)t>0

to see

ηt(f) = ηr(Pt−rf) +
∫ t−r

0

ηr(Pt−r−s(γ − b)πsf)ds.

By letting r → 0 in both sides we get (8.9). The first equality in (8.8) follows from
(8.10). ��

The above proof also gives the following:
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Corollary 8.8 If κ ∈ K (P ) and η ∈ K (π) are related by (8.8) and (8.9), then for
every t > 0 we have

e−‖b+‖tκt(1) ≤ ηt(1) ≤ κt(1) + c0ec0t

∫ t

0

κs(1)ds. (8.13)

Let (Qt)t≥0 denote the transition semigroup of the (ξ, φ)-superprocess defined
by (2.32) and (2.33). Let K (Q) be the set of σ-finite entrance laws K = (Kt)t>0

for the semigroup (Qt)t≥0 satisfying

∫ 1

0

ds

∫

M(E)◦
ν(1)Ks(dν) < ∞ (8.14)

and let K (Q◦) be the set of entrance laws for the restricted semigroup (Q◦
t )t≥0

satisfying the above integral condition. By Corollary 2.28 we have
∫

M(E)

ν(f)Qt(μ,dν) = μ(πtf), t ≥ 0, f ∈ B(E)+, (8.15)

where (πt)t≥0 is the semigroup defined by (2.35). Based on (8.15) and Corollary 8.8
it is simple to check that for any K ∈ K (Q) or K (Q◦) we can define η := πK ∈
K (π) and κ := pK ∈ K (P ) by

ηt(f) =
∫

M(E)◦
ν(f)Kt(dν) (8.16)

and

κt(f) = lim
r→0

∫

M(E)◦
ν(Pt−rf)Kr(dν), (8.17)

where t > 0 and f ∈ B(E).

8.2 Minimal Probability Entrance Laws

Suppose that ξ is a Borel right process in the Lusin topological space E with transi-
tion semigroup (Pt)t≥0 and φ is a branching mechanism given by (2.26) or (2.27).
Let (Qt)t≥0 be the transition semigroup of the (ξ, φ)-superprocess defined by (2.32)
and (2.33). Given κ ∈ K (P ) we set

St(κ, f) = κt(f) −
∫ t

0

ds

∫

E

φ(y, Vsf)κt−s(dy) (8.18)

for t > 0 and f ∈ B(E)+. In particular, if κ ∈ K (P ) is closed by μ ∈ M(E), we
have St(κ, f) = μ(Vtf).
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Lemma 8.9 If κ ∈ K (P ) and η ∈ K (π) are related by (8.8), then for any t > 0
and f ∈ B(E)+ we have

St(κ, f) = lim
r→0

κr(Vt−rf) =↓lim
r→0

ηr(Vt−rf). (8.19)

Proof. By (2.33) for t > r > 0 and f ∈ B(E)+ we have

κr(Vt−rf) = κt(f) −
∫ t−r

0

ds

∫

E

φ(y, Vsf)κt−s(dy).

Then the first equality in (8.19) holds. The second equality follows similarly from
(2.33) and (8.9). ��

Lemma 8.10 The entrance law κ ∈ K (P ) is non-trivial if and only if we have
limt→0 limθ→∞ St(κ, θ) = ∞.

Proof. From (8.19) we see f �→ St(κ, f) is an increasing functional, so the limit
limθ→∞ St(κ, θ) exists in [0,∞]. By (8.19) and (8.18) for any θ0 ≥ 0 we have

lim inf
t→0

lim
θ→∞

St(κ, θ) ≥ lim
t→0

St(κ, θ0) = lim
t→0

κt(θ0) = θ0 lim
t→0

κt(1).

If κ ∈ K (P ) is non-trivial, then limt→0 κt(1) > 0 and hence

lim
t→0

lim
θ→∞

St(κ, θ) = ∞.

If κ ∈ K (P ) is trivial, then St(κ, θ) = 0 for all t > 0 and θ ≥ 0. ��

For 0 < a ≤ ∞ write K ∈ K a(Q) if K ∈ K (Q) and Kt(1) = a for all
t > 0. Similarly, we write K ∈ K a(Q◦) if K ∈ K (Q◦) and limt→0 Kt(1) =
a. Let K a

m(Q) and K a
m(Q◦) denote the sets of minimal elements of K a(Q) and

K a(Q◦), respectively. Let K (P )◦ = K (P ) \ {0}, where 0 is the trivial entrance
law of (Pt)t≥0.

Theorem 8.11 To each κ ∈ K (P ) there corresponds an entrance law K := lκ ∈
K 1

m(Q) given by
∫

M(E)

e−ν(f)Kt(dν) = exp{−St(κ, f)}, t > 0, f ∈ B(E)+. (8.20)

Moreover, (8.20) and (8.17) give a one-to-one correspondence between K 1
m(Q) and

K (P ).

Proof. Step 1. Suppose that κ ∈ K (P ) and η ∈ K (π) are related by (8.8). By
Lemma 8.9 we have

∫

M(E)

e−ν(f)Qt−r(ηr, dν) = exp{−ηr(Vt−rf)} → exp{−St(κ, f)}
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increasingly as r → 0. Then an application of Theorem 1.20 shows that (8.20)
really defines a family of probability measures K = (Kt)t>0 on M(E). By (2.33)
and (8.18) it is easy to show that Sr+t(κ, f) = Sr(κ, Vtf), so K is an entrance law
for (Q)t≥0. In view of (8.18) and (8.9) we have (d/dθ)St(κ, θf)|θ=0+ = ηt(f) and
hence (8.16) holds. In particular, we have K ∈ K 1(Q). Write K = lκ = λη. By
Proposition 8.7 we have πK = η and pK = κ. Therefore plκ = κ for κ ∈ K (P )
and πλη = η for η ∈ K (π).

Step 2. We claim K = λπK = lpK for every K ∈ K 1
m(Q). To see this let

QK be the probability measure on M(E)(0,∞) under which the coordinate process
{wt : t > 0} is a Markov process with one-dimensional distributions (Kt)t>0 and
semigroup (Qt)t≥0. Since K is minimal, by Dynkin (1978, p.724) we have QK-a.s.

∫

M(E)

e−ν(f)Kt(dν) = lim
n→∞

exp{−wrn(Vt−rnf)} (8.21)

for any sequence rn → 0. By (8.15),

wrn(Vt−rnf) ≤ wrn(πt−rnf) = QK

[
wt(f)

∣
∣ws : 0 < s ≤ rn

]
.

Then the family of random variables {wrn(Vt−rnf) : 0 < rn ≤ t} is uniformly
QK-integrable. By (8.21) and dominated convergence we have

− log
∫

M(E)

e−ν(f)Kt(dν) = lim
n→∞

QK

[
wrn(Vt−rnf)

]

= lim
n→∞

πKrn(Vt−rnf) = St(pK, f),

where the last equality follows by Lemma 8.9. That proves K = lpK. Then the
results in the first step imply K = λπK.

Step 3. Now it suffices to show lκ ∈ K 1
m(Q) for all κ ∈ K (P ). By Dynkin

(1978, p.723) there is a probability measure F on K 1
m(Q) such that

lκt =
∫

K 1
m(Q)

HtF (dH).

Let G be the image of F under the mapping p : K 1
m(Q) → K (P ). By the results

proved in the first two steps it follows that

exp{−St(κ, f)} =
∫

K (P )

exp{−St(μ, f)}G(dμ).

Since u �→ e−u is a strictly convex function, G must be the unit mass concentrated
at κ. Then F is the unit mass at lκ, yielding lκ ∈ K 1

m(Q). ��

Corollary 8.12 There is a one-to-one correspondence between K◦ ∈ K 1
m(Q◦) and

κ ∈ K (P )◦ given by
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∫

M(E)◦
(1 − e−ν(f))K◦

t (dν) = 1 − exp{−St(κ, f)}, (8.22)

where t > 0 and f ∈ B(E)+.

Proof. For the entrance laws K ∈ K 1(Q) and K◦ ∈ K 1(Q◦) related by (8.1) one
can see that K ∈ K 1

m(Q) if and only if K◦ ∈ K 1
m(Q◦). On the other hand, for the

entrance laws κ ∈ K (P ) and K ∈ K 1
m(Q) related by (8.20) we have

Kt({0}) = lim
θ→∞

∫

M(E)

e−ν(θ)Kt(dν) = lim
θ→∞

exp{−St(κ, θ)}.

By Lemma 8.10, we have limt→0 Kt({0}) = 0 if and only if κ ∈ K (P ) is non-
trivial. Then the result follows from Theorem 8.11. ��

In the special case where (Pt)t≥0 is a conservative Borel right semigroup, let Ē
be a Ray–Knight completion of E with respect to this semigroup. Let (P̄t)t≥0 be
the Ray extension of (Pt)t≥0 to Ē. Let ED ⊂ Ē be the entrance space of (Pt)t≥0.
In this chapter, we only need the restriction of (P̄t)t≥0 to ED, which is also a Borel
right semigroup. We extend f �→ φ(·, f) to an operator f̄ �→ φ̄(·, f̄) from B(ED)+

to B(ED) by setting φ̄(x, f̄) = φ(x, f) for x ∈ E and φ̄(x, f̄) = 0 for x ∈ ED \E,
where f = f̄ |E is the restriction to E of f̄ ∈ B(ED)+. Then for every f̄ ∈ B(ED)+

there is a unique locally bounded positive solution t �→ V̄tf̄ to the equation

V̄tf̄(x) = P̄tf̄(x) −
∫ t

0

ds

∫

ED

φ̄(y, V̄sf̄(y))P̄t−s(x,dy), (8.23)

where t ≥ 0 and x ∈ ED. That defines a cumulant semigroup (V̄t)t≥0 with underly-
ing space ED. By Proposition A.36 for t > 0 and x ∈ ED the probability measure
P̄t(x, ·) is carried by E. Then we can also regard (V̄t)t>0 as operators from B(E)+

to B(ED)+. Indeed, for f ∈ B(E)+ we have

V̄tf(x) = P̄tf(x) −
∫ t

0

ds

∫

E

φ(y, Vsf)P̄t−s(x,dy), (8.24)

where t > 0 and x ∈ ED.

Theorem 8.13 If (Pt)t≥0 is a conservative semigroup, there is a one-to-one corre-
spondence between K ∈ K 1

m(Q) and μ ∈ M(ED) given by
∫

M(E)

e−ν(f)Kt(dν) = exp{−μ(V̄tf)}, t > 0, f ∈ B(E)+. (8.25)

Proof. Since (Pt)t≥0 is conservative, every κ ∈ K (P ) is finite. By Theorem A.37
the relation κt = μP̄t gives a one-to-one correspondence between κ ∈ K (P ) and
μ ∈ M(ED). Using Lemma 8.9 it is easy to show that St(κ, f) = μ(V̄tf) for t > 0
and f ∈ B(E)+. Then (8.25) follows from (8.20). ��
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Corollary 8.14 If (Pt)t≥0 is a conservative semigroup, there is a one-to-one cor-
respondence between K◦ ∈ K 1

m(Q◦) and μ ∈ M(ED)◦ given by
∫

M(E)◦
(1 − e−ν(f))K◦

t (dν) = 1 − exp{−μ(V̄tf)}, t > 0, f ∈ B(E)+.

8.3 Infinitely Divisible Probability Entrance Laws

In this section, we study the structures of infinitely divisible probability entrance
laws for the (ξ, φ)-superprocess. Suppose that ξ is a Borel right process in E with
transition semigroup (Pt)t≥0 and φ is a branching mechanism given by (2.26) or
(2.27). Let b+ = 0 ∨ b and b− = 0 ∨ (−b). Let γ(x,dy) be the kernel on E defined
by (2.28) and let c0 = ‖b−‖+‖γ(·, 1)‖. Let (Qt)t≥0 denote the transition semigroup
of the (ξ, φ)-superprocess defined by (2.32) and (2.33).

We first consider the case where (Pt)t≥0 is conservative. Let ED be the entrance
space of ξ and let (V̄t)t≥0 be the extension of (Vt)t≥0 on B(ED)+ defined by (8.23).
Let γ̄(x,dy) be the extension of γ(x,dy) to ED so that γ̄(x,ED \ E) = 0 for
x ∈ E and γ̄(x,ED) = 0 for x ∈ ED \E. Let (π̄t)t≥0 be the semigroup of kernels
on ED defined by (2.35) from (P̄t)t≥0 and γ̄(x,dy). Since (V̄t)t≥0 is a cumulant
semigroup, it can be represented in the form of (2.5). However, in view of (8.24),
for t > 0 and x ∈ ED we can write

V̄tf(x) = λt(x, f) +
∫

M(E)◦

(
1 − e−ν(f)

)
Lt(x,dν), f ∈ B(E)+, (8.26)

where λt(x,dy) is a bounded kernel from ED to E and ν(1)Lt(x,dν) is a bounded
kernel from ED to M(E)◦. Let E◦

D be the set of points x ∈ ED so that λt(x,E) = 0
for all t > 0.

Theorem 8.15 Suppose that (Pt)t≥0 is a conservative semigroup. Then an entrance
law K ∈ K 1(Q) is infinitely divisible if and only if it has the representation

∫

M(E)

e−ν(f)Kt(dν)

= exp
{

− γD(V̄tf) −
∫

M(ED)◦
(1 − e−ν(V̄tf))GD(dν)

}

, (8.27)

where γD ∈ M(ED) and GD(dν) is a σ-finite measure on M(ED)◦ satisfying
∫

M(ED)◦
ν(1)GD(dν) < ∞. (8.28)

Proof. By Theorem 8.13 it is easy to see that (8.27) defines an infinitely divisible
entrance law K ∈ K 1(Q). By letting f ≡ θ ≥ 0 and differentiating both sides at
θ = 0 we obtain
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∫

M(E)◦
ν(1)Kt(dν) = γD(π̄t1) −

∫

M(ED)◦
ν(π̄t1)GD(dν).

Applying (8.11) and Proposition A.49 to (π̄t)t≥0 gives

e−‖b+‖t ≤ π̄t1(x) ≤ ec0t, t ≥ 0, x ∈ ED.

Then (8.14) is equivalent to (8.28). On the other hand, since K 1(Q) is a simplex,
if K ∈ K 1(Q) is an infinitely divisible entrance law, by Theorem 8.13 there is a
probability measure FD(dν) on M(ED) so that

∫

M(E)

e−ν(f)Kt(dν) =
∫

M(ED)

e−μ(V̄tf)FD(dμ), t > 0, f ∈ B(E)+.

Since (V̄t)t≥0 corresponds to a Borel right semigroup (Q̄t)t≥0 on M(ED), we have
FD = limt→0 Kt by the weak convergence of probability measures on M(ED).
Then FD is infinitely divisible and the representation (8.27) follows. ��

Corollary 8.16 Suppose (Pt)t≥0 is a conservative semigroup. Then H ∈ K (Q◦)
if and only if it is given by

∫

M(E)◦
(1 − e−ν(f))Ht(dν)

= γD(V̄tf) +
∫

M(ED)◦
(1 − e−ν(V̄tf))GD(dν), (8.29)

where γD ∈ M(E◦
D) and GD(dν) is a σ-finite measure on M(ED)◦ satisfying

(8.28).

Proof. It is easy to see that (8.29) defines an entrance law H ∈ K (Q◦). Conversely,
by Corollary 8.3 and Theorem 8.15 any H ∈ K (Q◦) can be represented by (8.29)
for γD ∈ M(ED) and a σ-finite measure GD(dν) on M(ED)◦ satisfying (8.28).
Since the formula defines a family of σ-finite measures (Ht)t>0 on M(E)◦, the
measure γD ∈ M(ED) must be carried by E◦

D. ��

Corollary 8.17 Suppose (Pt)t≥0 is a conservative semigroup. Then H ∈ K ∞
m (Q◦)

if and only if there exist q > 0 and x ∈ E◦
D so that

Ht(dν) = qLt(x,dν), t > 0, ν ∈ M(E)◦.

Now let us turn to a general underlying semigroup (Pt)t≥0 not necessarily con-
servative. Let (πt)t≥0 be the semigroup defined by (2.35). We can define a strictly
positive function h ∈ B(E)+ by

h(x) =
∫ 1

0

πs1(x)ds, x ∈ E. (8.30)

Proposition 8.18 Let b0 = c0 + ‖b+‖. Then for t ≥ 0 and x ∈ E we have
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e−b0tPth(x) ≤ e−c0tπth(x) ≤ h(x). (8.31)

Moreover, the function h is b0-excessive for (Pt)t≥0.

Proof. By Proposition A.49 it is simple to see that (e−c0tπt)t≥0 is a contraction
semigroup. Then by (8.11) we have

e−b0tPth(x) ≤ e−c0tπth(x) =
∫ 1

0

e−c0tπsπt1(x)ds ≤ h(x).

That proves (8.31). On the other hand, from (8.30) we get

πth(x) =
∫ 1+t

0

πs1(x)ds −
∫ t

0

πs1(x)ds.

Then t �→ πth(x) is right continuous. By Proposition A.42 we see t �→ Pth(x) is
also right continuous. Therefore h is a b0-excessive function for (Pt)t≥0. ��

To investigate the structures of infinitely divisible entrance laws K ∈ K 1(Q) for
a general underlying semigroup (Pt)t≥0, we introduce some transformations based
on the result of Proposition 8.18. We first define a Borel right semigroup (Tt)t≥0 on
E by

Ttf(x) = h(x)−1P b0
t (hf)(x), t ≥ 0, x ∈ E, f ∈ B(E); (8.32)

see, e.g., Sharpe (1988, pp.298–299). Moreover, by (2.5) it is easy to show that

Utf(x) = h(x)−1Vt(hf)(x), t ≥ 0, x ∈ E, f ∈ B(E)+

defines a cumulant semigroup on E. Indeed, by Proposition 8.18 we have

Utf(x) ≤ πh
t f(x) := h(x)−1πt(hf)(x) ≤ ‖f‖ec0t. (8.33)

By Proposition 2.9 we can rewrite (2.33) into

Vtf(x) = P b0
t f(x) +

∫ t

0

ds

∫

E

[
b0Vsf(y) − φ(y, Vsf)

]
P b0

t−s(x,dy).

Then (t, x) �→ Utf(x) satisfies

Utf(x) = Ttf(x) +
∫ t

0

ds

∫

E

γ0(y, Usf)Tt−s(x,dy)

+
∫ t

0

ds

∫

E

[b0 − b(y)]Usf(y)Tt−s(x,dy)

−
∫ t

0

ds

∫

E

ψ0(y, Usf)Tt−s(x,dy), (8.34)

where γ0(y, f) = h(y)−1γ(y, hf) and
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ψ0(y, f) = c(y)h(y)f(y)2 + h(y)−1

∫

M(E)◦

[
e−ν(hf) − 1 + ν(hf)

]
H(y, dν).

Note that although f �→ γ0(·, f) and f �→ ψ0(·, f) are not necessarily bounded
operators on B(E)+, the second and last terms on the right-hand side of (8.34) are
bounded. Indeed, by (2.36) and Proposition 2.9 we have

πtf(x) = P b0
t f(x) +

∫ t

0

ds

∫

E

γ(y, πsf)P b0
t−s(x,dy)

+
∫ t

0

ds

∫

E

[b0 − b(y)]πsf(y)P b0
t−s(x,dy).

Then (8.33) yields

πh
t f(x) = Ttf(x) +

∫ t

0

ds

∫

E

γ0(y, πh
s f)Tt−s(x,dy)

+
∫ t

0

ds

∫

E

[b0 − b(y)]πh
s f(y)Tt−s(x,dy)

≥ Ttf(x) +
∫ t

0

ds

∫

E

γ0(y, Usf)Tt−s(x,dy)

+
∫ t

0

ds

∫

E

[b0 − b(y)]Usf(y)Tt−s(x,dy).

Since Utf(x) is positive, each term in (8.34) is bounded by ‖f‖ec0t.
Now let (T ∂

t )t≥0 be the conservative extension of (Tt)t≥0 to E∂ := E ∪ {∂}
with ∂ being an isolated point. Let (T̄ ∂

t )t≥0 be the Ray extension of (T ∂
t )t≥0 to its

entrance space E∂,T
D with the Ray topology. Let ET

D = E∂,T
D \ {∂} and let (T̄t)t≥0

be the restriction of (T̄ ∂
t )t≥0 to ET

D. Then ET
D is Lusin and (T̄t)t≥0 is a Borel right

semigroup. It is known that for any t > 0 and x ∈ ET
D the measure T̄t(x, ·) is

supported by E; see Proposition A.36. Given f̄ ∈ B(ET
D)+ let f = f̄ |E . By (8.34)

it is easy to show that the limit Ūtf̄(x) := limr→0 T̄rUt−rf(x) exists for all t > 0
and x ∈ ET

D. Let Ū0f̄(x) = f̄(x) for x ∈ ET
D. Then (Ūt)t≥0 constitute a cumulant

semigroup on ET
D. Moreover, we have

Ūtf̄(x) = T̄tf̄(x) +
∫ t

0

ds

∫

E

γ0(y, Usf)T̄t−s(x,dy)

+
∫ t

0

ds

∫

E

[b0 − b(y)]Usf(y)T̄t−s(x,dy)

−
∫ t

0

ds

∫

E

ψ0(y, Usf)T̄t−s(x,dy) (8.35)

for t ≥ 0 and x ∈ ET
D. By the observations in the last paragraph, each term in

(8.35) is bounded by ‖f̄‖ec0t. Obviously, we can also regard (Ūt)t>0 as operators
from B(E)+ to B(ET

D)+.
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Lemma 8.19 There is a one-to-one correspondence between μ ∈ M(ET
D) and κ ∈

K (P ) determined by

κt(f) = eb0tμ(T̄t(h−1f)), t > 0, f ∈ B(E)+. (8.36)

Moreover, if κ and μ are related by (8.36), we have

St(κ, f) = μ(Ūt(h−1f)), t > 0, f ∈ B(E)+. (8.37)

Proof. Let μ ∈ M(ET
D) and define the family of measures κ = (κt)t>0 by (8.36).

Observe that

κr(Ptf) = eb0rμT̄r(h−1Ptf) = eb0(r+t)μT̄rTt(h−1f) = κr+t(f)

for all r, t > 0 and f ∈ B(E). Moreover, by (8.32) and (8.36) it is easy to see that

∫ 1

0

κs(1)ds = lim
r→0

∫ 1

r

eb0sμT̄s(h−1)ds = lim
r→0

∫ 1

r

μT̄r(h−1Ps−r1)ds

≤ lim
r→0

∫ 1

r

e‖b+‖(s−r)μT̄r(h−1πs−r1)ds

≤ lim
r→0

e‖b+‖μT̄r(1) = e‖b+‖μ(1),

where we also used (8.11) for the first inequality. Then we have κ ∈ K (P ). Con-
versely, given κ ∈ K (P ), we first define an entrance law ν = (νt)t>0 for the
semigroup (Tt)t≥0 by νt(f) = e−b0tκt(hf). Observe that

ν0+(1) :=↑lim
t→0

νt(1) =↑lim
t→0

e−b0t

∫ 1

0

κt(πs1)ds =
∫ 1

0

ηs(1)ds < ∞,

where η ∈ K (π) is defined by (8.9). For t > 0 define ν̃t ∈ M(E∂) by ν̃t|E = νt

and ν̃t({∂}) = ν0+(1) − νt(1). It is simple to see that (ν̃t)t>0 is a finite entrance
law for the conservative Borel right semigroup (T ∂

t )t≥0. By Theorem A.37 there
exists a measure ν̃0 ∈ M(E∂,T

D ) such that ν̃t = ν̃0T̄
∂
t for t > 0. Then

κt(f) = eb0tνt(h−1f) = eb0tμT̄t(h−1f)

with μ being the restriction of ν̃0 to ET
D. Finally, assume that κ and μ are related by

(8.36). If f ∈ B(E)+ is bounded by const · h we can use Lemma 8.9 to see

St(κ, f) = lim
r→0

κr(Vt−rf) = lim
r→0

eb0rμT̄r(h−1Vt−rf)

= lim
r→0

μT̄r(Ut−r(h−1f)) = μ(Ūt(h−1f)).

Then we obtain (8.37) for all f ∈ B(E)+ by taking increasing limits. ��

Theorem 8.20 The entrance law K ∈ K 1(Q) is infinitely divisible if and only if it
has the representation
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∫

M(E)

e−ν(f)Kt(dν)

= exp
{

− St(κ, f) −
∫

K (P )◦
(1 − e−St(μ,f))F (dμ)

}

, (8.38)

where κ ∈ K (P ) and F (dμ) is a σ-finite measure on K (P )◦ satisfying

∫ 1

0

ds

∫

K (P )◦
μs(1)F (dμ) < ∞. (8.39)

Proof. By Theorem 8.11 any entrance law K ∈ K 1(Q) corresponds to a probabil-
ity measure J on K (P ) such that

∫

M(E)

e−ν(f)Kt(dν) =
∫

K (P )

exp{−St(μ, f)}J(dμ)

for every f ∈ B(E)+. Then by Lemma 8.19 there is a probability measure H on
M(ET

D) such that
∫

M(E)

e−ν(f)Kt(dν) =
∫

M(ET
D)

exp{−μ(Ūt(h−1f))}H(dμ). (8.40)

For any f̄ ∈ C(ET
D)+ we can use the above equality to see

∫

M(ET
D)

e−μ(f̄)H(dμ) = lim
t→0

∫

M(E)

e−ν(hf̄)Kt(dν). (8.41)

Using (8.40) and (8.41) one can see K is an infinitely divisible probability entrance
law if and only if H is an infinitely divisible probability measure. In this case, we
have the representation

∫

M(ET
D)

e−μ(f̄)H(dμ) = exp
{

− γT
D(f̄) −

∫

M(ET
D)◦

(
1 − e−ν(f̄)

)
GT

D(dν)
}

,

where γT
D ∈ M(ET

D) and [1 ∧ ν(1)]GT
D(dν) is a finite measure on M(ET

D)◦. Then
(8.38) follows by (8.40) and another application of Lemma 8.19. Using the notation
introduced in the proof of Theorem 8.11, we can differentiate both sides of (8.38) to
get

∫

M(E)

ν(f)Kt(dν) = πlκt(f) +
∫

K (P )◦
πlμt(f)F (dμ), (8.42)

where ηt = πlκt is defined by (8.9) and πlμt is defined similarly. By (8.42) and
Corollary 8.8 one can show (8.39) is equivalent to (8.14). ��

The theorem above gives a complete characterization of infinitely divisible en-
trance laws in K 1(Q). This result also yields a representation for the entrance laws
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for the restricted semigroup (Q◦
t )t≥0. Indeed, by Corollary 8.3 and Theorem 8.20

an entrance law H ∈ K (Q◦) can always be represented as
∫

M(E)◦
(1 − e−ν(f))Ht(dν)

= St(κ, f) +
∫

K (P )◦
(1 − exp{−St(μ, f)})F (dμ), (8.43)

where κ ∈ K (P ) and F (dμ) is a σ-finite measure on K (P )◦ satisfying (8.39).
Then an application of Corollary 8.4 gives the following:

Corollary 8.21 Suppose that Condition 8.5 is satisfied. Then H ∈ K (Q◦) if and
only if it is given by (8.43) for κ ∈ K (P ) and for a σ-finite measure F (dμ) on
K (P )◦ satisfying (8.39).

8.4 Kuznetsov Measures and Excursion Laws

In this section, we prove some supporting properties of the Kuznetsov measures
corresponding to unbounded entrance laws for the (ξ, φ)-superprocess, which typ-
ically lead to excursion laws. We assume ξ is a Borel right process in E and φ is
a branching mechanism given by (2.26) or (2.27). Let (Qt)t≥0 and (Vt)t≥0 be re-
spectively the transition and cumulant semigroups of the (ξ, φ)-superprocess. Recall
that K (Q◦) is the set of entrance laws for the restricted semigroup (Q◦

t )t≥0 satis-
fying (8.14). Let W+

0 be the space of right continuous paths t �→ wt from (0,∞) to
M(E) having zero as a trap. Let (A 0, A 0

t ) be the natural σ-algebras on W+
0 gener-

ated by the coordinate process. By Theorem A.40 each entrance law H ∈ K (Q◦)
determines a Kuznetsov measure QH(dw), which is the unique σ-finite measure on
(W+

0 , A 0) such that QH({0}) = 0 and

QH(wt1 ∈ dν1, wt2 ∈ dν2, . . . , wtn ∈ dνn)
= Ht1(dν1)Q◦

t2−t1(ν1, dν2) · · ·Q◦
tn−tn−1

(νn−1, dνn) (8.44)

for every {t1 < · · · < tn} ⊂ (0,∞) and {ν1, . . . , νn} ⊂ M(E)◦. Roughly speak-
ing, the above formula means that {wt : t > 0} under QH is a Markov process
in M(E)◦ with transition semigroup (Q◦

t )t≥0 and one-dimensional distributions
(Ht)t>0.

Let γ(x,dy) be the kernel on E defined by (2.28) and let (πt)t≥0 be the semi-
group defined by (2.35). If the underlying semigroup (Pt)t≥0 is conservative, the
function (s, x) �→ πs1(x) is bounded away from zero on [0, u]×E for every u > 0.
In this case, we fix a constant u > 0 and define the conservative inhomogeneous
transition semigroup (Qu

r,t : 0 ≤ r ≤ t ≤ u) on M(E)◦ by

Qu
r,t(μ,dν) = μ(πu−r1)−1ν(πu−t1)Q◦

t−r(μ,dν).
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For any a > 0 let K a(Qu) denote the class of finite entrance laws H := (Ht : 0 <
t ≤ u) for (Qu

r,t : 0 ≤ r ≤ t ≤ u) satisfying Ht(M(E)◦) = a for 0 < t ≤ u.
Given any K ∈ K (Q◦) we can let

a =
∫

M(E)◦
ν(1)Ku(dν)

and define Hu ∈ K a(Qu) by

Hu
t (dν) = ν(πu−t1)Kt(dν), 0 < t ≤ u. (8.45)

Recall that ‖πt‖ ≤ ec0t for all t ≥ 0, where c0 = ‖b−‖ + ‖γ(·, 1)‖.

Theorem 8.22 Let x ∈ E◦ and let Qx be the Kuznetsov measure on W+
0 corre-

sponding to the entrance law L(x) := {Lt(x, ·) : t > 0} defined by (2.9). Then for
Qx-a.e. w ∈ W+

0 we have wt → 0 and wt(1)−1wt → δx in M(E) as t → 0.

Proof. Step 1. We first assume the underlying semigroup (Pt)t≥0 is conservative.
For fixed u > 0 let a = πu1(x) and define Hu ∈ K a(Qu) by (8.45) with K
replaced by L(x). Then

Qu
x(dw) := a−1wu(1)Qx(dw) = πu1(x)−1wu(1)Qx(dw)

defines a probability measure on W+
0 . Under this measure, the coordinate process

{wt : 0 < t ≤ u} is Markovian with transition semigroup (Qu
r,t : 0 ≤ r ≤ t ≤

u) and one-dimensional distributions (a−1Hu
t : 0 < t ≤ u). By Corollary 8.17,

L(x) ∈ K ∞(Q◦) is a minimal entrance law. Then Hu ∈ K a(Qu) is a minimal
entrance law. It follows that Qu

x is trivial on A 0
0+; see Dynkin (1978, p.724) or

Sharpe (1988, p.199). For any f ∈ B(E)+ we can use the martingale convergence
theorem to get Qu

x-a.s.

Vuf(x) =
∫

M(E)◦

(
1 − e−ν(f)

)
ν(1)−1Hu

u (dν)

= πu1(x)Qu
x

[(
1 − e−wu(f)

)
wu(1)−1

]

= lim
s→0

πu1(x)Qu
x

[(
1 − e−wu(f)

)
wu(1)−1

∣
∣A 0

s

]

= lim
s→0

πu1(x)
∫

M(E)◦

(
1 − e−ν(f)

)
ν(1)−1Qu

s,u(ws, dν)

= lim
s→0

πu1(x)ws(πu−s1)−1
(
1 − e−ws(Vu−sf)

)
. (8.46)

Let W+
u = {w ∈ W+

0 : wu(1) > 0}. Then Qu
x(dw) and Qx(dw) are absolutely

continuous with respect to each other on W+
u . Observe also that W+

v ⊂ W+
u for

any v ≥ u. Then (8.46) holds for Qx-a.e. w ∈ W+
v . Since (Pt)t≥0 is conservative,

(8.11) and (8.46) imply

Vuf(x) ≤ lim inf
s→0

ec0uws(πu−s1)−1 ≤ lim inf
s→0

e(c0+‖b+‖)uws(1)−1.
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Then letting u → 0 and f → ∞ we see ws(1) → 0 as s → 0 for Qx-a.e. w ∈ W+
v .

Since W+
0 = {0} ∪ (∪v>0W

+
v ) and Qx({0}) = 0, we have ws(1) → 0 as s → 0

for Qx-a.e. w ∈ W+
0 .

Step 2. Let R be a countable Ray cone for (Pt)t≥0 that generates the Ray–Knight
completion Ē of E. Recall that each f ∈ R can be extended uniquely to a function
f̄ ∈ C(Ē)+. By a similar reasoning as in the first step, for any v ≥ u we have

πuf(x) =
∫

M(E)◦
ν(f)Lu(x,dν)

= lim
s→0

πu1(x)ws(πu−s1)−1ws(πu−sf) (8.47)

for Qx-a.e. w ∈ W+
v . Take any w ∈ W+

v along which the above relation holds for
all f ∈ R and all rational u ∈ (0, v]. Let α = α(f) ≥ 0 be a constant so that f ∈ R
is α-excessive for (Pt)t≥0. By the proof of Corollary 2.34, there is a constant β ≥ α
so that πtf ≤ e2βtf for all t ≥ 0. Then by (8.11) and (8.47) we can see

πuf(x) ≤ lim inf
s→0

e(c0−‖b+‖+2β)uws(1)−1ws(f) (8.48)

and

e2βuf(x) ≥ lim sup
s→0

e−(2‖b+‖+c0)uws(1)−1ws(Puf), (8.49)

where we have also used the relation Pu−sf ≥ e−αsPuf for the second inequality.
Step 3. Let sk = sk(w) > 0 be any sequence so that sk → 0 and wsk

(1)−1wsk
→

ŵ0 in M(Ē) as k → ∞, where ŵ0 is a probability measure on Ē. By (8.48) we have

πuf(x) ≤ e(c0−‖b+‖+2β)uŵ0(f̄).

Then letting u → 0 along rationals gives f(x) ≤ ŵ0(f̄). Let θ > 2β. Since u �→
e−(θ+2‖b+‖+c0)uPuf is decreasing, by (8.49) for any integer n ≥ 1 we have

∞∑

i=0

1
n

e−(θ−2β)i/nf(x) ≥ lim sup
s→0

ws(1)−1ws(fv),

where

fv =
∫ v

0

e−(θ+2‖b+‖+c0)uPufdu.

Then letting n → ∞ gives
∫ ∞

0

e−(θ−2β)uf(x)du ≥ lim sup
s→0

ws(1)−1ws(fv). (8.50)

Let (Uα)α>0 denote the resolvent of (Pt)t≥0 and let (Ūα)α>0 denote its Ray ex-
tension. It is elementary to see



196 8 Entrance Laws and Excursion Laws

Uθ+2‖b+‖+c0f =
∞∑

k=0

∫ v

0

e−(θ+2‖b+‖+c0)(kv+u)Pkv+ufdu

≤
∞∑

k=0

∫ v

0

e−(θ+2‖b+‖+c0)(kv+u)ekαvPufdu

=
∞∑

k=0

e−k(θ+2‖b+‖+c0−α)vfv

≤ (1 − e−(θ−α)v)−1fv. (8.51)

From (8.50) and (8.51) we get
∫ ∞

0

e−(θ−2β)uf(x)du ≥ (1 − e−(θ−α)v)ŵ0(Ūθ+2‖b+‖+c0 f̄).

Multiplying both sides of the above equality by θ > 2β and letting θ → ∞ we
obtain f(x) ≥ ŵ0(f̄). It follows that f(x) = ŵ0(f̄) and hence ŵ0 = δx because
{f̄1− f̄2 : f1, f2 ∈ R} is uniformly dense in C(Ē). That implies ws(1)−1ws → δx

for Qx-a.e. w ∈ W+
v first in M(Ē) and then in M(E). Since u > 0 was arbitrary,

the theorem follows when (Pt)t≥0 is conservative.
Step 4. For a non-conservative underlying semigroup (Pt)t≥0, we extend it to

a conservative semigroup (P̃t)t≥0 on the Lusin topological space Ẽ := E ∪ {∂}
with ∂ being an isolated cemetery. Take a spatially constant local branching mech-
anism z �→ φ∗(z) satisfying φ′

∗(z) → ∞ as z → ∞. For f̃ ∈ B(Ẽ)+ let
φ̃(∂, f̃) = φ∗(f̃(∂)) and let φ̃(x, f̃) = φ(x, f̃ |E) if x ∈ E. From those exten-
sions we can use an analogue of (2.33) to define the cumulant semigroup (Ṽt)t≥0,
which can be represented by (2.5) with (λt, Lt) replaced by (λ̃t, L̃t). If we extend
the definition of f ∈ B(E)+ to Ẽ by setting f(∂) = 0, it is not hard to show
Ṽtf(x) = Vtf(x) for t ≥ 0 and x ∈ E. Then λt(x, ·) = λ̃t(x, ·)|E for t ≥ 0 and
x ∈ E. In particular, we have λ̃t(x,E) = 0 for t > 0 and x ∈ E◦. Let (vt)t≥0 be
the cumulant semigroup of the CB-process with branching mechanism z �→ φ∗(z),
which admits the representation (3.4). Since ∂ is a cemetery for (P̃t)t≥0, we have

Ṽtf̃(∂) =
∫ ∞

0

(
1 − e−uf̃(∂)

)
lt(du), t > 0, f̃ ∈ B(Ẽ)+.

Thus λ̃t(∂, Ẽ) = 0 for t > 0. For any t > 0 and x ∈ E◦ one can choose sufficiently
small r > 0 and use Corollary 2.7 to see

λ̃t(x, Ẽ) =
∫

Ẽ

λ̃r(x,dy)λ̃t−r(y, Ẽ) = 0.

It follows that

Ṽtf̃(x) =
∫

M(Ẽ)◦

(
1 − e−ν(f̃)

)
L̃t(x,dν), f̃ ∈ B(Ẽ)+. (8.52)
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Let W̃+
0 be the space of right continuous paths t �→ w̃t from (0,∞) to M(Ẽ) having

zero as a trap and let Q̃x be the Kuznetsov measure on W̃+
0 corresponding to the

entrance law L̃(x) := {L̃t(x, ·) : t > 0} defined by (8.52). Then {w̃t|E : t > 0}
under Q̃x is equivalent to {wt : t > 0} under Qx. By Steps 1 and 3, for Q̃x-a.e.
w̃ ∈ W̃+

0 we have limt→0 w̃t(E) ≤ limt→0 w̃t(Ẽ) = 0 and

lim
t→0

w̃t(E)−1w̃t(f) = lim
t→0

w̃t(Ẽ)−1w̃t(f)
w̃t(Ẽ)−1w̃t(E)

= f(x)

for any f ∈ C(E). That proves the theorem. ��

By Theorem 8.22, for any x ∈ E◦ the Kuznetsov measure Qx is actually carried
by the paths w ∈ W+

0 satisfying wt → 0 and wt(1)−1wt → δx in M(E) as t → 0.
We call those paths excursions starting at x ∈ E◦ and call Qx an excursion law for
the (ξ, φ)-superprocess. The following theorem gives an alternate characterization
of the excursion law.

Theorem 8.23 Let t > 0 and assume λ ∈ M([0, t]) satisfies λ({0}) = 0. For a
bounded positive Borel function (s, x) �→ fs(x) on [0, t] × E let (r, x) �→ ur(x) be
the unique bounded positive solution of (5.26). Then for any x ∈ E◦ we have

Qx

[

1 − exp
{
−

∫

(0,t]

ws(fs)λ(ds)
}]

= u0(x). (8.53)

Proof. Let ξ = (Ω,F ,Fr,t, ξt,Pr,x) and X = (W, G , Gr,t, Xt,Qr,μ) be real-
izations of the underlying spatial motion and the (ξ, φ)-superprocess, respectively,
started from the arbitrary initial time r ≥ 0. By the Markov property of Qx and
Theorem 5.15 we have

Qx

[

1 − exp
{
−

∫

(0,t]

ws(fs)λ(ds)
}]

= lim
ε→0

Qx

[

1 − exp
{
−

∫

[ε,t]

ws(fs)λ(ds)
}]

= lim
ε→0

QxQε,wε

[

1 − exp
{
−

∫

[ε,t]

Xs(fs)λ(ds)
}]

= lim
ε→0

Qx

[
1 − exp{−wε(uε)}

]
= lim

ε→0
v0(x, uε), (8.54)

where (r, x) �→ ur(x) is defined by (5.26) and (r, x) �→ vr(x) = vr(x, uε) is
defined by

vr(x) +
∫ ε

r

Pr,x[φ(ξs, vs)]ds = Pr,xuε(ξε). (8.55)

Combining (5.26) and (8.55) gives

v0(x, uε) = P0,xuε(ξε) −
∫ ε

0

P0,x[φ(ξs, vs(·, uε))]ds
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= P0,xPε,ξε

[ ∫

[ε,t]

fs(ξs)λ(ds)
]

− P0,xPε,ξε

[ ∫ t

ε

φ(ξs, us)ds

]

−
∫ ε

0

P0,x[φ(ξs, vs(·, uε))]ds

= P0,x

[ ∫

[ε,t]

fs(ξs)λ(ds)
]

− P0,x

[ ∫ t

ε

φ(ξs, us)ds

]

−
∫ ε

0

P0,x[φ(ξs, vs(·, uε))]ds,

which converges to u0(x) as ε → 0. Then (8.53) follows from (8.54). ��

Using the excursion law, we can give a reconstruction of the trajectory of the
(ξ, φ)-superprocess. Suppose that μ ∈ M(E) is supported by E◦ and N(dw) is a
Poisson random measure on W+

0 with intensity
∫

E◦
μ(dx)Qx(dw), w ∈ W+

0 .

We define the measure-valued process {Xt : t ≥ 0} by X0 = μ and

Xt =
∫

W+
0

wtN(dw), t > 0. (8.56)

Theorem 8.24 For t ≥ 0 let Gt be the σ-algebra generated by the collection of
random variables {N(A) : A ∈ A 0

t }. Then {(Xt, Gt) : t ≥ 0} is a realization of
the (ξ, φ)-superprocess.

Proof. For any t > 0 and f ∈ B(E)+ we can use Theorem 1.25 to see

P
[
exp{−Xt(f)}

]
= exp

{

−
∫

E◦
Qx

(
1 − exp{−wt(f)}

)
μ(dx)

}

= exp
{

−
∫

E◦
μ(dx)

∫

M(E)◦

(
1 − e−ν(f)

)
Lt(x,dν)

}

= exp
{

−
∫

E

Vtf(x)μ(dx)
}

.

Then the random measure Xt has distribution Qt(μ, ·) on M(E). Let t > r > 0
and let h be a bounded positive function on W+

0 measurable relative to A 0
r . For

f ∈ B(E)+,

P
[

exp
{

−
∫

W+
0

h(w)N(dw) − Xt(f)
}]

= exp
{

−
∫

E◦
Qx

(
1 − exp{−h(w) − wt(f)}

)
μ(dx)

}

= exp
{

−
∫

E◦
Qx

(
1 − e−h(w)

)
μ(dx)

}
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· exp
{

−
∫

E◦
Qx

[
e−h(w)

(
1 − e−wt(f)

)]
μ(dx)

}

,

where we made the convention e−∞ = 0. By the Markov property of Qx we have

Qx

[
e−h(w)

(
1 − e−wt(f)

)]

= Qx

[
e−h(w)

∫

M(E)◦

(
1 − e−ν(f)

)
Q◦

t−r(wr, dν)
]

= Qx

[
e−h(w)

(
1 − e−wr(Vt−rf)

)]
.

It follows that

P
[

exp
{

−
∫

W+
0

h(w)N(dw) − Xt(f)
}]

= exp
{

−
∫

E◦
Qx

(
1 − exp{−h(w) − wr(Vt−rf)}

)
μ(dx)

}

= P
[

exp
{

−
∫

W+
0

h(w)N(dw) − Xr(Vt−rf)
}]

.

Then {(Xt, Gt) : t ≥ 0} is a Markov process with transition semigroup (Qt)t≥0.
��

Example 8.1 Suppose that z �→ φ(z) is a branching mechanism given by (3.1)
satisfying φ′(z) → ∞ as z → ∞. By Theorem 3.10, the corresponding CB-
process has cumulant semigroup admitting the representation (3.15). Let D0 be
the set of positive càdlàg paths {w(t) : t ≥ 0} satisfying w(t) = w(0) = 0 for
t ≥ inf{s > 0 : w(s) = 0}. By Theorem 8.22, the entrance law (lt)t>0 defined
by (3.15) corresponds an excursion law Ql(dw) that can be identified as a σ-finite
measure on D0.

Example 8.2 Let E be a complete separable metric space. Suppose that ξ is a càdlàg
Borel right process in E satisfying Condition 4.7. We shall construct a variation of
the ξ-Brownian snake. Let Ra,b((u, y), d(w, z)) be defined as in Section 4.2. For
g ∈ C([0,∞), R+) and (w0, z0) ∈ S satisfying g(0) = z0 let Qg

(w0,z0)
denote the

law on S[0,∞) of the time-inhomogeneous Markov process started at (w0, z0) whose
transition kernel from time r ≥ 0 to time t ≥ r is

Rm(r,t),g(t)((u, y), d(w, z)), (u, y) ∈ S, (w, z) ∈ S,

where m(r, t) = infr≤s≤t g(s). Let n(dg) denote Itô’s excursion law, which is the
Kuznetsov measure corresponding to the entrance law (A.29) for the absorbing-
barrier Brownian motion. We think of n(dg) as a σ-finite measure carried by the
set C0 of positive continuous paths {g(t) : t ≥ 0} such that g(0) = g(t) = 0 for
every t ≥ inf{s > 0 : g(s) = 0}. For x ∈ E let Nx be the σ-finite measure on
C0 × S[0,∞) defined by
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Nx(dg, d(η, ζ)) = n(dg)Qg
(w0,0)(d(η, ζ)), (8.57)

where w0(t) = x for all t ≥ 0. Roughly speaking, under Nx the process {(ηs, ζs) :
s ≥ 0} behaves as the ξ-Brownian snake. The only difference is that {ζs : s ≥ 0} is
distributed according to Itô’s excursion law. Let τ0(ζ) = inf{s > 0 : ζs = 0} and
let {2ls(y, ζ) : s ≥ 0, y ≥ 0} be the local time of {ζs : s ≥ 0}. For t ≥ 0 we define
the measure νt(dy) = νt(g, η, ζ,dy) on E by

νt(f) =
∫ τ0(ζ)

0

f(ηs(ζs))dls(t, ζ), f ∈ C(E)+. (8.58)

Then {νt : t ≥ 0} is continuous in M(E). It was proved in Le Gall (1999, p.63)
that

νt(f) = lim
ε→0

1
ε

∫ τ0(ζ)

0

1[t,t+ε](ζs)f(ηs(ζs))ds

in Nx-measure. Consequently, for any h ∈ C(R+)+ with bounded support,

∫ ∞

0

h(t)νt(f)dt = lim
k→∞

∞∑

i=0

h(i/k)
∫ τ0(ζ)

0

1[i/k,(i+1)/k](ζs)f(ηs(ζs))ds

=
∫ τ0(ζ)

0

h(ζs)f(ηs(ζs))ds.

From Proposition 3 of Le Gall (1999, p.59) it follows that

Nx

[

1 − exp
{
−

∫ ∞

0

h(t)νt(f)dt
}]

= u0(x),

where (r, x) �→ ur(x) solves the integral equation

ur(x) +
∫ ∞

r

Pr,x

[
us(ξs)2

]
ds =

∫ ∞

r

Pr,x

[
h(s)f(ξs)

]
ds.

Thus {νt : t > 0} under Nx is distributed on W+
0 according to the excursion law

Qx defined by (5.26) and (8.53) with binary local branching mechanism φ(z) =
z2. This gives a representation of Qx using Nx. In view of (8.58), the result of
Theorem 8.22 is obviously true for the binary local branching. It was pointed out
in Le Gall (1999, p.56) that Nx can be understood as an excursion law of the ξ-
Brownian snake from the state (w0, 0).

Example 8.3 Let us continue the discussion in the last example. Suppose that μ ∈
M(E) and N(dx,dg, d(η, ζ)) is a Poisson random measure on E × C0 × S[0,∞)

with intensity μ(dx)Nx(dg, d(η, ζ)). Let νt = νt(g, η, ζ) be given by (8.58) and
define the measure-valued process {Xt : t ≥ 0} by X0 = μ and
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Xt =
∫

E

∫

C0

∫

S[0,∞)
νtN(dx,dg, d(η, ζ)), t > 0. (8.59)

Then {Xt : t ≥ 0} is a (ξ, φ)-superprocess with local branching mechanism φ(z) =
z2; see Le Gall (1999, pp.61–62). This follows from Theorem 8.24 and the fact that
{νt : t > 0} is distributed under Nx according to the excursion law Qx of the
(ξ, φ)-superprocess. Let {(xi, gi, (ηi, ζi)) : i = 1, 2, . . .} be the countable support
of N(dx,dg, d(η, ζ)). Let

T = sup{t ≥ 0 : Xt > 0} = inf{t ≥ 0 : Xt = 0}

denote the extinction time of {Xt : t ≥ 0}. Then there is a unique label k ≥ 1 so
that

T = sup
0≤s≤τ0(ζk)

ζk(s) = sup
i≥1

sup
0≤s≤τ0(ζi)

ζi(s).

Let S be the unique value in [0, τ0(ζk)] so that ζk(S) = T . It is easy to see that

lim
t↑T

Xt(1)−1Xt = δηk
S(T ).

This gives a description of the superprocess near its extinction time.

8.5 Super-Absorbing-Barrier Brownian Motions

We first consider a bounded domain E in the Euclidean space R
d with twice continu-

ously differentiable boundary ∂E. Let ξ be an absorbing-barrier Brownian motion in
E. Let (Pt)t≥0 denote the transition semigroup of ξ. It is well-known that Pt(x,dy)
has a density pt(x, y) for t > 0, which is the fundamental solution of the heat equa-
tion on E with Dirichlet boundary condition. Moreover, pt(x, y) = pt(y, x) is con-
tinuously differentiable in x and y to the boundary ∂E; see, e.g., Friedman (1964,
p.83). We shall use ∂z to denote the operator of inward normal differentiation at
z ∈ ∂E. Clearly,

h(x) =
∫ 1

0

Ps1(x)ds, x ∈ E (8.60)

defines a bounded strictly positive excessive function for (Pt)t≥0 and h(x) → 0 as
x → z ∈ ∂E. Let Mh(E) denote the set of σ-finite measures μ on E such that
μ(h) < ∞.

Lemma 8.25 The function h is continuously differentiable to the boundary and z �→
∂zh is bounded above and bounded away from zero on ∂E.
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Proof. We only give the proof for d ≥ 2 since the result for d = 1 is well-known.
We shall use superscripts to indicate the dependence of the objects on the domain
E. The arguments consist of three steps.

Step 1. By Friedman (1964, p.83) and dominated convergence it is easy to see
that h is continuously differentiable to the boundary and

∂zh
E =

∫ 1

0

∂zPs1ds =
∫ 1

0

ds

∫

E

∂zp
E
s (·, x)dx, z ∈ ∂E. (8.61)

Let (Ft, ξ(t),Px) be a standard Brownian motion on R
d and let τEc denote its

hitting time of Ec. For x ∈ E we have Px-a.s. ξ(τEc) ∈ ∂E and

∂zp
E
s (·, x)dsσ(dz) = ∂zp

E
s (x, ·)dsσ(dz) = 2Px{τEc ∈ ds, ξ(τEc) ∈ dz},

where σ(dz) is the volume element on ∂E; see, e.g., Hsu (1986, p.110). Since E is
bounded, integrating both sides of the equality above and using (8.61) we see that

0 <

∫

∂E

∂zh
Eσ(dz) = 2

∫

E

Px{τEc ≤ 1}dx < ∞. (8.62)

Step 2. For w ∈ R
d and r > 0 let Bw(r) = {x ∈ R

d : |x − w| < r}. By
(8.61), (8.62) and the spatial homogeneity and symmetry of the Brownian motion,
there is a constant 0 < c(r) < ∞ such that ∂zh

Bw(r) = c(r) for every z ∈ ∂Bw(r).
Consequently, the theorem holds for E = Bw(r). In the general case, the smooth-
ness of the boundary ∂E implies the existence of a constant r > 0 so that for each
z ∈ ∂E there exists w ∈ E so that |w − z| = r and Bw(r) ⊂ E. Then using the
absorbing-barrier Brownian motion we have

pE
s (x, y)dy = Px{τEc > s, ξ(s) ∈ dy}

≥ Px{τBw(r)c > s, ξ(s) ∈ dy}
= pBw(r)

s (x, y)dy

for every s > 0 and x, y ∈ Bw(r). It follows that ∂zp
E
s (·, y) ≥ ∂zp

Bw(r)
s (·, y) for

every s > 0 and y ∈ Bw(r). In view of (8.61) we have ∂zh
E ≥ ∂zh

Bw(r) = c(r).
Then ∂zh

E is bounded away from zero.
Step 3. For w ∈ R

d and 0 < r < ρ < ∞ let Bw(r, ρ) = {x ∈ R
d : r <

|x − w| < ρ}. By the spatial homogeneity and symmetry of the Brownian motion,
there are constants 0 < α(r, ρ), β(r, ρ) < ∞ such that

∂zh
Bw(r,ρ) =

{
α(r, ρ) if |z − w| = r,
β(r, ρ) if |z − w| = ρ.

We can find constants 0 < r < ρ < ∞ so that for each z ∈ ∂E there exists w ∈ Ec

satisfying |w − z| = r and Bw(r, ρ) ⊃ E. By a comparison argument as in Step 2
we get ∂zh

E ≤ ∂zh
Bw(r,ρ) = α(r, ρ). ��
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Theorem 8.26 For any μ ∈ Mh(E) and η ∈ M(∂E), we can define an entrance
law κ ∈ K (P ) by

κt(f) = μ(Ptf) +
∫

∂E

∂zPtf η(dz), t > 0, f ∈ B(E). (8.63)

Moreover, every κ ∈ K (P ) has the representation (8.63) for some μ ∈ Mh(E)
and η ∈ M(∂E).

Proof. If κ = (κt)t>0 is given by (8.63), then clearly κ ∈ K (P ). For the converse,
suppose that κ ∈ K (P ). Let (Tt)t≥0 be the h-transform of Doob defined from
(Pt)t≥0 and the function (8.60) and let γ = (γt)t>0 be the bounded entrance law
for (Tt)t≥0 defined by γt(f) = κt(hf) for t > 0 and f ∈ C(E). By the smoothness
of the transition density pt(x, y), we can extend (Tt)t≥0 to a transition semigroup
(T̄t)t≥0 on Ē := E ∪ ∂E by letting T̄0f̄ ≡ f̄ and

T̄tf̄(x) =
{

h(x)−1Pt(hf)(x) if x ∈ E,
(∂xh)−1∂xPt(hf) if x ∈ ∂E

(8.64)

for t > 0, where f̄ ∈ C(Ē) and f = f̄ |E . Here T̄t maps C(Ē) to itself. Moreover,
since Ē is compact, it is easy to show that t �→ T̄tf̄ is strongly continuous. By
Theorem 1.14, the family (γt)t>0 is relatively compact if we regard them as mea-
sures on Ē. Choosing a sequence rn → 0 such that γrn converges weakly to some
γ0 ∈ M(Ē) as n → ∞ we get

γt(f) = lim
n→∞

γrn(T̄t−rnf) = lim
n→∞

γrn(T̄tf) = γ0(T̄tf),

and hence

κt(f) =
∫

E

h(x)−1Ptf(x)γ0(dx) +
∫

∂E

(∂xh)−1∂xPtfγ0(dx).

Then (8.63) follows with μ(dx) = h(x)−1γ0(dx) and η(dx) = (∂xh)−1γ0(dx).
The extension to f ∈ B(E) is immediate. ��

Let φ be a branching mechanism on E given by (2.26) or (2.27) and let (Qt)t≥0

be the transition semigroup of the super-absorbing-barrier Brownian motion defined
by (2.32) and (2.33). For the entrance law κ ∈ K (P ) given by (8.63) we have

St(κ, f) = μ(Vtf) +
∫

∂E

∂zVtf η(dz), t > 0, f ∈ B(E)+.

Then Theorems 8.11 and 8.28 imply the following:

Theorem 8.27 For any μ ∈ Mh(E) and η ∈ M(∂E), we can define an entrance
law K ∈ K 1

m(Q) by
∫

M(E)

e−ν(f)Kt(dν) = exp{−μ(Vtf) − η(∂·Vtf)}. (8.65)
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Moreover, every K ∈ K 1
m(Q) has the representation (8.65) for μ ∈ Mh(E) and

η ∈ M(∂E).

The above theorem gives a complete characterization for minimal probabil-
ity entrance laws for the super-absorbing-barrier Brownian motion. Using Theo-
rems 8.20 and 8.28 we can also give a characterization for its infinitely divisible
probability entrance laws. Those results can be extended to some unbounded do-
mains. For simplicity we only discuss briefly the extensions to the positive half line
E0 := (0,∞). In the remainder of this section, let (Pt)t≥0 be the transition semi-
group of the absorbing-barrier Brownian motion in E0 given by (A.27) and (A.28).
In this case, the function x �→ h(x) defined by (8.60) is a smooth function on E0

with h(0+) = 0.

Theorem 8.28 For any μ ∈ Mh(E0) and any α ≥ 0, we can define an entrance
law κ ∈ K (P ) by

κt(f) = μ(Ptf) + α∂0Ptf, t > 0, f ∈ B(E0). (8.66)

Moreover, every κ ∈ K (P ) has the representation (8.66) with μ ∈ Mh(E0) and
α ≥ 0.

Proof. The proof is very similar to that of Theorem 8.26, so we only describe the
difference. It suffices to prove each κ ∈ K (P ) has the representation (8.66). Let
(Tt)t≥0 and its bounded entrance law (γt)t>0 be defined as in the proof of The-
orem 8.26. By the smoothness of pt(x, y), we now extend (Tt)t≥0 to a strongly
continuous transition semigroup (T̄t)t≥0 on Ē0 := [0,∞] by letting T̄0f̄ ≡ f̄ and

T̄tf̄(x) =

⎧
⎨

⎩

h(x)−1Pt(hf)(x) if 0 < x < ∞,
(∂0h)−1∂0Pt(hf) if x = 0,
f̄(∞) if x = ∞

(8.67)

for t > 0, where f̄ ∈ C(Ē0) and f = f̄ |E0 . Then γt(f) = γ0(T̄tf̄) for some
γ0 ∈ M(Ē0). Since ∞ is a trap for (T̄t)t≥0, we must have γ0({∞}) = 0 and then
(8.66) follows. ��

Let (Qt)t≥0 be the transition semigroup of the super-absorbing-barrier Brown-
ian motion over E0 with branching mechanism given by (2.26) or (2.27). By easy
applications of Theorems 8.11 and 8.28 we get the following:

Theorem 8.29 For any μ ∈ Mh(E0) and α ≥ 0, we can define K ∈ K 1
m(Q) by

∫

M(E0)

e−ν(f)Kt(dν) = exp{−μ(Vtf) − α∂0Vtf}. (8.68)

Moreover, every K ∈ K 1
m(Q) has the representation (8.68) with μ ∈ Mh(E0) and

α ≥ 0.
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Example 8.4 Let W+
0 be the space of right continuous paths from (0,∞) to M(E0)

having zero as a trap. Let (A 0, A 0
t ) be the natural σ-algebras on W+

0 generated by
the coordinate process. By Theorem 8.29, for each u > 0,

∫

M(E0)

e−ν(f)Ku
t (dν) = exp{−u∂0Vsf}, t > 0, f ∈ B(E0)+, (8.69)

defines a probability entrance law (Ku
t )t>0 for the super-absorbing-barrier Brown-

ian motion. Let Qu be the corresponding Kuznetsov measure on W+
0 . Recall that

the branching mechanism φ is given by (2.26). Suppose that

sup
x∈E0

h(x)−1
{

η(x, h) +

∫

M(E0)◦

[
ν(h) ∧ ν(h)2 + νx(h)

]
H(x, dν)

}

< ∞. (8.70)

Then for any ε > 0 we have

wt((0, ε]) → ∞ and wt([ε,∞)) → 0 as t → 0 (8.71)

for Qu-a.e. w ∈ W+
0 . To see this let (T̄t)t≥0 be defined as in the proof of Theo-

rem 8.28 and use the same notation for its restriction to R+. Under condition (8.70)
we can define a branching mechanism ψ̄ on R+ by ψ̄(x, f̄) = h(x)−1φ(x, hf) for
x > 0 and ψ̄(0, f̄) = 0, where f̄ ∈ B(R+)+ and f = f̄ |E0 . Let (Ūt)t≥0 be the
cumulant semigroup defined from (T̄t)t≥0 and ψ̄. Then for t > 0 we have

Ūtf̄(x) =
{

h(x)−1Vt(hf)(x) if x > 0,
(∂0h)−1∂0Vt(hf) if x = 0.

(8.72)

Theorem 5.12 implies that (Ūt)t≥0 determines a Borel right semigroup on M(R+).
We then define the measure-valued process {X̄t : t > 0} by X̄t({0}) = 0 and
X̄t(dx) = h(x)wt(dx) for x > 0. It is not hard to see that {X̄t : t > 0} is a
superprocess in M(R+) with cumulant semigroup (Ūt)t≥0. Using (8.67) one may
check ∂0Vs(hf) = ∂0hŪtf̄(0). From (8.69) we have

Qu exp{−X̄t(f̄)} = exp{−u∂0hŪtf̄(0)}, t > 0, f̄ ∈ B(R+)+.

This implies Qu{X̄0+ = u∂0hδ0} = 1. Since h(0+) = 0 and h(x) > 0 for x > 0,
we have (8.71) for Qu-a.e. w ∈ W+

0 .

8.6 Notes and Comments

The structures of entrance laws for Dawson–Watanabe superprocesses were investi-
gated in Dynkin (1989b), Fitzsimmons (1988) and Li (1995/6, 1996, 1998b). Those
for branching particle systems were studied in Li (1998a). Evans (1992) gave a
characterization for the entrance laws of a conditioned superprocess.
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Theorem 8.2 first appeared in Li (1995/6). A slightly different form of Theo-
rem 8.6 was given in Dawson (1993, p.195). The proof of Theorem 8.11 follows
Dynkin (1989b) and Li (1996, 1998b). Fitzsimmons (1988) proved Theorem 8.13
for local branching mechanisms. Theorem 8.20 was proved in Li (1996) for local
branching mechanisms and in Li (1998b) for decomposable branching mechanisms.

The existence of excursion laws of Dawson–Watanabe superprocesses was first
observed by El Karoui and Roelly (1991). The presentation of Theorem 8.22 given
here is in the spirit of Li (2002). A special form of this result was proved in Li and
Shiga (1995) using a theorem of Perkins (1992), which asserts that a conditioned
Dawson–Watanabe superprocess is a generalized Fleming–Viot superprocess. The
proof of Lemma 8.25 was taken from Li (1998a). This results can also be obtained
from the general estimates of heat kernels given in Zhang (2002). The proofs of
Theorems 8.26 and 8.28 follow those of Li and Shiga (1995). It was showed in van
der Hofstad (2006) that the canonical measure of the super-Brownian motion is a
natural candidate for the scaling limits of various random systems; see also Hara
and Slade (2000) and van der Hofstad and Slade (2003).

The representation (8.59) of binary branching superprocesses was established in
Le Gall (1991, 1999). This representation relies on the fact that the genealogical
structure of Feller’s branching diffusion can be coded by the Brownian excursions.
A similar coding for the structures of CB-processes with general branching mech-
anisms was given in Le Gall and Le Jan (1998a, 1998b) using spectrally positive
Lévy processes. Bertoin et al. (1997) provided a snake-like construction of super-
processes based on subordination. A direct construction of superprocesses with gen-
eral branching mechanisms was given by Duquesne and Le Gall (2002) using the
so-called Lévy snakes.

The snake representation has become a powerful tool in the study of the super-
processes and the associated nonlinear partial differential equations; see Duquesne
and Le Gall (2002), Le Gall (1999, 2005) and the references therein. This technique
also played an important role in the work of Le Gall (2007) on scaling limits of large
planar maps; see also Le Gall and Paulin (2008). A Schilder type theorem on large
deviations of the super-Brownian was established recently in Xiang (2010) using
the snake representation; see also Fleischmann et al. (1996) and Schied (1996). The
behavior of superprocesses near extinction was studied by Liu and Mueller (1989)
and Tribe (1992); see also Le Gall (1999, p.72). The tool of Lévy snakes was used
in Abraham and Delmas (2008) in the construction of fragmentation processes.



Chapter 9
Structures of Independent Immigration

In this chapter we study independent immigration structures associated with MB-
processes. We first give a formulation of the structures using skew convolution semi-
groups. Those semigroups are in one-to-one correspondence with infinitely divisible
probability entrance laws for the MB-processes. We shall see that an immigration
superprocess has a Borel right realization if the corresponding skew convolution
semigroup is determined by a closable infinitely divisible probability entrance law.
The trajectories of the immigration processes are constructed using stochastic in-
tegrals with respect to Poisson random measures determined by entrance rules. We
discuss briefly martingale problems for the immigration superprocesses, from which
some stochastic equations of one-dimensional CBI-processes are derived.

9.1 Skew Convolution Semigroups

Suppose that E is a Lusin topological space and (Qt)t≥0 is the transition semigroup
of an MB-process given by (2.3) and (2.5). Let (Nt)t≥0 be a family of probability
measures on M(E). We call (Nt)t≥0 a skew convolution semigroup (SC-semigroup)
associated with (Qt)t≥0 provided

Nr+t = (NrQt) ∗ Nt, r, t ≥ 0. (9.1)

The above equation is of interest because of the following:

Theorem 9.1 The relation (9.1) is satisfied if and only if

QN
t (μ, ·) := Qt(μ, ·) ∗ Nt, t ≥ 0, μ ∈ M(E) (9.2)

defines a Markov semigroup (QN
t )t≥0 on M(E).

Proof. It is easy to see that (9.2) really defines a probability kernel on M(E). If
(Nt)t≥0 satisfies (9.1), for any r, t ≥ 0 and f ∈ B(E)+ we have
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∫

M(E)

e−ν(f)QN
r+t(μ,dν)

=
∫

M(E)

e−ν1(f)Qr+t(μ,dν1)
∫

M(E)

e−ν2(f)Nr+t(dν2)

=
∫

M(E)

Qr(μ,dγ)
∫

M(E)

e−ν1(f)Qt(γ,dν1)

·
∫

M(E)

e−ν2(f)(NrQt)(dν2)
∫

M(E)

e−ν3(f)Nt(dν3)

=
∫

M(E)

QN
r (μ,dγ)

∫

M(E)

e−ν1(f)Qt(γ,dν1)
∫

M(E)

e−ν3(f)Nt(dν3)

=
∫

M(E)

QN
r (μ,dγ)

∫

M(E)

e−ν(f)QN
t (γ,dν),

where we used Theorem 2.1 for the third equality. Then (QN
t )t≥0 satisfies the

Chapman–Kolmogorov equation. For the converse, suppose the kernels (QN
t )t≥0

constitute a transition semigroup. Since Qt(0, ·) = δ0, we have QN
t (0, ·) = Nt.

Consequently, for any r, t ≥ 0 and f ∈ B(E)+,
∫

M(E)

e−ν(f)Nr+t(dν)

=
∫

M(E)

Nr(dμ)
∫

M(E)

e−ν(f)QN
t (μ,dν)

=
∫

M(E)

Nr(dμ)
∫

M(E)

e−ν1(f)Qt(μ,dν1)
∫

M(E)

e−ν2(f)Nt(dν2)

=
∫

M(E)

e−ν1(f)NrQt(dν1)
∫

M(E)

e−ν2(f)Nt(dν2).

Thus (Nt)t≥0 satisfies (9.1). ��

Suppose that T is an interval on the real line and (Gt)t∈T is a filtration. If
{(Yt, Gt) : t ∈ T} is a Markov process in M(E) with transition semigroup
(QN

t )t≥0 given by (9.2), we call it an immigration process associated with (Qt)t≥0

or the corresponding MB-process. In the special case where (Qt)t≥0 is the transi-
tion semigroup of a Dawson–Watanabe superprocess, we also call Y an immigration
superprocess. The intuitive meaning of the model is clear in view of (9.1) and (9.2).
From (9.2) we see that the population at any time t ≥ 0 is made up of two parts;
the native part generated by the mass μ ∈ M(E) has distribution Qt(μ, ·) and the
immigration in the time interval (0, t] gives the distribution Nt. In a similar way, the
equation (9.1) decomposes the population immigrating to E during the time interval
(0, r + t] into two parts; the immigration in the interval (r, r + t] gives the distribu-
tion Nt while the immigration in the interval (0, r] generates the distribution Nr at
time r and gives the distribution NrQt at time r + t. It is not hard to understand that
(9.2) gives a general formulation of the immigration independent of the state of the
population.
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Theorem 9.2 Suppose that {(Xt, Ft) : t ∈ T} and {(Yt, Gt) : t ∈ T} are two
independent immigration processes associated with (Qt)t≥0 corresponding to the
SC-semigroups (Mt)t≥0 and (Nt)t≥0, respectively. Let Zt = Xt + Yt and Ht =
σ(Ft ∪ Gt). Then {(Zt, Ht) : t ∈ T} is an immigration process corresponding to
the SC-semigroup (Lt)t≥0 defined by Lt = Mt ∗ Nt.

Proof. By Theorem 2.1 it is simple to show that (Lt)t≥0 is really an SC-semigroup
associated with (Qt)t≥0. Let (QL

t )t≥0 be defined by (2.2) with (Nt)t≥0 replaced by
(Lt)t≥0. By a modification of the proof of Theorem 2.3 one shows {(Zt, Ht) : t ∈
T} is a Markov process with transition semigroup (QL

t )t≥0. ��
Corollary 9.3 Let {(Xt, Ft) : t ∈ T} be an MB-process with transition semi-
group (Qt)t≥0 and let {(Yt, Gt) : t ∈ T} be an immigration process with transition
semigroup (QN

t )t≥0. Suppose the two processes are independent of each other. Let
Zt = Xt + Yt and Ht = σ(Ft ∪ Gt). Then {(Zt, Ht) : t ∈ T} is an immigration
process with transition semigroup (QN

t )t≥0.

Theorem 9.4 Suppose that t �→ Vtf(x) is locally bounded and right continuous
pointwise for every f ∈ C(E)+. If (Ks)s>0 is an infinitely divisible probability
entrance law for (Qt)t≥0 satisfying

−
∫ t

0

log LKs(1)ds < ∞, t ≥ 0, (9.3)

then an SC-semigroup (Nt)t≥0 associated with (Qt)t≥0 is defined by

log LNt(f) =
∫ t

0

[
log LKs(f)

]
ds, t ≥ 0, f ∈ B(E)+. (9.4)

Conversely, for every SC-semigroup (Nt)t≥0 associated with (Qt)t≥0 there is an
infinitely divisible probability entrance law (Ks)s>0 for (Qt)t≥0 satisfying (9.3) so
that the Laplace functionals of (Nt)t≥0 are given by (9.4).

Proof. If (Ks)s>0 is an infinitely divisible probability entrance law for (Qt)t≥0

satisfying (9.3), then (9.4) clearly defines a family of infinitely divisible probability
measures (Nt)t≥0 on M(E). By the entrance law property of (Ks)s>0 it is easy to
show that (9.1) holds, so (Nt)t≥0 is an SC-semigroup associated with (Qt)t≥0. To
prove the converse, let (Nt)t≥0 be an SC-semigroup associated with (Qt)t≥0 and
let

Jt(f) = − log
∫

M(E)

e−ν(f)Nt(dν), t ≥ 0, f ∈ B(E)+. (9.5)

From (9.1) we have

Jr+t(f) = Jt(f) + Jr(Vtf), r, t ≥ 0, f ∈ B(E)+. (9.6)

Then t �→ Jt(f) is increasing for every f ∈ B(E)+. Observe also Jt(f1) ≤ Jt(f2)
for f1 ≤ f2 ∈ B(E)+. For f ∈ C(E)+ we have Vtf(x) → f(x) pointwise as
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t → 0. Then letting t → 0 and r → 0 in (9.6) and using (9.5) and dominated
convergence we get

lim
t→0

Jt(f) = lim
t→0

Jt(f) + lim
r→0

Jr(f).

Thus limt→0 Jt(f) = 0 first for f ∈ C(E)+ and then for all f ∈ B(E)+. Let
q = q(l, f) > 0 be such that ‖Vtf‖ ≤ q for all 0 ≤ t ≤ l. For 0 ≤ c1 < d1 < · · · <
cn < dn < · · · ≤ l, set σn =

∑n
i=1(di − ci). We claim that

n∑

i=1

[Jdi(f) − Jci(f)] ≤ Jσn(q).

For n = 1 this follows from (9.6). If the above inequality is true when n is replaced
by n − 1, using (9.6) we have

n∑

i=1

[Jdi(f) − Jci(f)] =
n−1∑

i=1

[Jdi(f) − Jci(f)] + Jdn−cn(Vcnf)

≤ Jσn−1(q) + Jdn−cn(Vσn−1q) = Jσn(q).

Thus t �→ Jt(f) is absolutely continuous. That is, we have Jt(f) =
∫ t

0
Is(f)ds

for a positive Borel function s �→ Is(f) on [0,∞). Let S2(E, r) be defined as in
Section 1.2. Then there is a set A ⊂ [0,∞) with full Lebesgue measure so that for
all s ∈ A and f ∈ S2(E, r),

Is(f) = lim
r→0

1
r

[
Js+r(f) − Js(f)

]
= lim

r→0

1
r
Jr(Vsf)

= lim
r→0

1
r

(
1 − exp{−Jr(Vsf)}

)

= lim
r→0

1
r

∫

M(E)

Nr(dμ)
∫

M(E)◦

(
1 − e−ν(f)

)
Qs(μ,dν).

In view of (9.5) we have limn→∞ Jt(1/n) = 0 decreasingly. Thus, by tak-
ing a smaller set A ⊂ [0,∞) with full Lebesgue measure, we may assume
limn→∞ Is(1/n) = 0 for all s ∈ A. By Proposition 1.31 there is Us ∈ I (E)
such that Is(f) = Us(f) for all s ∈ A and f ∈ S2(E, r). Consequently,

Jt(f) =
∫ t

0

Us(f)ds, t ≥ 0,

first for f ∈ S2(E, r) and then for all f ∈ B(E)+. Now the equation (9.6) yields

∫ r

0

Us+t(f)ds =
∫ r

0

Us(Vtf)ds, r, t ≥ 0, f ∈ B(E)+.

Then for any t ≥ 0 and f ∈ B(E)+ there is a subset At(f) of [0,∞) with full
Lebesgue measures so that Us+t(f) = Us(Vtf) for all s ∈ At(f). By Fubini’s
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theorem, there are subsets B(f) and Bs(f) of [0,∞) with full Lebesgue measures
such that

Us+t(f) = Us(Vtf), s ∈ B(f), t ∈ Bs(f).

Since Us+t and Us ◦ Vt are determined by their restrictions to the countable set
S2(E, r), for B ⊂ [0,∞) and Bs ⊂ [s,∞) with full Lebesgue measures we have

Ut = Us ◦ Vt−s, s ∈ B, t ∈ Bs.

Choose a sequence {sn} ⊂ B with sn → 0. For any t > sn > sn+1 > 0, we may
take s ∈ Bsn ∩ Bsn+1 ∩ [0, t] to see

Usn ◦ Vt−sn = Usn ◦ Vs−sn ◦ Vt−s = Us ◦ Vt−s

= Usn+1 ◦ Vs−sn+1 ◦ Vt−s = Usn+1 ◦ Vt−sn+1 .

Then Wt := Usn ◦Vt−sn ∈ I (E) is independent of n ≥ 1 and Wt = Ut for almost
all t > 0. Thus we have

Jt(f) =
∫ t

0

Ws(f)ds, t ≥ 0, f ∈ B(E)+.

Moreover, it is easy to see that Wr+t = Wr ◦ Vt for all r, t > 0. Let Ks be the
infinitely divisible probability measure on M(E) such that − log LKs = Ws. Then
(Ks)s>0 is an entrance law for (Qt)t≥0 and (9.4) holds. ��

It is clear that (9.4) establishes a one-to-one correspondence between the SC-
semigroup (Nt)t≥0 and the infinitely divisible probability entrance law (Ks)s>0

satisfying (9.3). If (Ks)s>0 can be extended to a closed entrance law (Ks)s≥0, we
say the SC-semigroup and the corresponding immigration process are regular. For
the regular SC-semigroup we have

∫

M(E)

e−ν(f)Nt(dν) = exp
{

−
∫ t

0

I(Vsf)ds

}

, f ∈ B(E)+, (9.7)

where I = − log LK0 . The functional I ∈ I (E) is called the immigration mecha-
nism of the regular immigration process. From (9.4) we obtain

∫

M(E)

ν(1)Nt(dν) =
∫ t

0

ds

∫

M(E)◦
ν(1)Ks(dν), t ≥ 0. (9.8)

Then a combination of Theorem 9.4 and the results of Section 8.3 gives character-
izations of SC-semigroups associated with the (ξ, φ)-superprocess under the first-
moment assumption.
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9.2 The Canonical Entrance Rule

Suppose that E is a Lusin topological space and (Qt)t≥0 is the transition semigroup
of an MB-process given by (2.3) and (2.5). Suppose that t �→ Vtf(x) is locally
bounded and right continuous pointwise for every f ∈ C(E)+. Recall that (Q◦

t )t≥0

denotes the restriction of (Qt)t≥0 to M(E)◦.

Theorem 9.5 If (Nt)t≥0 is an SC-semigroup associated with (Qt)t≥0, each proba-
bility measure Nt is infinitely divisible. Moreover, we have the canonical represen-
tation Nt = I(γt, Gt), where t �→ γt is an increasing path from [0,∞) to M(E)
and (Gt)t≥0 is an entrance rule for (Q◦

t )t≥0.

Proof. By Theorem 9.4 there is an infinitely divisible probability entrance law
(Ks)s>0 such that (9.4) holds. By Theorem 8.2 we may assume (Ks)s>0 is given
by (8.2) and (8.3). Then we have Nt = I(γt, Gt) with

γt =
∫ t

0

ηsds and Gt =
∫ t

0

Hsds. (9.9)

In particular, the map t �→ γt(dx) is increasing. For t > r ≥ 0 the relation (9.1)
implies

γt = γt−r +
∫

E

γr(dx)λt−r(x, ·) (9.10)

and

Gt = Gt−r + GrQ
◦
t−r +

∫

E

γr(dx)Lt−r(x, ·). (9.11)

Thus GrQ
◦
t−r ≤ Gt. By the second equality in (9.9) we have

GrQ
◦
t−r =

∫ r

0

HsQ
◦
t−rds = GtQ

◦
t−r −

∫ t

r

HsQ
◦
t−rds.

It follows that GrQ
◦
t−r → Gt as r → t−. Then (Gt)t≥0 is an entrance rule for

(Q◦
t )t≥0. ��

In the situation of the above theorem, we call (Gt)t≥0 the canonical entrance rule
of the SC-semigroup (Nt)t≥0. The following theorem gives a general representation
of the canonical entrance rule.

Theorem 9.6 The canonical entrance rule (Gt)t≥0 of an SC-semigroup associated
with (Qt)t≥0 has the representation

Gt =
∫ t

0

Gs
t−s ζ(ds), t ≥ 0, (9.12)
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where ζ(ds) is a diffuse Radon measure on [0,∞) and {(Gs
t )t>0 : s ≥ 0} is a

family of entrance laws for (Q◦
t )t≥0.

Proof. By Theorem A.39, there is a Radon measure ζ(ds) on [0,∞) and a family
of entrance laws {(Gs

t )t>0 : s ≥ 0} for (Q◦
t )t≥0 such that

Gt =
∫

[0,t)

Gs
t−s ζ(ds), t ≥ 0. (9.13)

For f ∈ C(E)+ we can use the second expression in (9.9) to see

t �→
∫

M(E)◦
(1 − e−ν(f))Gt(dν) =

∫ t

0

ds

∫

M(E)◦
(1 − e−ν(f))Hs(dν)

is continuous on [0,∞). Then for any r ≥ 0 we have

0 = lim
t→0+

∫

M(E)◦
(1 − e−ν(f))Gr+t(dν) −

∫

M(E)◦
(1 − e−ν(f))Gr(dν)

= lim
t→0+

∫

[0,r+t)

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

r+t−s(dν)

−
∫

[0,r)

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

r−s(dν)

= lim
t→0+

∫

[r,r+t)

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

r+t−s(dν)

+ lim
t→0+

∫

[0,r)

ζ(ds)
∫

M(E)◦
(1 − e−ν(Vtf))Gs

r−s(dμ)

−
∫

[0,r)

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

r−s(dν)

= lim
t→0+

∫

[r,r+t)

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

r+t−s(dν)

≥ lim sup
t→0+

ζ({r})
∫

M(E)◦
(1 − e−ν(f))Gr

t (dν).

Now suppose that ζ({r}) > 0 for some r ≥ 0. From the above it follows that

lim sup
t→0+

∫

M(E)◦
(1 − e−ν(f))Gr

t (dν) = 0. (9.14)

For t ≥ 0 let qt = sup0≤s≤t ‖Vsf‖. Then for 0 < s < t we have

∫

M(E)◦
(1 − e−ν(f))Gr

t (dν) =
∫

M(E)◦
(1 − e−ν(Vt−sf))Gr

s(dν)

≤
∫

M(E)◦
(1 − e−ν(qt))Gr

s(dν).
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By (9.14) the right-hand side tends to zero as s → 0, so (Gr
t )t>0 is trivial. Therefore

we can remove all the atoms of ζ(ds) and obtain (9.12) from (9.13). ��

Corollary 9.7 For every SC-semigroup (Nt)t≥0 associated with (Qt)t≥0, we have
the decomposition

− log LNt(f) = γt(f) +
∫ t

0

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

t−s(dν),

where t �→ γt is an increasing path from [0,∞) to M(E), ζ(ds) is a diffuse Radon
measure on [0,∞) and {(Gs

t )t>0 : s ≥ 0} is a family of entrance laws for (Q◦
t )t≥0.

Given two probability measures F1 and F2 on M(E), we write F1 � F2 if
F1 ∗ G = F2 for another probability measure G on M(E). Clearly, the measure G
is unique if it exists. Let E ∗(Q) denote the set of probabilities F on M(E) satisfying
FQt � F for all t ≥ 0.

Theorem 9.8 For each F ∈ E ∗(Q) there is a unique SC-semigroup (Nt)t≥0 asso-
ciated with (Qt)t≥0 such that FQt ∗ Nt = F for all t ≥ 0.

Proof. Since F ∈ E ∗(Q), for each t ≥ 0 there is a unique probability measure Nt

on M(E) satisfying F = (FQt) ∗ Nt. By Theorem 2.1, for r, t ≥ 0 we have

(FQr+t) ∗ Nr+t = F = (FQt) ∗ Nt = {[(FQr) ∗ Nr]Qt} ∗ Nt

= (FQr+t) ∗ (NrQt) ∗ Nt.

Then (9.1) holds, that is, (Nt)t≥0 is an SC-semigroup associated with (Qt)t≥0. ��

The infinitely divisible probabilities in E ∗(Q) are closely related with excessive
measures for (Q◦

t )t≥0. Let E (Q◦) denote the class of all excessive measures H for
(Q◦

t )t≥0 satisfying
∫

M(E)◦
[1 ∧ ν(1)]H(dν) < ∞. (9.15)

Proposition 9.9 Let F = I(η,H) be an infinitely divisible probability measure on
M(E). Then F ∈ E ∗(Q) if and only if (η,H) satisfy

∫

E

η(dx)λt(x, ·) ≤ η and
∫

E

η(dx)Lt(x, ·) + HQ◦
t ≤ H. (9.16)

In particular, if H ∈ E (Q◦), then F = I(0, H) ∈ E ∗(Q).

Proof. By Proposition 2.6 we have FQt = I(ηt, Ht), where

ηt =
∫

E

η(dx)λt(x, ·) and Ht =
∫

E

η(dx)Lt(x, ·) + HQ◦
t .

Then FQt � F holds if and only if (9.16) is satisfied. The second assertion is
immediate. ��
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We write F ∈ E ∗
i (Q) if F ∈ E ∗(Q) is a stationary distribution for (Qt)t≥0,

and write F ∈ E ∗
p (Q) if F ∈ E ∗(Q) and limt→∞ FQt = δ0. Clearly, we have

δ0 ∈ E ∗
i (Q), but there can be other non-trivial stationary distributions.

Theorem 9.10 Let F ∈ E ∗(Q) and let (Nt)t≥0 be the SC-semigroup defined in
Theorem 9.8. Then F = Fi ∗ Fp, where Fi = limt→∞ FQt ∈ E ∗

i (Q) and Fp =
limt→∞ Nt ∈ E ∗

p (Q).

Proof. By the definition of E ∗(Q) we have FQr+t � FQt for r, t ≥ 0. Thus for
every f ∈ B(E)+ the limits

LFi(f) =↑ lim
t→∞

LFQt(f) and LFp(f) =↓ lim
t→∞

LNt(f)

exist and they are the Laplace functionals of two probability measures Fi and Fp on
M(E). Clearly, Fi ∈ E ∗

i (Q) and F = Fi ∗ Fp. On the other hand,

Fi ∗ Fp = F = (FQt) ∗ Nt = Fi ∗ (FpQt) ∗ Nt,

so Fp = (FpQt) ∗ Nt. Therefore Fp ∈ E ∗(Q) and limt→∞ FpQt = δ0. ��

It is simple to see that the measure Fp ∈ E ∗
p (Q) in Theorem 9.10 is a station-

ary distribution of the transition semigroup (QN
t )t≥0 defined from (Qt)t≥0 and

(Nt)t≥0. Then the above theorem shows that any F ∈ E ∗(Q) can be decomposed as
the convolution of a stationary distribution of (Qt)t≥0 with a stationary distribution
of an immigration process associated with (Qt)t≥0.

9.3 Regular Immigration Superprocesses

In this section we state some basic properties of regular immigration superprocesses.
Their proofs are not provided since they are similar to those for the superprocesses
without immigration given before. Suppose that ξ is a Borel right process in a Lusin
topological space E with transition semigroup (Pt)t≥0. Let φ be a branching mech-
anism given by (2.26) or (2.27) and let (Vt)t≥0 be the cumulant semigroup of the
(ξ, φ)-superprocess defined by (2.33). Suppose that I ∈ I (E) is an immigration
mechanism given by

I(f) = η(f) +
∫

M(E)◦

(
1 − e−ν(f)

)
H(dν), f ∈ B(E)+, (9.17)

where η ∈ M(E) and ν(1)H(dν) is a finite measure on M(E)◦. Let (QN
t )t≥0 be

the transition semigroup of the regular immigration superprocess defined by

∫

M(E)

e−ν(f)QN
t (μ,dν) = exp

{

− μ(Vtf) −
∫ t

0

I(Vsf)ds

}

. (9.18)
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This corresponds to the regular SC-semigroup given by (9.7). Recall that c0 =
‖b−‖ + ‖γ(·, 1)‖.

Proposition 9.11 Let (QN
t )t≥0 be defined by (9.18). Then for t ≥ 0, μ ∈ M(E)

and f ∈ B(E) we have

∫

M(E)

ν(f)QN
t (μ,dν) = μ(πtf) +

∫ t

0

Γ (πsf)ds, (9.19)

where t �→ πtf is defined by (2.35) and

Γ (f) = η(f) +
∫

M(E)◦
ν(f)H(dν). (9.20)

Corollary 9.12 Suppose that (Yt, Gt,P) is a realization of the immigration super-
process with transition semigroup (QN

t )t≥0 such that P[Y0(1)] < ∞. Let α ≥ 0
and let f ∈ B(E)+ be an α-super-mean-valued function for (Pt)t≥0 satisfying
ε := infx∈E f(x) > 0. Then for any β ≥ α + c0ε

−1‖f‖ the process

Zt(f) := e−2βtYt(f) + (2β)−1e−2βtΓ (f), t ≥ 0

is a (Gt)-supermartingale.

Let F be the set of functions f ∈ B(E) that are finely continuous relative to ξ.
Fix β > 0 and let (A,D(A)) be the weak generator of (Pt)t≥0 defined by D(A) =
UβF and Af = βf − g for f = Uβg ∈ D(A).

Theorem 9.13 Suppose that (Yt, Gt,P) is a progressive realization of the immi-
gration superprocess with transition semigroup (QN

t )t≥0 such that P[Y0(1)] < ∞.
Then for any f ∈ D(A), the process

Mt(f) := Yt(f) − Y0(f) −
∫ t

0

[
Ys(Af + γf − bf) + Γ (f)

]
ds

is a (Gt)-martingale.

Proposition 9.14 Suppose that the kernel H(x,dν) in (2.26) and the measure
H(dν) in (9.17) satisfy

sup
x∈E

∫

M(E)◦
ν(f)2H(x,dν) +

∫

M(E)◦
ν(f)2H(dν) < ∞. (9.21)

Then for t ≥ 0, μ ∈ M(E) and f ∈ B(E) we have

∫

M(E)

ν(f)2QN
t (μ,dν) =

(

μ(πtf) +
∫ t

0

Γ (πsf)ds

)2

+
∫ t

0

ds

∫

E

q(x, πsf)μπt−s(dx)
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+
∫ t

0

du

∫ u

0

ds

∫

E

q(x, πsf)Γπu−s(dx)

+
∫ t

0

ds

∫

M(E)◦
ν(πsf)2H(dν), (9.22)

where q(x, f) is defined by (2.59).

Theorem 9.15 The immigration superprocess with transition semigroup (QN
t )t≥0

has a right realization in M(E). If ξ is a Hunt process, then the immigration super-
process has a Hunt realization in M(E).

Let ξ = (Ω,F ,Fr,t, ξt,Pr,x) and Y = (W, G ,Gr,t, Yt,QN
r,μ) be respectively

right realizations of the underlying spatial motion and the immigration superprocess
from an arbitrary initial time r ≥ 0.

Theorem 9.16 Suppose that t ≥ 0 and λ ∈ M([0, t]). Let (s, x) �→ fs(x) be a
bounded positive Borel function on [0, t] × E. Then we have

QN
r,μ exp

{

−
∫

[r,t]

Ys(fs)λ(ds)
}

= exp
{

− μ(ur) −
∫ t

r

I(us)ds

}

for every 0 ≤ r ≤ t, where (r, x) �→ ur(x) is the unique bounded positive solution
on [0, t] × E of (5.26).

We can also extend the immigration superprocesses to the state space of tempered
measures. Let α ≥ 0 and let h ∈ pB(E) be a strictly positive α-excessive function
for ξ. Recall that Mh(E) is the space of measures μ on E satisfying μ(h) < ∞ and
Bh(E) is the set of Borel functions f on E satisfying |f | ≤ const · h.

Theorem 9.17 Let (Vt)t≥0 be the cumulant semigroup on Bh(E)+ defined in
Theorem 6.3. Suppose that η ∈ Mh(E) and ν(h)H(dν) is a finite measure on
Mh(E)◦ := Mh(E) \ {0} and write

I(f) = η(f) +
∫

Mh(E)◦

(
1 − e−ν(f)

)
H(dν), f ∈ Bh(E)+. (9.23)

Then a Borel right transition semigroup (QN
t )t≥0 on Mh(E) is defined by

∫

Mh(E)

e−ν(f)QN
t (μ,dν) = exp

{

− μ(Vtf) −
∫ t

0

I(Vsf)ds

}

. (9.24)

If, in addition, the semigroup (P̃t)t≥0 given by (6.10) has a Hunt realization, then
(QN

t )t≥0 has a Hunt realization.

We now discuss briefly martingale problems for the immigration superprocesses,
which generalize those of superprocesses without immigration. In the remainder of
this section, we assume E is a locally compact separable metric space and ξ is a Hunt
process in E with transition semigroup (Pt)t≥0. Suppose that (Pt)t≥0 preserves
C0(E) and t �→ Ptf is continuous in the supremum norm for every f ∈ C0(E). Let
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A denote the strong generator of (Pt)t≥0 with domain D0(A) ⊂ C0(E). Let φ be
a branching mechanism given by (2.26) or (2.27) satisfying Conditions 7.1 and 7.2.
By Theorem 9.15 the immigration superprocess with transition semigroup (QN

t )t≥0

given by (9.18) has a càdlàg realization. Let L0 be the generator defined by (7.12).
For F ∈ D0 define

LF (μ) = L0F (μ) +
∫

E

F ′(μ; x)η(dx)

+
∫

M(E)◦
[F (μ + ν) − F (μ)]H(dν). (9.25)

Suppose that (W, G ,Gt,P) is a filtered probability space satisfying the usual hy-
potheses and {Yt : t ≥ 0} is a càdlàg process in M(E) that is adapted to (Gt)t≥0

and satisfies P[Y0(1)] < ∞. For this process we consider the following properties:

(1) For every T ≥ 0 and f ∈ C0(E)+,

exp
{

− Yt(VT−tf) −
∫ T−t

0

I(Vsf)ds

}

, 0 ≤ t ≤ T

is a martingale.
(2) For every f ∈ D0(A)+,

Ht(f) := exp
{

− Yt(f) +
∫ t

0

[Ys(Af − φ(f)) + I(f)]ds

}

, t ≥ 0

is a local martingale.
(3) (a) The process {Yt : t ≥ 0} has no negative jumps. Let N(ds,dν) be the

optional random measure on [0,∞) × M(E)◦ defined by

N(ds,dν) =
∑

s>0

1{ΔYs 
=0}δ(s,ΔYs)(ds,dν),

where ΔYs = Ys −Ys−, and let N̂(ds,dν) denote the predictable compensator
of N(ds,dν). Then N̂(ds,dν) = dsK(Ys−, dν) + dsH(dν) with

K(μ,dν) =
∫

E

μ(dx)H(x,dν).

(b) Let Γ be defined by (9.20) and let Ñ(ds,dν) = N(ds,dν) − N̂(ds,dν).
For any f ∈ D0(A),

Yt(f) = Y0(f) + M c
t (f) + Md

t (f) +
∫ t

0

[Ys(Af + γf − bf) + Γ (f)]ds,

where {Mc
t (f) : t ≥ 0} is a continuous local martingale with quadratic varia-

tion 2Yt(cf2)dt and
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Md
t (f) =

∫ t

0

∫

M(E)◦
ν(f)Ñ(ds,dν), t ≥ 0,

is a purely discontinuous local martingale.
(4) For every F ∈ D0 we have

F (Yt) = F (Y0) +
∫ t

0

LF (Ys)ds + local mart.

(5) For every G ∈ C2(R) and f ∈ D0(A),

G(Yt(f)) = G(Y0(f)) +
∫ t

0

{

G′(Ys(f))Ys(Af + γf − bf)

+
∫

E

Ys(dx)
∫

M(E)◦

[
G(Ys(f) + ν(f)) − G(Ys(f))

− ν(f)G′(Ys(f))
]
H(x,dν) + G′′(Ys(f))Ys(cf2)

+G′(Ys(f))η(f) +
∫

M(E)◦

[
G(Ys(f) + ν(f))

−G(Ys(f))
]
H(dν)

}

ds + local mart.

Theorem 9.18 The above properties (1), (2), (3), (4) and (5) are equivalent to each
other. Those properties hold if and only if {(Yt, Gt) : t ≥ 0} is an immigration
superprocess with transition semigroup (QN

t )t≥0 given by (9.18).

Corollary 9.19 Let {(Yt, Gt) : t ≥ 0} be a càdlàg realization of the immigration
superprocess satisfying P[Y0(1)] < ∞. Then for every T ≥ 0 and f ∈ D0(A) there
is a constant C(T, f) ≥ 0 such that

P
[

sup
0≤t≤T

|Yt(f)|
]
≤ C(T, f)

{
P[Y0(1)] + Γ (1)

+
√

P[Y0(1)] +
√

Γ (1)
}

.

Corollary 9.20 Suppose that (9.21) holds and {(Yt, Gt) : t ≥ 0} is a càdlàg real-
ization of the immigration superprocess such that P[Y0(1)] < ∞. Then for every
f ∈ D0(A),

Mt(f) = Yt(f) − Y0(f) − tΓ (f) −
∫ t

0

Ys(Af + γf − bf)ds (9.26)

is a square integrable (Gt)-martingale with increasing process

〈M(f)〉t =
∫ t

0

[ ∫

E

q(x, f)Ys(dx) +
∫

M(E)◦
ν(f)2H(dν)

]

ds,

where q(x, f) is defined by (2.59).
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Corollary 9.21 Suppose that H(x,M(E)◦) = H(M(E)◦) = 0 for all x ∈ E.
Then any càdlàg realization {(Yt, Gt) : t ≥ 0} of the immigration superprocess is
a.s. continuous. Conversely, if {(Yt, Gt) : t ≥ 0} is a continuous process in M(E)
and if for every f ∈ D0(A),

Mt(f) = Yt(f) − Y0(f) − tη(f) −
∫ t

0

Ys(Af + γf − bf)ds

is a (Gt)-local martingale with increasing process

〈M(f)〉t = 2
∫ t

0

ds

∫

E

c(x)f(x)2Ys(dx),

then {(Yt, Gt) : t ≥ 0} is a realization of the immigration superprocess.

Theorem 9.22 Suppose that (9.21) holds and {(Yt, Gt) : t ≥ 0} is a càdlàg
realization of the immigration superprocess such that P[Y0(1)] < ∞. Then the
(Gt)-martingales defined in (9.26) induce a unique worthy (Gt)-martingale mea-
sure {Mt(B) : t ≥ 0; B ∈ B(E)} satisfying

Mt(f) =
∫ t

0

∫

E

f(x)M(ds,dx), t ≥ 0, f ∈ D0(A) (9.27)

and having covariance measure defined by

η(ds,dx,dy) = ds

∫

E

2c(z)δz(dx)δz(dy)Ys(dz)

+ds

∫

E

Ys(dz)
∫

M(E)◦
ν(dx)ν(dy)H(z, dν)

+ds

∫

M(E)◦
ν(dx)ν(dy)H(dν).

Theorem 9.23 Suppose that (9.21) holds and {(Yt, Gt) : t ≥ 0} is a càdlàg real-
ization of the immigration superprocess such that P[Y0(1)] < ∞. Let {Mt(B) :
t ≥ 0; B ∈ B(E)} be the worthy (Gt)-martingale measure defined by (9.27). Then
for any t ≥ 0 and f ∈ B(E) we have a.s.

Yt(f) = Y0(πtf) +
∫ t

0

Γ (πt−sf)ds +
∫ t

0

∫

E

πt−sf(x)M(ds,dx),

where t �→ πtf is defined by (2.35).

If Pt1 ∈ C(E) for every t ≥ 0 and there exists A1 ∈ C(E) such that (7.26)
holds by the uniform convergence, we can extend the operator A to the linear span
D(A) of D0(A) and the constant functions. In this case, the results of Theorem 9.18
and its corollaries remain true with D0(A) replaced by D(A).

We can also give martingale problem formulations of the immigration superpro-
cess on the tempered space. Suppose that h ∈ D0(A) is strictly positive and there
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is a constant α > 0 such that Ah ≤ αh. Recall that Ch(E) is the set of continuous
functions f on E satisfying |f | ≤ const · h and Dh(A) = {f ∈ D0(A) ∩ Ch(E) :
Af ∈ Ch(E)}. Let φ be a branching mechanism given as in Section 6.1 with
ρ = h and let (QN

t )t≥0 be the transition semigroup on Mh(E) defined by (9.23)
and (9.24). Suppose that f �→ h−1φ(·, hf) − αf satisfies the conditions for the
branching mechanism specified at the beginning of Section 7.1. Then we have:

Theorem 9.24 Let (W, G , Gt,P) be a filtered probability space satisfying the usual
hypotheses and let {Yt : t ≥ 0} be a càdlàg process in Mh(E) that is adapted to
(Gt)t≥0 and satisfies P[Y0(h)] < ∞. Then Theorem 9.18 still holds when M(E),
C0(E) and D0(A) are replaced by Mh(E), Ch(E) and Dh(A), respectively.

Theorem 9.25 Let η ∈ Mh(E) and let (Qη
t )t≥0 denote the transition semigroup

defined by (9.24) with I(f) = η(f) for f ∈ Bh(E)+. Then for every μ ∈ Mh(E)
the immigration superprocess in Mh(E) with transition semigroup (Qη

t )t≥0 has a
càdlàg realization {Yt : t ≥ 0} with initial value Y0 = μ.

9.4 Constructions of the Trajectories

Suppose that E is a Lusin topological space. Let (Vt)t≥0 and (Qt)t≥0 denote re-
spectively the cumulant and transition semigroups of a general Borel right MB-
process in M(E). Suppose that t �→ Vtf(x) is locally bounded and right continu-
ous pointwise for every f ∈ C(E)+. Let (Nt)t≥0 be an SC-semigroup associated
with (Qt)t≥0 defined by (9.4) from the infinitely divisible probability entrance law
(Ks)s>0 and let Is = − log LKs for s > 0. Then the transition semigroup (QN

t )t≥0

of the corresponding immigration superprocess is defined by

∫

M(E)

e−ν(f)QN
t (μ,dν) = exp

{

− μ(Vtf) −
∫ t

0

Is(f)ds

}

(9.28)

for f ∈ B(E)+. By Corollary 9.7 we can write

∫ t

0

Is(f)ds = γt(f) +
∫ t

0

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

t−s(dν), (9.29)

where t �→ γt is an increasing path from [0,∞) to M(E), ζ(ds) is a diffuse Radon
measure on [0,∞) and {(Gs

t )t>0 : s ≥ 0} is a family of entrance laws for (Q◦
t )t≥0.

Recall that (Q◦
t )t≥0 denotes the restriction of (Qt)t≥0 to M(E)◦. Let W+

0 be the
space of right continuous paths from (0,∞) to M(E) that have zero as a trap. Let
(A 0, A 0

t ) be the natural σ-algebras on W+
0 generated by the coordinate process

{wt : t > 0}. By Theorem A.40 to each (Gs
t )t>0 there corresponds a σ-finite

measure Qs(dw) on (W+
0 , A 0) such that

Qs{wt1 ∈ dν1, wt2 ∈ dν2, . . . , wtn ∈ dνn}
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= Gs
t1(dν1)Q◦

t2−t1(ν1, dν2) · · ·Q◦
tn−tn−1

(νn−1, dνn) (9.30)

for {t1 < · · · < tn} ⊂ (0,∞) and {ν1, . . . , νn} ⊂ M(E)◦. Let N(ds,dw) be a
Poisson random measure on (0,∞)×W+

0 with intensity ζ(ds)Qs(dw). We assume
this random measure is defined on some probability space (Ω,G ,P) and define the
measure-valued process

Yt = γt +
∫

(0,t)

∫

W+
0

wt−sN(ds,dw), t ≥ 0. (9.31)

Theorem 9.26 For t ≥ 0 let Gt be the σ-algebra generated by the collection of
random variables {N((0, u]×A) : A ∈ A 0

t−u, 0 ≤ u < t}. Then {(Yt, Gt) : t ≥ 0}
is an immigration process with transition semigroup (QN

t )t≥0 and one-dimensional
distributions (Nt)t≥0.

Proof. It is easy to show that {Yt : t ≥ 0} has one-dimensional distributions
(Nt)t≥0. Let Y G

t denote the second term on the right-hand side of (9.31). Let
t ≥ r > u ≥ 0 and let h be a bounded positive function on W+

0 measurable
relative to A 0

r−u. For f ∈ B(E)+ we can see as in the proof of Theorem 8.24 that

P
[

exp
{

−
∫ u

0

∫

W+
0

h(w)N(ds,dw) − Y G
t (f)

}]

= P
[

exp
{

−
∫ t

0

∫

W+
0

[
h(w)1{s≤u} + wt−s(f)

]
N(ds,dw)

}]

= exp
{

−
∫ t

0

Qs
(
1 − exp

{
− h(w)1{s≤u} − wt−s(f)

})
ζ(ds)

}

= exp
{

−
∫ u

0

Qs
(
1 − exp

{
− h(w) − wr−s(Vt−rf)

})
ζ(ds)

}

· exp
{

−
∫ r

u

Qs
(
1 − exp

{
− wr−s(Vt−rf)

})
ζ(ds)

}

· exp
{

−
∫ t

r

Qs
(
1 − exp

{
− wt−s(f)

})
ζ(ds)

}

= P
[

exp
{

−
∫ u

0

∫

W+
0

h(w)N(ds,dw) − Y G
r (Vt−rf)

}]

· exp
{

−
∫ t

r

ζ(ds)
∫

M(E)◦
(1 − e−ν(f))Gs

t−s(dν)
}

, (9.32)

where we have used the Markov property (9.30) for the third equality. By The-
orem 8.2 we may assume (Kt)t>0 has the representation (8.2). Then the second
equation in (8.3) implies

∫ r

0

Hs+t−rds =
∫ r

0

HsQ
◦
t−rds +

∫ r

0

ds

∫

E

ηs(dx)Lt−r(x, ·).

From (9.9), (9.13) and the above equation it follows that
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∫ t

r

Gs
t−sζ(ds) =

∫ t

0

Gs
t−sζ(ds) −

∫ r

0

Gs
r−sQ

◦
t−rζ(ds)

=
∫ t

0

Hsds −
∫ r

0

HsQ
◦
t−rds

=
∫ t

0

Hsds −
∫ r

0

Hs+t−rds +
∫ r

0

ds

∫

E

ηs(dx)Lt−r(x, ·)

=
∫ t−r

0

Hsds +
∫ r

0

ds

∫

E

ηs(dx)Lt−r(x, ·)

= Gt−r +
∫

E

γr(dx)Lt−r(x, ·). (9.33)

By (9.10) and (9.33), for f ∈ B(E)+ we have

γt(f) +
∫ t

r

ζ(ds)
∫

M(E)◦

(
1 − e−ν(f)

)
Gs

t−s(dν)

= γt−r(f) +
∫

E

γr(dx)λt−r(x, f) +
∫

M(E)◦
(1 − e−ν(f))Gt−r(dν)

+
∫

E

γr(dx)
∫

M(E)◦
(1 − e−ν(f))Lt−r(x,dν)

= γt−r(f) + γr(Vt−rf) +
∫

M(E)◦

(
1 − e−ν(f)

)
Gt−r(dν)

= γr(Vt−rf) +
∫ t−r

0

Is(f)ds, (9.34)

where the last equality holds by (9.29). Since {γt : t ≥ 0} is deterministic, from
(9.32) and (9.34) we have

P
[

exp
{

−
∫ u

0

∫

W+
0

h(w)N(ds,dw) − Yt(f)
}]

= P
[

exp
{

−
∫ u

0

∫

W+
0

h(w)N(ds,dw) − Yr(Vt−rf)
}

· exp
{

−
∫ t−r

0

Is(f)ds

}]

,

That shows {(Yt, Gt) : t ≥ 0} is a Markov process in M(E) with transition semi-
group (QN

t )t≥0. ��

The above theorem gives an explicit construction of the trajectories of the immi-
gration process. From (9.31) we see that, except the deterministic part {γt : t ≥ 0},
both the entry times and the evolutions of the immigrants are decided by the Pois-
son random measure N(ds,dw). By the proof of Theorem 9.26, the second term
on the right-hand side of (9.31) is a Markov process with inhomogeneous transition
semigroup (Qr,t : t ≥ r ≥ 0) defined by
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∫

M(E)

e−ν(f)Qr,t(μ,dν) = exp
{

− μ(Vt−rf) −
∫ t

r

Is,t(f)ζ(ds)
}

, (9.35)

where

Is,t(f) =
∫

M(E)◦
(1 − e−ν(f))Gs

t−s(dν).

By Theorem 9.26 and Corollary 9.3 we have the following:

Corollary 9.27 Let (Yt)t≥0 be defined by (9.31) and let (Gt)t≥0 be defined as in
Theorem 9.26. Suppose that {(Xt, Ft) : t ≥ 0} is an MB-process independent of
{N(ds,dw)} with transition semigroup (Qt)t≥0. Let Zt = Xt + Yt and Ht =
σ(Ft ∪ Gt). Then {(Zt, Ht) : t ≥ 0} is an immigration process with transition
semigroup (QN

t )t≥0 defined by (9.28) and (9.29).

Let η ∈ M(E) and let (Qη
t )t≥0 denote the transition semigroup defined by (9.18)

with I(f) = η(f) for f ∈ B(E)+. Recall that for each x ∈ E◦ there is an excursion
law Qx on W+

0 , which is the Kuznetsov measure corresponding to the entrance law
{Lt(x, ·) : t > 0} defined by (2.9). Suppose that Nη(ds,dw) is a Poisson random
measure on (0,∞) × W+

0 with intensity

ds

∫

E◦
η(dx)Qx(dw).

We define the process

Yt =
∫

(0,t)

∫

W+
0

wt−sN
η(ds,dw), t ≥ 0. (9.36)

Theorem 9.28 Suppose that η(dx) is carried by E◦. For t ≥ 0 let Gt be the σ-
algebra generated by the collection of random variables {Nη((0, u] × A) : A ∈
A 0

t−u, 0 ≤ u < t}. Then {(Yt, Gt) : t ≥ 0} is an immigration superprocess with
transition semigroup (Qη

t )t≥0.

Proof. This follows essentially from the calculations in the proof of Theorem 9.26;
see also the proof of Theorem 8.24. ��

We next assume (Qt)t≥0 is the transition semigroup of a (ξ, φ)-superprocess,
where ξ is a Borel right process in E and φ is given by (2.26) or (2.27). Suppose
that X = (W, F ,Ft, Xt,Qμ) is a right realization of the (ξ, φ)-superprocess. Let
ν(1)H(dν) be a finite measure on M(E) and let (QH

t )t≥0 denote the transition
semigroup defined by (9.18) with

I(f) =
∫

M(E)◦

(
1 − e−ν(f)

)
H(dν), f ∈ B(E)+. (9.37)

Clearly, we can define a σ-finite measure QH on W by
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QH(dw) =
∫

M(E)◦
Qμ(dw)H(dμ).

Suppose that NH(ds,dw) is a Poisson random measure on (0,∞)×W with inten-
sity dsQH(dw) and define

Yt =
∫

(0,t]

∫

W

Xt−s(w)NH(ds,dw), t ≥ 0. (9.38)

Theorem 9.29 For t ≥ 0 let Gt be the σ-algebra generated by the family of random
variables {NH((0, u]×A) : A ∈ Ft−u, 0 ≤ u ≤ t} and let (Ḡt) be the augmenta-
tion of (Gt). Then {(Yt, Ḡt+) : t ≥ 0} is an a.s. right continuous realization of the
immigration superprocess in M(E) with transition semigroup (QH

t )t≥0.

Proof. Step 1. By calculations similar to those in (9.32) it is easy to show that
(Yt, Gt) is an immigration superprocess with transition semigroup (QH

t )t≥0. For
k ≥ 1 let Wk = {w ∈ W : 〈X0(w), 1〉 ≥ 1/k} and define {Yk(t) : t ≥ 0}
by the right-hand side of (9.38) with W replaced by Wk. Let C k

t be the σ-algebra
generated by

{NH((0, u] × A) : A ⊂ Wk, A ∈ Ft−u, 0 ≤ u ≤ t}.

Then {(Yk(t), C k
t ) : t ≥ 0} is an immigration superprocess with transition semi-

group (Qk(t))t≥0 given by (9.18) and (9.37) with M(E)◦ replaced by Mk := {μ ∈
M(E)◦ : μ(1) ≥ 1/k}. Let Dk

t be the σ-algebra generated by

{NH((0, u] × A) : A ⊂ W c
k , A ∈ Ft−u, 0 ≤ u ≤ t}.

By the property of the Poisson random measure, the σ-algebras C k
t and Dk

t are
independent and Gt = σ(C k

t ∪ Dk
t ). Thus {(Yk(t), Gt) : t ≥ 0} is also an im-

migration superprocess with transition semigroup (Qk(t))t≥0. It is easy to see that
QH(Wk) = H(Mk) < ∞. Then NH((0, t] × Wk) < ∞ a.s. for every t ≥ 0,
and hence {Yk(t) : t ≥ 0} is a.s. right continuous in M(E). Since Yk(t) → Yt

increasingly, we conclude that t �→ Yt(f) is a.s. right lower semi-continuous for
every f ∈ C(E)+.

Step 2. For any constants q ≥ 0 and β ≥ c0 we define the positive a.s. right
continuous process

Mk(t) := e−2βt〈Yk(t), q〉 + (2β)−1e−2βt

∫

Mk(E)

〈ν, q〉H(dν).

By Corollary 9.12 one sees that {Mk(t) : t ≥ 0} is a (C k
t )-supermartingale. It

follows that {Mk(t) : t ≥ 0} is also a (Gt)-supermartingale. Then {Mk(t) : t ≥ 0}
is a (Ḡt+)-supermartingale by Dellacherie and Meyer (1982, p.69). Note that Mk(t)
increases as k → ∞ to
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M(t) := e−2βt〈Yt, q〉 + (2β)−1e−2βt

∫

M(E)◦
〈ν, q〉H(dν).

Thus {M(t) : t ≥ 0} is an a.s. right continuous (Ḡt+)-supermartingale; see Del-
lacherie and Meyer (1982, p.79). In particular, we conclude that t �→ 〈Yt, q〉 is
a.s. right continuous for every q ≥ 0. For any f ∈ C(E)+, choose a constant
q ≥ ‖f‖. The arguments above imply that t �→ 〈Yt, q〉 is a.s. right continuous and
both t �→ 〈Yt, f〉 and t �→ 〈Yt, q − f〉 are a.s. right lower semi-continuous. Those
clearly yield the a.s. right continuity of t �→ 〈Yt, f〉. Then t �→ Yt is a.s. right
continuous in M(E).

Step 3. Let t ≥ 0 and f ∈ B(E)+. By Theorem A.16 and the strong Markov
property of X one sees that s �→ exp{−〈Xs(w), Vt−sf〉} is right continuous on
[0, t] for QH -a.e. w ∈ W . Then

s �→ 1 − exp

{

− 〈Yk(s), Vt−sf〉 −
∫ t−s

0
dr

∫

Mk

(1 − e−〈ν,Vrf〉)H(dν)

}

is an a.s. right continuous (Gs)-martingale on [0, t]. As in the second step it is easy
to show

s �→ 1 − exp

{

− 〈Ys, Vt−sf〉 −
∫ t−s

0
dr

∫

M(E)◦
(1 − e−〈ν,Vrf〉)H(dν)

}

(9.39)

is an a.s. right continuous (Ḡs+)-supermartingale on [0, t]. By the Markov prop-
erty of {(Yt, Gt) : t ≥ 0} the right-hand side of (9.39) has expectation P[1 −
exp{−〈Yt, f〉}], which is independent of s ∈ [0, t]. Then the process is actually a
(Ḡs+)-martingale on [0, t]. That gives the desired Markov property of {(Yt, Ḡt+) :
t ≥ 0}. ��

Example 9.1 Let us consider the case where ξ is the absorbing-barrier Brownian
motion in E0 := (0,∞) with transition semigroup defined by (A.27) and (A.28).
Let η ∈ M(E0) and let α ≥ 0 be a constant. We can use the notation of Section 8.5
to define the transition semigroup (Qη,α

t )t≥0 of an immigration superprocess in
M(E0) by

∫

M(E0)

e−ν(f)Qη,α
t (μ,dν)

= exp
{

− μ(Vtf) −
∫ t

0

[η(Vsf) + α∂0Vsf ]ds

}

.

Example 9.2 In the situation of the above example, let uF (du) be a non-trivial finite
measure on (0,∞). We define another transition semigroup (QF

t )t≥0 on M(E0) by

∫

M(E0)

e−ν(f)QF
t (μ,dν) = exp

{

− μ(Vtf) −
∫ t

0

Is(f)ds

}

,

where
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Is(f) =
∫ ∞

0

(1 − e−u∂0Vsf )F (du).

The corresponding immigration superprocess can be constructed in the following
way. From (8.69) one can see there is an entrance law H ∈ K (Q◦) so that

∫

M(E0)◦
(1 − e−ν(f))Hs(dν) = Is(f), s > 0, f ∈ B(E0)+.

Let QF (dw) be the corresponding Kuznetsov measure on W+
0 , the space of right

continuous paths from (0,∞) to M(E0) with zero as a trap. Suppose NF (ds,dw)
is a Poisson random measure on (0,∞) × W+

0 with intensity dsQF (dw). By The-
orem 9.26,

Yt :=
∫

(0,t)

∫

W+
0

wt−sNF (ds,dw), t ≥ 0 (9.40)

is an immigration superprocess in M(E0) with transition semigroup (QF
t )t≥0. Let

{(si, wi) : i = 1, 2, . . .} be an enumeration of the atoms of NF (ds,dw). It is easy
to see that

QF (dw) =
∫ ∞

0

Qu(dw)F (du), w ∈ W+
0 ,

where Qu(dw) is as in Example 8.4. Let h be defined by (8.60) and assume (8.70)
holds. Then by (8.71) and (9.40), for every ε > 0 we have a.s.

lim
t→si

Yt((0, ε]) ≥ lim
t→si

wi,t−si((0, ε]) = ∞. (9.41)

If F (du) is an infinite measure on (0,∞), then {si : i = 1, 2, . . . } ∩ (r, t) is a.s.
infinite for every t > r ≥ 0.

Example 9.3 Let h be defined by (8.60) and assume (8.70) holds. The immigra-
tion superprocess constructed in the last example is certainly not right continu-
ous. Indeed, the transition semigroup (QF

t )t≥0 has no right continuous realization.
Otherwise, suppose that {Zt : t ≥ 0} is such a realization with Z0 = 0. Given
μ ∈ M(E0) we define μh ∈ M(E0) by μh(dx) = h(x)μ(dx) for x ∈ E0. In an
obvious way, we also regard μh as a measure in M(R+). Then {Zh

t : t ≥ 0} is an
a.s. right continuous immigration superprocess in M(R+) with semigroup (Q̄F

t )t≥0

given by

∫

M(R+)

e−ν(f̄)Q̄F
t (μ,dν) = exp

{

− μ(Ūtf̄) −
∫ t

0

Īs(f̄)ds

}

,

where (Ūt)t≥0 is defined by (8.72) and
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Īs(f̄) =
∫ ∞

0

(1 − e−u∂0hŪsf̄(0))F (du), f̄ ∈ B(R+)+.

It is easily seen that

P{Zh
t ({0}) = 0 for all t ≥ 0} = 1. (9.42)

For any w ∈ W+
0 define

wh
0 =

{
limt→0 wh

t if the limit exists in M(R+),
0 if the limit above does not exist.

By the discussions in Example 8.4 one can see {wh
t : t ≥ 0} under QF is a super-

process in M(R+) with cumulant semigroup (Ūt)t≥0 and wh
0 ({0}) > 0 for QF -a.e.

w ∈ W+
0 . Then by Theorem 9.29,

Ȳt =
∫

(0,t]

∫

W+
0

wh
t−sNF (ds,dw), t ≥ 0, (9.43)

defines another a.s. right continuous realization of (Q̄F
t )t≥0 with Ȳ0 = 0. Let S0 =

inf{t ≥ 0 : Ȳt({0}) > 0}. In view of (9.43) we have

P{S0 ≤ a} = 1 − e−aF (E0), u > 0. (9.44)

However, an application of Theorem 9.15 shows that (Q̄F
t )t≥0 is a Borel right semi-

group on M(R+), so (9.42) and (9.44) are in contradiction.

9.5 One-Dimensional Stochastic Equations

Suppose that (φ, ψ) are given respectively by (3.1) and (3.26) with un(du) being
a finite measure on (0,∞). Let (Qγ

t )t≥0 be the transition semigroup defined by
(3.3) and (3.29). By Theorem 9.18 we have the following characterization of the
CBI-process with transition semigroup (Qγ

t )t≥0.

Theorem 9.30 Suppose that {y(t) : t ≥ 0} is a positive càdlàg process such that
P[y(0)] < ∞. Then {y(t) : t ≥ 0} is a CBI-process with transition semigroup
(Qγ

t )t≥0 if and only if for every f ∈ C2(R+) we have

f(y(t)) = f(y(0)) +
∫ t

0

Lf(y(s))ds + local mart.,

where

Lf(x) = cxf ′′(x) + x

∫ ∞

0

[
f(x + z) − f(x) − zf ′(x)

]
m(dz)
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+(β − bx)f ′(x) +
∫ ∞

0

[
f(x + z) − f(x)

]
n(dz). (9.45)

From the above theorem we can derive some stochastic equations for the CBI-
processes. Let {B(t)} be a standard Brownian motion and let {N0(ds,dz, du)} and
{N1(ds,dz)} be Poisson random measures on (0,∞)3 and (0,∞)2 with intensities
dsm(dz)du and dsn(dz), respectively. Suppose that {B(t)}, {N0(ds,dz, du)} and
{N1(ds,dz)} are defined on a complete probability space and are independent of
each other. Let us consider the stochastic integral equation

y(t) = y(0) +
∫ t

0

√
2cy(s)dB(s) +

∫ t

0

∫ ∞

0

∫ y(s−)

0

zÑ0(ds,dz, du)

+
∫ t

0

(β − by(s))ds +
∫ t

0

∫ ∞

0

zN1(ds,dz), (9.46)

where Ñ0(ds,dz, du) = N0(ds,dz, du) − dsm(dz)du. We understand the third
term on the right-hand side as an integral over the set {(s, z, u) : 0 < s ≤ t, 0 <
z < ∞, 0 < u ≤ y(s−)} and give similar interpretations for other integrals with
respect to Poisson random measures in this section.

Theorem 9.31 There is a unique positive weak solution to (9.46) and the solution
is a CBI-process with transition semigroup (Qγ

t )t≥0.

Proof. Suppose that {y(t)} is a càdlàg realization of the CBI-process with transition
semigroup given by (3.3) and (3.29). By Theorem 9.18 the process has no negative
jumps and the random measure

N(ds,dz) :=
∑

s>0

1{y(s)
=y(s−)}δ(s,y(s)−y(s−))(ds,dz)

has predictable compensator

N̂(ds,dz) = y(s−)dsm(dz) + dsn(dz)

and

y(t) = y(0) + t
[
β +

∫ ∞

0

un(du)
]
−

∫ t

0

by(s)ds

+M c(t) +
∫ t

0

∫ ∞

0

zÑ(ds,dz), (9.47)

where Ñ(ds,dz) = N(ds,dz) − N̂(ds,dz) and t �→ M c(t) is a continuous local
martingale with quadratic variation 2cy(t)dt. By representation theorems for semi-
martingales, we have equation (9.46) on an extension of the original probability
space; see, e.g., Ikeda and Watanabe (1989, p.90 and p.93). That proves the exis-
tence of a weak solution to (9.46). Conversely, if {y(t)} is a positive solution to
(9.46), one can use Itô’s formula to see the process is a solution of the martingale
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problem associated with the generator L defined by (9.45). By Theorem 9.30 we see
{y(t)} is a CBI-process with transition semigroup (Qγ

t )t≥0. That implies the weak
uniqueness of the solution to (9.46). ��

Theorem 9.32 Suppose that m(dz) = σz−1−αdz for constants σ ≥ 0 and 1 <
α < 2. Then the CBI-process with transition semigroup (Qγ

t )t≥0 is the unique
positive weak solution of

dy(t) =
√

2cy(t)dB(t) + α
√

σy(t−)dz0(t) − by(t)dt + dz1(t), (9.48)

where {B(t)} is a standard Brownian motion, {z0(t)} is a one-sided α-stable pro-
cess with Lévy measure z−1−αdz, {z1(t)} is an increasing Lévy process determined
by (β, n), and {B(t)}, {z0(t)} and {z1(t)} are independent of each other.

Proof. We assume σ > 0, for otherwise the proof is easier. Let us consider the
CBI-process {y(t)} given by (9.46) with {N0(ds,dz, du)} being a Poisson random
measure on (0,∞)3 with intensity σz−1−αdsdzdu. We define the random measure
{N(ds,dz)} on (0,∞)2 by

N((0, t] × B) =
∫ t

0

∫ ∞

0

∫ y(s−)

0

1{y(s−)>0}1B

(
z

α
√

σy(s−)

)

N0(ds,dz, du)

+
∫ t

0

∫ ∞

0

∫ 1/σ

0

1{y(s−)=0}1B(z)N0(ds,dz, du).

It is easy to compute that {N(ds,dz)} has predictable compensator

N̂((0, t] × B) =
∫ t

0

∫ ∞

0

1{y(s−)>0}1B

(
z

α
√

σy(s−)

)
σy(s−)dsdz

z1+α

+
∫ t

0

∫ ∞

0

1{y(s−)=0}1B(z)
dsdz

z1+α

=
∫ t

0

∫ ∞

0

1B(z)
dsdz

z1+α
.

Thus {N(ds,dz)} is a Poisson random measure with intensity z−1−αdsdz; see,
e.g., Ikeda and Watanabe (1989, p.93). Now define the Lévy processes

z0(t) =
∫ t

0

∫ ∞

0

zÑ(ds,dz) and z1(t) = βt +
∫ t

0

∫ ∞

0

zN1(ds,dz),

where Ñ(ds,dz) = N(ds,dz) − N̂(ds,dz). It is easy to see that

∫ t

0

α
√

σy(s−)dz0(s) =
∫ t

0

∫ ∞

0

α
√

σy(s−) zÑ(ds,dz)

=
∫ t

0

∫ ∞

0

∫ y(s−)

0

zÑ0(ds,dz, du).
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Then we get (9.48) from (9.46). Conversely, if {y(t)} is a solution of (9.48), one
can use Itô’s formula to see that {y(t)} solves the martingale problem associated
with the generator L defined by (9.45) with m(dz) = σz−1−αdz. Then {y(t)} is a
CBI-process with transition semigroup (Qγ

t )t≥0 and the solution of (9.48) is unique
in law. ��

9.6 Notes and Comments

The concept of SC-semigroups was introduced in Li (1995/6), where Theorem 9.4
was proved. Most of the results in Section 9.2 can be found in Li (2002). Theo-
rem 9.26 was also taken from Li (2002). Theorem 9.29 was essentially proved in
Li (1996). Example 9.2 can also be found in Li (1996). Theorem 9.30 was given in
Kawazu and Watanabe (1971) under more general assumptions. By the results of
Dawson and Li (2006) and Fu and Li (2010), both (9.46) and (9.48) have unique
strong solutions; see also Bertoin and Le Gall (2006) for a result on weak solutions
of a special case of (9.46). We refer to Bertoin (1996) and Sato (1999) for the gen-
eral theory of Lévy processes. By a modification of the arguments in Section 6.3,
one can obtain a special immigration superprocess from a two-type superprocess
without immigration.

The structure of immigration was studied in Li and Shiga (1995) in the setting of
measure-valued diffusions. In particular, the transition semigroup (Qη,α

t )t≥0 given
in Example 9.1 was considered in Li and Shiga (1995) for binary local branching
with constant branching rate. There it was proved the corresponding immigration
superprocess {Yt : t ≥ 0} has a continuous density field {Y (t, x) : t > 0, x > 0}
satisfying the following stochastic partial differential equation:

∂

∂t
Y (t, x) =

√
Y (t, x)Ẇ (t, x) +

1
2
ΔY (t, x) + η̇(x) − αδ̇0,

where {W (t, x) : t ≥ 0, x > 0} is a time–space white noise based on the Lebesgue
measure and the dot denotes derivative in the distribution sense. The random mea-
sures {Yt : t ≥ 0} have bounded supports if and only if both supp(Y0) and supp(η)
are bounded. In this case, let Rt = ∪0≤s≤tsupp(Yt) and R̂t = sup{x > 0 : x ∈
Rt}. It was proved in Li and Shiga (1995) that the distribution of t−1/3R̂t converges
as t → ∞ to the Fréchet distribution F (z) = e−γz−3

with

γ =
1
18

(Γ (1/3)Γ (1/6)
Γ (1/2)

)3(
α +

∫ ∞

0

xη(dx)
)
.

A central limit theorem for the super-Brownian motion with immigration was also
given in Li and Shiga (1995). The corresponding large and moderate deviations
were studied in Zhang (2004a, 2004b). A number of functional central limit the-
orems for related processes were proved in Zhang (2005a, 2008), which gave rise
to distribution-valued Gaussian processes. Li (1998a) studied immigration struc-
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tures associated with branching particle systems. A large-deviation principle for a
Brownian branching immigration particle system was established in Zhang (2005b).
The spectral properties for immigration superprocesses were investigated in Stannat
(2003). The equilibrium behavior of a population with immigration on a hierarchical
group was studied in Dawson et al. (2004a).



Chapter 10
State-Dependent Immigration Structures

In this chapter we investigate the structures of state-dependent immigration. We first
construct some immigration superprocesses by summing up excursions according
to Poisson random measures. Based on those constructions, we prove the existence
and uniqueness of solutions to some stochastic integral equations, which define the
interactive immigration structures. We shall deal with processes with càdlàg paths.
Throughout this chapter, we assume E is a locally compact separable metric space
and ξ is a Hunt process in E with Feller transition semigroup (Pt)t≥0. Let A denote
the strong generator of (Pt)t≥0 with domain D0(A) ⊂ C0(E). Let D(A) be the
linear span of D0(A) ∪ {1} and extend A to D(A) such that A1 = 0. Let φ be a
branching mechanism given by (2.26) or (2.27). Suppose that ν(1)2H(x,dν) is a
bounded kernel from E to M(E)◦ and that Conditions 7.1, 7.2 and 8.5 are satisfied.
We use ‖ · ‖ to denote both the supremum norm of functions and the total variation
norm of signed measures.

10.1 Deterministic Immigration Rates

By Theorem 8.6 the cumulant semigroup of the (ξ, φ)-superprocess admits the rep-
resentation (2.9) for all x ∈ E. Then Corollary 8.4 implies that for any x ∈ E the
family of measures {Lt(x, ·) : t > 0} on M(E)◦ constitute an entrance law for the
restricted semigroup (Q◦

t )t≥0. Let D0 be the set of paths w ∈ D([0,∞), M(E))
that have zero as a trap. We equip this space with the natural σ-algebras (A 0, A 0

t )
generated by the coordinate process {wt : t ≥ 0}. By Theorem 8.22 the excursion
law QL(x) determined by {Lt(x, ·) : t > 0} is actually carried by the excursions
w ∈ D0 satisfying w0 = 0 and limt→0 wt(1)−1wt = δx by weak convergence.

Suppose that F is a Lusin topological space. Let λ(dy) be a σ-finite Borel mea-
sure on F and let κ(y, dx) be a bounded kernel from F to E. In view of (9.17) and
(9.18), given any λ-integrable function ρ ∈ B(F )+, we can define the transition
semigroup (Qρ

t )t≥0 of an immigration superprocess by

Z. Li, Measure-Valued Branching Markov Processes,
Probability and Its Applications, DOI 10.1007/978-3-642-15004-3 10,
© Springer-Verlag Berlin Heidelberg 2011
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∫

M(E)

e−〈ν,f〉Qρ
t (μ,dν) = exp

{

− 〈μ, Vtf〉 −
∫ t

0

〈λ, ρκVsf〉ds

}

. (10.1)

Let {(Xt, Ft) : t ≥ 0} be a càdlàg realization of the (ξ, φ)-superprocess with de-
terministic initial value X0 = μ ∈ M(E) and let {N(ds,dy, du, dw)} be a Poisson
random measure on (0,∞)×F×(0,∞)×D0 with intensity dsλ(dy)duQκ(y, dw),
where

Qκ(y, dw) =
∫

E

κ(y, dx)QL(x)(dw), y ∈ F,w ∈ D0.

We assume {(Xt, Ft) : t ≥ 0} and {N(ds,dy, du, dw)} are defined on a complete
probability space (Ω,G ,P) and are independent of each other. For t ≥ 0 let Gt be
the σ-algebra generated by Ft and the family of random variables

{N((0, s] × U × A) : U ∈ B(F × (0,∞)), A ∈ A 0
t−s, 0 ≤ s ≤ t}.

Let (Ḡt)t≥0 be the augmentation of the filtration (Gt)t≥0. Given λ-integrable func-
tions p ≤ q ∈ B(F )+, we define

Yt = Xt +
∫ t

0

∫

F

∫ q(y)

p(y)

∫

D0

wt−sN(ds,dy, du, dw), t ≥ 0. (10.2)

We understand the second term on the right-hand side as an integral over the set
{(s, y, u, w) : 0 < s ≤ t, y ∈ F, p(y) < u ≤ q(y), w ∈ D0} and give similar
interpretations for all Poisson integrals in the sequel.

Theorem 10.1 The process {Yt : t ≥ 0} defined by (10.2) has a càdlàg modi-
fication and {(Yt, Ḡt+) : t ≥ 0} is an immigration superprocess with transition
semigroup (Qρ

t )t≥0 defined by (10.1) with ρ = q − p.

Proof. We first note that the construction (10.2) can be simplified. In fact, we have

Yt = Xt +
∫ t

0

∫

D0

wt−sNρ(ds,dw), t ≥ 0,

where {Nρ(ds,dw)} is the random measure on (0,∞) × D0 defined by

Nρ((0, t] × A) =
∫ t

0

∫

F

∫ q(y)

p(y)

∫

A

N(ds,dy, du, dw).

It is easy to see that {Nρ(ds,dw)} is a Poisson random measure with intensity
dsQρ(dw), where

Qρ(dw) =
∫

F

ρ(y)λ(dy)
∫

E

κ(y, dx)QL(x)(dw).
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By Theorem 9.26 one sees that {(Yt, Gt) : t ≥ 0} is an immigration superpro-
cess with transition semigroup (Qρ

t )t≥0. By Theorem 9.15 this process has a càdlàg
realization. Since E is locally compact and separable, it can be metrized as a com-
plete metric space. Following Parthasarathy (1967, pp.46–47) one can show that
M(E) can also be metrized as a complete metric space, so Proposition A.7 implies
{Yt : t ≥ 0} has a càdlàg modification. By the strong continuity of (Vt)t≥0 on
C0(E)+ one can see that {(Yt, Ḡt+) : t ≥ 0} is an immigration superprocess with
transition semigroup (Qρ

t )t≥0. ��

The process constructed in (10.2) deals with the case where immigration occurs
continuously at rate ρ(y) with respect to the measure λ(dy). The kernel κ(y, dx)
transfers the immigration affect from F to the underlying space E. We can also
consider the case where immigration only occurs in a fixed interval. Fix r ≥ 0 and
for t ≥ r let

Zt = Xt +
∫ r

0

∫

F

∫ q(y)

p(y)

∫

D0

wt−sN(ds,dy, du, dw). (10.3)

By a reorganization of the arguments in the proofs of Theorems 9.26 and 10.1 it is
easy to show the following:

Theorem 10.2 The process {Zt : t ≥ r} defined by (10.3) has a càdlàg modifica-
tion and {(Zt, Ḡt+) : t ≥ r} is a (ξ, φ)-superprocess.

10.2 Stochastic Immigration Rates

Let {Xt : t ≥ 0} and {N(ds,dy, du, dw)} be given as in the first section. Let
L 1

λ (F ) denote the set of two-parameter processes h = {ht(y) : t ≥ 0, y ∈ F}
defined on (Ω,G ,P) that are predictable relative to the augmented filtration (Ḡt+)
and satisfy

‖h‖λ,n :=
∫ n

0

P[〈λ, |hs|〉]ds < ∞, n ≥ 1. (10.4)

We identify h1 and h2 ∈ L 1
λ (F ) if ‖h1 − h2‖λ,n = 0 for every n ≥ 1 and define

the metric d1 on L 1
λ (F ) by

d1(h1, h2) =
∞∑

n=1

1
2n

(1 ∧ ‖h1 − h2‖λ,n). (10.5)

We say h = {hs(y) : s ≥ 0, y ∈ F} is left continuous if for every (ω, y) ∈ Ω × F
the mapping s �→ hs(ω, y) is left continuous on (0,∞). Recall that a two-parameter
process {qs(y) : s ≥ 0, y ∈ F} is called a step process if it is of the form
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qs(y) = g0(y)1{r0}(s) +
∞∑

i=0

gi(y)1(ri,ri+1](s), (10.6)

where {0 = r0 < r1 < r2 < · · · } is a sequence increasing to infinity and each
(ω, y) �→ gi(ω, y) is a Ḡri+ × B(F )-measurable function. Let L 0

λ (F ) denote the
set of step processes q ∈ L 1

λ (F ).

Proposition 10.3 The metric space (L 1
λ (F ), d1) is complete and L 0

λ (F ) is a dense
subset of L 1

λ (F ).

We shall not give the proof of the above proposition since it is a simple modifi-
cation of that of Proposition 7.22. In the sequel, we only deal with left continuous
processes in L 1

λ (F ). Given left continuous processes p ≤ q ∈ L 1
λ (F )+ define

Yt = Xt +
∫ t

0

∫

F

∫ qs(y)

ps(y)

∫

D0

wt−sN(ds,dy, du, dw), t ≥ 0. (10.7)

Setting ρs(y) = qs(y) − ps(y) we have:

Theorem 10.4 The process {Yt : t ≥ 0} defined by (10.7) has a càdlàg modifica-
tion in M(E) with the following property: For every G ∈ C2(R) and f ∈ D(A) we
have

G(〈Yt, f〉) = G(〈Y0, f〉) +
∫ t

0

{

G′(〈Ys, f〉)〈Ys, Af + γf − bf〉

+
∫

E

Ys(dx)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉) − G(〈Ys, f〉)

−〈ν, f〉G′(〈Ys, f〉)
]
H(x,dν) + G′′(〈Ys, f〉)〈Ys, cf

2〉

+G′(〈Ys, f〉)〈λ, ρsκf〉
}

ds + (Ḡt+)-local mart. (10.8)

Corollary 10.5 Let {Yt : t ≥ 0} be defined by (10.7). Then t �→ P[〈Yt, 1〉] is
locally bounded and

P[〈Yt, f〉] = 〈μ, πtf〉 +
∫ t

0

P[〈λ, ρsκπt−sf〉]ds, t ≥ 0, f ∈ B(E),

where t �→ πtf(x) is defined by (2.35).

Corollary 10.6 Let {Yt : t ≥ 0} be defined by (10.7). Then for every f ∈ D(A),

Mt(f) = 〈Yt, f〉 − 〈Y0, f〉 −
∫ t

0

〈Ys, Af + γf − bf〉ds −
∫ t

0

〈λ, ρsκf〉ds

is a square-integrable (Ḡt+)-martingale with increasing process

〈M(f)〉t =
∫ t

0

ds

∫

E

q(x, f)Ys(dx),
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where q(x, f) is defined by (2.59).

Corollary 10.7 There is a unique worthy (Ḡt+)-martingale measure {Mt(B) : t ≥
0; B ∈ B(E)} satisfying

Mt(f) =
∫ t

0

∫

E

f(x)M(ds,dx), t ≥ 0, f ∈ D(A) (10.9)

and having covariance measure defined by

η(ds,dx,dy) = ds

∫

E

2c(z)δz(dx)δz(dy)Xs(dz)

+ds

∫

E

Xs(dz)
∫

M(E)◦
ν(dx)ν(dy)H(z, dν).

Corollary 10.8 Let {Mt(B) : t ≥ 0; B ∈ B(E)} be the worthy (Ḡt+)-martingale
measure defined by (10.9). Then for any t ≥ 0 and f ∈ B(E) we have a.s.

〈Yt, f〉 = 〈Y0, πtf〉 +
∫ t

0

〈λ, ρsκπt−sf〉ds +
∫ t

0

∫

E

πt−sf(x)M(ds,dx),

where t �→ πtf(x) is defined by (2.35).

In view of (10.8), we can interpret {Yt : t ≥ 0} as an immigration superpro-
cess with stochastic immigration rate given by {ρs(y) : s ≥ 0, y ∈ F}. To prove
Theorem 10.4 and its corollaries we need some preparations.

Lemma 10.9 The results of Theorem 10.4 and its corollaries hold for p ≤ q ∈
L 0

λ (F )+.

Proof. Clearly, we can represent ps(y) and qs(y) in the form of (10.6) using the
same sequence {0 = r0 < r1 < r2 < · · · }. Then under P{·|Ḡri+} we can think
of y �→ pri+1(y) and y �→ qri+1(y) as deterministic functions. Moreover, under
the same conditional law the restriction of N(ds,dy, du, dw) to {s > ri} is still
a Poisson random measure with intensity dsλ(dy)duQκ(y, dw). By Theorem 10.1
we conclude that {Yt : 0 ≤ t ≤ r1} has a càdlàg modification and {(Yt, Ḡt+) :
0 ≤ t ≤ r1} is an immigration superprocess under P{·|Ḡ0+} with deterministic
immigration rate y �→ ρr1(y). Next we define

Y0(t) = Xt +
∫ r1

0

∫

F

∫ qr1 (y)

pr1 (y)

∫

D0

wt−sN(ds,dy, du, dw), t ≥ r1.

By Theorem 10.2 one sees that {Y0(t) : t ≥ r1} has a càdlàg modification and
{(Y0(t), Ḡt+) : t ≥ r1} under P{·|Ḡr1+} is a (ξ, φ)-superprocess. By Theo-
rem 10.1,

Yt = Y0(t) +
∫ t

r1

∫

F

∫ qr2 (y)

pr2 (y)

∫

D0

wt−sN(ds,dy, du, dw), r1 ≤ t ≤ r2
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has a càdlàg modification and under P{·|Ḡr1+} it is an immigration superprocess
relative to {Ḡt+ : r1 ≤ t ≤ r2} with deterministic immigration rate y �→ ρr2(y).
Using the above arguments successively one can see that {(Yt, Ḡt+) : ri ≤ t ≤
ri+1} under P{·|Ḡri+} is an immigration superprocess with deterministic immi-
gration rate y �→ ρri+1(y). Consequently, Theorem 10.4 and its corollaries follow
from the results in Section 9.3. ��

Lemma 10.10 Suppose that {ρk} ⊂ L 0
λ (F )+ and limk→∞ ρk = ρ in L 1

λ (F ). For
k ≥ 1 we define the càdlàg process {Zk(t) : t ≥ 0} in M(E) by

Zk(t) = Xt +
∫ t

0

∫

F

∫ ρk(s,y)

0

∫

D0

wt−sN(ds,dy, du, dw). (10.10)

Then there is a subsequence {kn} ⊂ {k} and a càdlàg process {Z(t) : t ≥ 0} in
M(E) so that

lim
n→∞

sup
0≤s≤t

‖Zkn(s) − Z(s)‖ = 0 (10.11)

holds a.s. for every t ≥ 0. Moreover, the characterizations given in Theorem 10.4
and its corollaries hold for the process {Z(t) : t ≥ 0}.

Proof. For fixed k, j ≥ 1 set p(s, y) = ρj(s, y) ∧ ρk(s, y) and q(s, y) = ρj(s, y) ∨
ρk(s, y). Then we have

Zk(t) − Zj(t) =

∫ t

0

∫

F

∫ q(s,y)

p(s,y)

∫

D0

wt−s1{ρj(s,y)<ρk(s,y)}N(ds, dy, du, dw)

−
∫ t

0

∫

F

∫ q(s,y)

p(s,y)

∫

D0

wt−s1{ρj(s,y)>ρk(s,y)}N(ds, dy, du, dw).

It follows that

‖Zk(t) − Zj(t)‖ ≤ 〈Zj,k(t), 1〉, t ≥ 0, (10.12)

where

Zj,k(t) =
∫ t

0

∫

F

∫ q(s,y)

p(s,y)

∫

D0

wt−sN(ds,dy, du, dw).

By applying Corollary 10.6 to the above process and using Doob’s martingale in-
equality we get

P
[

sup
0≤s≤t

〈Zj,k(s), 1〉
]
≤ (‖γ‖ + ‖b‖)

∫ t

0

P[〈Zj,k(s), 1〉]ds

+2
√
‖q(·, 1)‖

( ∫ t

0

P[〈Zj,k(s), 1〉]ds

) 1
2

+ ‖κ‖
∫ t

0

P[〈λ, |ρk(s, ·) − ρj(s, ·)|〉]ds,
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where ‖κ‖ = ‖κ(·, 1)‖. By Corollary 10.5 there are locally bounded functions t �→
C1(t) and t �→ C2(t) so that

P
[

sup
0≤s≤t

〈Zj,k(s), 1〉
]
≤ C1(t)

∫ t

0

P[〈λ, |ρk(s, ·) − ρj(s, ·)|〉]ds

+C2(t)
( ∫ t

0

P[〈λ, |ρk(s, ·) − ρj(s, ·)|〉]ds

) 1
2

.

It follows that

lim
j,k→∞

P
[

sup
0≤s≤t

〈Zj,k(s), 1〉
]

= 0, (10.13)

and hence there is a subsequence {kn} ⊂ {k} so that

P
[

sup
0≤s≤n

〈Zkn,kn+1(s), 1〉
]
≤ 1/2n, n ≥ 1.

Consequently, for every t ≥ 0,

P
[ ∞∑

n=1

sup
0≤s≤t

〈Zkn,kn+1(s), 1〉
]

=
∞∑

n=1

P
[

sup
0≤s≤t

〈Zkn,kn+1(s), 1〉
]

< ∞.

Thus we have a.s.

∞∑

n=1

sup
0≤s≤t

‖Zkn(s) − Zkn+1(s)‖ ≤
∞∑

n=1

sup
0≤s≤t

〈Zkn,kn+1(s), 1〉 < ∞.

That yields the existence of a càdlàg process {Z(t) : t ≥ 0} in M(E) so that
(10.11) holds a.s. for every t ≥ 0. By Lemma 10.9 the results of Theorem 10.4 and
its corollaries hold for each {Zk(t) : t ≥ 0}. Then (10.11) implies they also hold
for {Z(t) : t ≥ 0}. See also Jacod and Shiryaev (2003, p.385) to get the result of
Corollary 10.6. ��

Lemma 10.11 Let {Zk(t) : t ≥ 0} and {Z(t) : t ≥ 0} be given as Lemma 10.10.
Then for every t ≥ 0 and f ∈ B(E) we have

lim
k→∞

P
[

sup
0≤s≤t

|〈Zk(s), f〉 − 〈Z(s), f〉|
]

= 0. (10.14)

Proof. Let {Zj,k(t) : t ≥ 0} be defined as in the proof of Lemma 10.10. From
(10.12) it follows that

P
[

sup
0≤s≤t

|〈Zj(s), f〉 − 〈Zk(s), f〉|
]
≤ ‖f‖P

[
sup

0≤s≤t
|〈Zj,k(s), 1〉|

]
.

By (10.13) the right-hand side tend to zero as j, k → ∞. Then (10.14) follows from
(10.11) by an elementary argument. ��
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Lemma 10.12 Let ρ ∈ L 1
λ (F )+ be left continuous and assume there is a sequence

{ρk} ⊂ L 0
λ (F )+ so that limk→∞ d1(ρk, ρ) = 0 and

ρs(ω, y) = lim
k→∞

ρk(ω, s, y), ω ∈ Ω, s ≥ 0, y ∈ F.

Let {Zk(t) : t ≥ 0} be the càdlàg process in M(E) defined by (10.10). Then the
process

Z(t) = Xt +
∫ t

0

∫

F

∫ ρs(y)

0

∫

D0

wt−sN(ds,dy, du, dw) (10.15)

has a càdlàg version and there is a subsequence {kn} ⊂ {k} so that (10.11) holds
a.s. for every t ≥ 0.

Proof. Fix a strictly positive deterministic function h ∈ B(F )+ so that 〈λ, h〉 < ∞.
For α ≥ 0 and k ≥ 1 let ρα

k (s, y) = ρk(s, y) + αh(y) and let {Zα
k (t) : t ≥ 0} be

defined by (10.10) with ρk(s, y) replaced by ρα
k (s, y). By Lemma 10.10 there is a

subsequence {kn} ⊂ {k} and a càdlàg process {Zα(t) : t ≥ 0} in M(E) so that

lim
n→∞

sup
0≤s≤t

‖Zα
kn

(s) − Zα(s)‖ = 0 (10.16)

holds a.s. for every t ≥ 0. For any α > 0 it is easy to see that

Z0(t) ≤ Z(t) ≤ Xα(t) ≤ Zα(t),

where

Xα(t) = Xt +
∫ t

0

∫

F

∫

(0,ρα
s (y))

∫

D0

wt−sN(ds,dy, du, dw)

with ρα
s (y) = ρs(y) + αh(y). For any t ≥ 0 and f ∈ B(E) we clearly have

P[〈Zα(t), f〉] = 〈μ, πtf〉 +
∫ t

0

P[〈λ, ρα
s κπt−sf〉]ds.

It follows that P[〈Zα(t), 1〉] → P[〈Z0(t), 1〉] as α → 0. Then we have a.s. Z0(t) =
Z(t) for every t ≥ 0. In other words, the càdlàg process {Z0(t) : t ≥ 0} is a
modification of {Z(t) : t ≥ 0}. ��

Proof (of Theorem 10.4 and its corollaries). By the left continuity of s �→ qs(y) it
is easy to define {qk} ⊂ L 0

λ (F )+ so that limk→∞ d1(q, qk) = 0 and

q(ω, s, y) = lim
k→∞

qk(ω, s, y), ω ∈ Ω, s ≥ 0, y ∈ F.

Similarly, there is a sequence {pk} ⊂ L 0
λ (F )+ so that limk→∞ d1(p, pk) = 0 and

p(ω, s, y) = limk→∞ pk(ω, s, y) for all (ω, s, y) ∈ Ω × [0,∞) × F . Let {Yk(t) :
t ≥ 0} be defined by (10.7) with ps(y) = pk(s, y) and qs(y) = qk(s, y). Clearly,
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we can write {Yk(t) : t ≥ 0} as the difference of two processes in the form of
(10.10). A similar decomposition can be given for {Yt : t ≥ 0}. By Lemma 10.12
one sees {Yt : t ≥ 0} has a càdlàg version and there is a subsequence {kn} ⊂ {k}
so that (10.11) holds a.s. for every t ≥ 0. Then the results of Theorem 10.4 and its
corollaries follow immediately. ��

10.3 Interactive Immigration Rates

Let {Xt : t ≥ 0} and {N(ds,dy, du, dw)} be given as in the first section. For any
R ≥ 0 let MR(E) = {ν ∈ M(E) : ν(1) ≤ R}. Suppose that (ν, y) �→ q(ν, y) is a
positive Borel function on M(E)×F such that ν �→ q(ν, y) is continuous for every
y ∈ F . In addition, we assume there is a constant K ≥ 0 so that

〈λ, q(ν, ·)〉 ≤ K(1 + 〈ν, 1〉), ν ∈ M(E), (10.17)

and for each R > 0 there is a constant KR ≥ 0 so that

〈λ, |q(ν2, ·) − q(ν1, ·)|〉 ≤ KR‖ν2 − ν1‖ (10.18)

for ν1, ν2 ∈ MR(E). Let us consider the stochastic integral equation

Yt = Xt +
∫ t

0

∫

F

∫ q(Ys−,y)

0

∫

D0

wt−sN(ds,dy, du, dw), t ≥ 0. (10.19)

By a solution of (10.19) we mean a càdlàg process {Yt : t ≥ 0} in M(E) that is
adapted to the filtration (Ḡt+) and satisfies the equation with probability one.

Theorem 10.13 There is a unique solution {Yt : t ≥ 0} of (10.19). Moreover,
{(Yt, Ḡt+) : t ≥ 0} is a strong Markov process and for G ∈ C2(R) and f ∈ D(A)
we have

G(〈Yt, f〉) = G(〈Y0, f〉) +
∫ t

0

{

G′(〈Ys, f〉)〈Ys, Af + γf − bf〉

+
∫

E

Ys(dx)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉) − G(〈Ys, f〉)

−〈ν, f〉G′(〈Ys, f〉)
]
H(x,dν) + G′′(〈Ys, f〉)〈Ys, cf

2〉

+G′(〈Ys, f〉)〈λ, q(Ys, ·)κf〉
}

ds + (Ḡt+)-local mart. (10.20)

In view of (10.19) and (10.20), we may interpret {Yt : t ≥ 0} as an immigration
superprocess with interactive immigration rate given by the two-parameter process
(s, y) �→ q(Ys−, y). The uniqueness of solution of the martingale problem (10.20)
still remains open. Then the theorem above shows the advantage of the stochas-
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tic equation (10.19) in constructing the interactive immigration superprocess as a
Markov process. Recall that ‖πtf‖ ≤ ec0t‖f‖ for all t ≥ 0 and f ∈ B(E).

Lemma 10.14 Let R ≥ 0 be a constant and let q1 and q2 be positive Borel functions
on M(E) × F satisfying (10.17) and (10.18) and assume

q1(ν, y) = q2(ν, y) = q(ν, y), y ∈ F, ν ∈ MR(E).

Suppose that {Y1(t) : t ≥ 0} and {Y2(t) : t ≥ 0} are solutions of (10.19) with q
replaced by q1 and q2, respectively. Let

τ = inf{t ≥ 0 : 〈Y1(t), 1〉 ≥ R or 〈Y2(t), 1〉 ≥ R}.

Then {Y1(t ∧ τ) : t ≥ 0} and {Y2(t ∧ τ) : t ≥ 0} are indistinguishable.

Proof. For s ≥ 0 and y ∈ F let

q∗(s, y) = q1(Y1(s), y) ∧ q2(Y2(s), y)

and

q∗(s, y) = q1(Y1(s), y) ∨ q2(Y2(s), y).

Then ‖Y1(t ∧ τ) − Y2(t ∧ τ)‖ ≤ 〈Z(t), 1〉, where

Z(t) =
∫ t∧τ

0

∫

F

∫ q∗(s−,y)

q∗(s−,y)

∫

D0

wt−sN(ds,dy, du, dw)

=
∫ t

0

∫

F

∫ 1{s≤τ}q∗(s−,y)

1{s≤τ}q∗(s−,y)

∫

D0

wt−sN(ds,dy, du, dw).

We next use Corollary 10.5 to obtain

P[〈Z(t), 1〉] = P
[ ∫ t

0

〈λ, 1{s≤τ}[q∗(s−, ·) − q∗(s−, ·)]κπt−s1〉ds

]

≤ ‖κ‖ec0tP
[ ∫ t

0

〈λ, 1{s≤τ}|q(Y1(s), ·) − q(Y2(s), ·)|〉ds

]

≤ KR‖κ‖ec0tP
[ ∫ t

0

1{s≤τ}‖Y1(s) − Y2(s)‖ds

]

≤ KR‖κ‖ec0t

∫ t

0

P[〈Z(s), 1〉]ds,

where ‖κ‖ = ‖κ(·, 1)‖. By Gronwall’s inequality one sees P[〈Z(t), 1〉] = 0 for all
t ≥ 0. Then {Y1(t ∧ τ) : t ≥ 0} and {Y2(t ∧ τ) : t ≥ 0} are indistinguishable. ��

Lemma 10.15 There is at most one solution of (10.19).

Proof. Suppose {Y1(t) : t ≥ 0} and {Y2(t) : t ≥ 0} are two solutions of (10.19).
Let τn = inf{t ≥ 0 : 〈Y1(t), 1〉 ≥ n or 〈Y2(t), 1〉 ≥ n}. By Lemma 10.14, the
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processes {Y1(t ∧ τn) : t ≥ 0} and {Y2(t ∧ τn) : t ≥ 0} are indistinguishable for
every n ≥ 1. Then {Y1(t) : t ≥ 0} and {Y2(t) : t ≥ 0} are indistinguishable. ��

Lemma 10.16 The results of Theorem 10.13 hold if there is a universal constant
K ≥ 0 so that

〈λ, |q(ν2, ·) − q(ν1, ·)|〉 ≤ K‖ν2 − ν1‖, ν1, ν2 ∈ M(E). (10.21)

Proof. By Lemma 10.15 the uniqueness of solution holds for (10.19). We shall
prove the existence of the solution using an approximating argument. Let Y0(t) =
Xt and define inductively

Yk(t) = Xt +
∫ t

0

∫

F

∫ q(Yk−1(s−),y)

0

∫

D0

wt−sN(ds,dy, du, dw). (10.22)

In the remainder of this proof we write qk(s, y) = q(Yk−1(s−), y) for simplicity.
Let Y0,1(t) = Y1(t) − Y0(t) and for k > j ≥ 1 let

Yj,k(t) =
∫ t

0

∫

F

∫ qj(s,y)∨qk(s,y)

qj(s,y)∧qk(s,y)

∫

D0

wt−sN(ds,dy, du, dw). (10.23)

Then ‖Yk(t) − Yj(t)‖ ≤ 〈Yj,k(t), 1〉. By Corollary 10.5 it is easy to see that

P[〈Yk,k+1(t), 1〉] = P
[ ∫ t

0

〈λ, |qk+1(s, ·) − qk(s, ·)|κπt−s1〉ds

]

≤ ‖κ‖ec0tP
[ ∫ t

0

〈λ, |qk+1(s, ·) − qk(s, ·)|〉ds

]

.

Then we use (10.21) to see

〈λ, |qk+1(s, ·) − qk(s, ·)|〉 ≤ K‖Yk(s−) − Yk−1(s−)‖
≤ K〈Yk−1,k(s−), 1〉. (10.24)

It follows that

P[〈Yk,k+1(t), 1〉] ≤ K‖κ‖ec0tP
[ ∫ t

0

〈Yk−1,k(s−), 1〉ds

]

≤ K‖κ‖ec0t

∫ t

0

P[〈Yk−1,k(s), 1〉]ds.

Using Corollary 10.5 and (10.17) we get

P[〈Y0,1(t), 1〉] = P
[ ∫ t

0

〈λ, q(Xs−, ·)κπt−s1〉ds

]

≤ K‖κ‖ec0t

∫ t

0

P[1 + 〈Xs, 1〉]ds.
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By a standard argument, one shows

∞∑

k=1

sup
0≤s≤t

P[〈Yk−1,k(s), 1〉] < ∞.

In view of (10.24) we have

∞∑

k=1

sup
0≤s≤t

P[〈λ, |qk+1(s, ·) − qk(s, ·)|〉] < ∞.

It follows that

lim
j,k→∞

∫ t

0

P[〈λ, |qk(s, ·) − qj(s, ·)|〉]ds = 0.

Then there exists ρ ∈ L 1
λ (F )+ so that d1(qk, ρ) → 0 as k → ∞. By the arguments

in the proof of Lemma 10.10 there is a subsequence {kn} ⊂ {k} and a càdlàg
process {Y (t) : t ≥ 0} so that

lim
n→∞

sup
0≤s≤t

‖Ykn(s) − Y (s)‖ = 0

holds a.s. for every t ≥ 0. Now the continuity of ν �→ q(ν, y) implies

lim
n→∞

qkn+1(s, y) = lim
n→∞

q(Ykn(s−), y) = q(Y (s−), y)

for all s ≥ 0 and y ∈ F on an event with full probability. Then we may identify
(s, y) �→ ρ(s, y) and (s, y) �→ q(Y (s−), y) as elements of L 1

λ (F ). The arguments
in the proof of Lemma 10.11 yield

lim
k→∞

P
[

sup
0≤s≤t

|〈Y (s), f〉 − 〈Yk(s), f〉|
]

= 0

for every t ≥ 0 and f ∈ B(E). By letting k → ∞ along {kn + 1} in (10.22) and
arguing as in the proof of Lemma 10.12 we see {Y (t) : t ≥ 0} is a solution of
(10.19). The martingale problem characterization (10.20) follows by Theorem 10.4.

��

We now use a localization method to establish Theorem 10.13 under the gen-
eral conditions (10.17) and (10.18). For any integer n ≥ 1 it is easy to define a
continuously differentiable function z �→ an(z) on [0,∞) such that

an(z) =
{ 1 for 0 ≤ z ≤ n − 1,

n/z for z ≥ n + 1.

In addition, we can also assume 0 ≤ an(z) ≤ 1 ∧ (n/z) and −1/z ≤ a′
n(z) ≤ 0

for all z > 0.
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Lemma 10.17 Suppose that (ν, y) �→ q(ν, y) is a positive Borel function on
M(E) × F satisfying (10.18). Then qn(ν, y) := q(an(〈ν, 1〉)ν, y) defines a posi-
tive Borel function on M(E) × F satisfying

〈λ, |qn(ν2, ·) − qn(ν1, ·)|〉 ≤ 2Kn‖ν2 − ν1‖, ν1, ν2 ∈ M(E). (10.25)

Proof. For ν1, ν2 ∈ M(E) satisfying 〈ν1, 1〉 ≤ 〈ν2, 1〉 we can find a constant s ≥ 0
between 〈ν1, 1〉 and 〈ν2, 1〉 so that

〈ν1, 1〉|an(〈ν2, 1〉) − an(〈ν1, 1〉)| ≤ 〈ν1, 1〉|a′
n(s)||〈ν2, 1〉 − 〈ν1, 1〉|

≤ ‖ν2 − ν1‖.

Let γ = ν1 + ν2 and let gν1 and gν2 denote respectively the densities of ν1 and ν2

with respect to γ. It follows that

l.h.s. of (10.25) ≤ Kn‖an(〈ν2, 1〉)ν2 − an(〈ν1, 1〉)ν1‖
= Kn〈γ, |an(〈ν2, 1〉)gν2 − an(〈ν1, 1〉)gν1 |〉
≤ Knan(〈ν2, 1〉)〈γ, |gν2 − gν1 |〉

+Kn|an(〈ν2, 1〉) − an(〈ν1, 1〉)|〈γ, gν1〉
≤ Kn‖ν2 − ν1‖ + Kn|an(〈ν2, 1〉) − an(〈ν1, 1〉)|〈ν1, 1〉
≤ 2Kn‖ν2 − ν1‖.

That proves the desired inequality. ��

Proof (of Theorem 10.13). By Lemma 10.15 the uniqueness of solution holds
for (10.19). For each integer n ≥ 1 let qn be defined as in Lemma 10.17. By
Lemma 10.16 there is an unique solution {Yn(t) : t ≥ 0} to (10.19) if q is re-
placed by qn. For each n ≥ 1 define the stopping time σn = inf{t ≥ 0 :
〈Yn(t), 1〉 ≥ n − 1}. Then Lemma 10.14 implies that {Ym(t ∧ σm) : t ≥ 0}
and {Yn(t ∧ σm) : t ≥ 0} are indistinguishable for any n ≥ m ≥ 1. It is easy
to show {σn} is an increasing sequence. Since (Pt)t≥0 is a Feller semigroup, the
result of Corollary 7.14 is also true for f = 1. Consequently,

t �→ C(t) := P[〈Xt∧σn , 1〉]

is a locally bounded function on [0,∞). From (10.17) it follows that

P[1 + 〈Yn(t ∧ σn), 1〉]

= P[1 + 〈Xt∧σn , 1〉] + P
[ ∫ t∧σn

0

〈λ, q(Yn(s−), ·)κπt−s1〉ds

]

≤ 1 + C(t) + K‖κ‖ec0t

∫ t

0

P[1 + 〈Yn(s ∧ σn), 1〉]ds.

By Gronwall’s inequality, there is a locally bounded function t �→ B(t) on [0,∞)
independent of n ≥ 1 such that



246 10 State-Dependent Immigration Structures

P[1 + 〈Yn(t ∧ σn), 1〉] ≤ B(t), t ≥ 0. (10.26)

The right continuity of t �→ Yn(t) implies 〈Yn(σn), 1〉 ≥ n−1. By (10.26) we have
nP{σn ≤ t} ≤ B(t) and so P{σn ≤ t} → 0 as n → ∞. That implies σn → ∞
increasingly. Thus there is a càdlàg process {Yt : t ≥ 0} such that a.s. Yn(t) = Yt

for every 0 ≤ t ≤ σn. By (10.26) and Fatou’s lemma we get P[1 + 〈Yt, 1〉] ≤ B(t)
for every t ≥ 0. It is then easy to show (s, y) �→ q(Ys−, y) belongs to L 1

λ (F ).
Clearly the equation (10.19) holds. The martingale problem characterization (10.20)
follows from Theorem 10.4. The uniqueness of the solution of (10.19) implies the
strong Markov property of {(Yt, Ḡt+) : t ≥ 0}. ��

Example 10.1 Suppose that p(x,dy) is a bounded kernel from E to F absolutely
continuous with respect to λ(dy) with density p(x, y) so that supx∈E p(x, y) < ∞
and x �→ p(x, y) is continuous for every y ∈ F . Suppose that r ∈ C(M(E) × F )+

is a function satisfying

|r(ν2, y) − r(ν1, y)| ≤ K‖ν2 − ν1‖, ν1, ν2 ∈ M(E), y ∈ F

for a constant K ≥ 0. For ν ∈ M(E) and z ∈ F let

q(ν, y) = r(ν, y)〈ν, p(·, y)〉 = r(ν, y)
∫

E

p(x, y)ν(dx).

Then ν �→ q(ν, y) is continuous on M(E) and

〈λ, q(ν, ·)〉 =
∫

F

r(ν, y)λ(dy)
∫

E

p(x, y)ν(dx) ≤ ‖r‖‖p‖〈ν, 1〉,

where ‖p‖ = supx∈E p(x, 1). For ν1, ν2 ∈ M(E) we have

〈λ, |q(ν2, ·) − q(ν1, ·)|〉 =
∫

F

|〈r(ν2, y)ν2 − r(ν1, y)ν1, p(·, y)〉|λ(dy)

≤
∫

F

|r(ν2, y) − r(ν1, y)|〈ν2, p(·, y)〉λ(dy)

+
∫

F

r(ν1, y)|〈ν2 − ν1, p(·, y)〉|λ(dy)

≤ K‖ν2 − ν1‖
∫

F

〈ν2, p(·, y)〉λ(dy)

+ ‖r‖
∫

F

|〈|ν2 − ν1|, p(·, y)〉|λ(dy)

≤ K‖ν2 − ν1‖‖p‖〈ν2, 1〉 + ‖r‖‖p‖‖ν2 − ν1‖.

Then (ν, y) �→ q(ν, y) satisfies conditions (10.17) and (10.18). Let {Yt : t ≥ 0} be
the unique càdlàg solution of (10.19). By Theorem 10.13 it is easy to see

G(〈Yt, f〉) = G(〈Y0, f〉) +
∫ t

0

{

G′(〈Ys, f〉)〈Ys, Af + γf − bf〉
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+
∫

E

Ys(dx)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉) − G(〈Ys, f〉)

−〈ν, f〉G′(〈Ys, f〉)
]
H(x,dν) + G′′(〈Ys, f〉)〈Ys, cf

2〉

+G′(〈Ys, f〉)〈Ys, κ0(Ys, ·, f)〉
}

ds + (Ḡt+)-local mart.

for G ∈ C2(R) and f ∈ D(A), where

κ0(ν, x, f) =
∫

F

r(ν, y)p(x, y)κf(y)λ(dy). (10.27)

We can interpret {Yt : t ≥ 0} as a superprocess with an extra interactive non-local
branching mechanism given by (10.27).

10.4 General Interactive Immigration

In this section, we give some generalizations of the immigration models consid-
ered in the previous sections. Suppose that F0 and F1 are Lusin topological spaces.
Let λ0(dy) and λ1(dy) be σ-finite Borel measures on F0 and F1, respectively. Let
κ(y, dx) be a bounded kernel from F0 to E and let K(y, dν) be a kernel from F1 to
M(E)◦ satisfying

sup
y∈F1

∫

M(E)◦
〈ν, 1〉K(y, dν) < ∞. (10.28)

Suppose that (D0, A 0, A 0
t ,Qν) is the canonical càdlàg realization of the (ξ, φ)-

superprocess. Let {(Xt, Ft) : t ≥ 0} be a càdlàg (ξ, φ)-superprocess with de-
terministic initial state X0 = μ ∈ M(E). For i = 0, 1 let {Ni(ds,dy, du, dw)}
be a Poisson random measure on (0,∞) × Fi × (0,∞) × D0 with intensity
dsλi(dy)duQi(y, dw), where

Q0(y, dw) =
∫

E

κ(y, dx)QL(x)(dw), y ∈ F0, w ∈ D0,

and

Q1(y, dw) =
∫

M(E)◦
K(y, dν)Qν(dw), y ∈ F1, w ∈ D0.

We assume that the process {(Xt, Ft) : t ≥ 0} and the Poisson random measures
{N0(ds,dy, du, dw)} and {N1(ds,dy, du, dw)} are defined on a complete proba-
bility space (Ω,G ,P) and are independent of each other. For t ≥ 0 let Gt be the
σ-algebra generated by Ft and the collection of random variables
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{Ni((0, s] × U × A) : U ∈ B(Fi × (0,∞)), A ∈ A 0
t−s, 0 ≤ s ≤ t; i = 0, 1}.

Let (Ḡt) denote the augmentation of (Gt). Let L 1
λ0

(F0) be the set of processes
{ht(y) : t ≥ 0, y ∈ F0} that are predictable relative to the filtration (Ḡt+) and
satisfy (10.4) with λ = λ0. Let L 1

λ1
(F1) be defined similarly. Given left continuous

processes ρ0 ∈ L 1
λ0

(F0)+ and ρ1 ∈ L 1
λ1

(F1)+, for t ≥ 0 we define

Yt = Xt +
∫ t

0

∫

F0

∫ ρ0(s,y)

0

∫

D0

wt−sN0(ds,dy, du, dw)

+
∫ t

0

∫

F1

∫ ρ1(s,y)

0

∫

D0

wt−sN1(ds,dy, du, dw). (10.29)

Theorem 10.18 The process {Yt : t ≥ 0} defined by (10.29) has a càdlàg modifi-
cation in M(E) with the following property: For every G ∈ C2(R) and f ∈ D(A)
we have

G(〈Yt, f〉) = G(〈Y0, f〉) +
∫ t

0

{

G′(〈Ys, f〉)〈Ys, Af + γf − bf〉

+
∫

E

Ys(dx)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉)

−G(〈Ys, f〉) − 〈ν, f〉G′(〈Ys, f〉)
]
H(x,dν)

+G′′(〈Ys, f〉)〈Ys, cf
2〉 + G′(〈Ys, f〉)〈λ0, ρ0(s, ·)κf〉

+
∫

F1

ρ1(s, y)λ1(dy)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉)

−G(〈Ys, f〉)
]
K(y, dν)

}

ds + (Ḡt+)-local mart. (10.30)

Proof. By making an extension of (Ω,G ,P) we can assume N1(ds,dy, du, dw) is
the projection of a Poisson random measure N̄1(ds,dy, du, dν, dw) on (0,∞) ×
F1 × (0,∞)×M(E)◦ ×D0 with intensity dsλ1(dy)duK(y, dν)Qν(dw). We can
also assume {N̄1(ds,dy, du, dν, dw)} is independent of {(Xt, Ft) : t ≥ 0} and
{N0(ds,dy, du, dw)}. For every k ≥ 1 define

Yk(t) = Xt +
∫ t

0

∫

F0

∫ ρ0(s,y)

0

∫

D0

wt−sN0(ds,dy, du, dw)

+
∫ t

0

∫

F1

∫ ρ1(s,y)

0

∫

M◦
k

∫

D0

wt−sN̄1(ds,dy, du, dν, dw),

where M◦
k = {ν ∈ M(E)◦ : 〈ν, 1〉 ≤ k}. Following the arguments in Section 10.2,

one can show that the results of the theorem hold for {Yk(t) : t ≥ 0} with M(E)◦

replaced by M◦
k . (This cutoff is necessary in defining the covariance measure of the

induced martingale measure.) In particular, we have

G(〈Yk(t), f〉) = G(〈Yk(0), f〉) +

∫ t

0

{

G′(〈Yk(s), f〉)〈Yk(s), Af + γf − bf〉
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+

∫

E

Yk(s, dx)

∫

M(E)◦

[
G(〈Yk(s), f〉 + 〈ν, f〉)

−G(〈Yk(s), f〉) − 〈ν, f〉G′(〈Yk(s), f〉)
]
H(x, dν)

+ G′′(〈Yk(s), f〉)〈Yk(s), cf2〉 + G′(〈Yk(s), f〉)〈λ0, ρ0(s, ·)κf〉

+

∫

F1

ρ1(s, y)λ1(dy)

∫

M◦
k

[
G(〈Yk(s), f〉 + 〈ν, f〉)

−G(〈Yk(s), f〉)
]
K(y, dν)

}

ds + (Ḡt+)-local mart. (10.31)

For any k ≥ 1 let Tk = inf{t ≥ 0 : N̄1(Ak(t)) ≥ 1}, where

Ak(t) = {(s, y, u, ν, w) : 0 < s ≤ t, 〈ν, 1〉 > k, 0 < u ≤ ρ1(s, y), w ∈ D0}.

It is easily seen that Yt = Yk(t) for 0 ≤ t < Tk. Observe also that

P[N̄1(Ak(t))] = P
[ ∫ t

0

ds

∫

F1

ρ1(s, y)λ1(dy)
∫

{〈ν,1〉>k}
K(y, dν)

]

≤ 1
k

∫ t

0

ds

∫

F1

P[ρ1(s, y)]λ1(dy)
∫

M(E)◦
〈ν, 1〉K(y, dν).

The right-hand side tends to zero as k → ∞. Then N̄1(Ak(t)) → 0 decreasingly
and hence Tk → ∞ increasingly as k → ∞. From (10.31) we get (10.30). ��

Corollary 10.19 Let {Yt : t ≥ 0} be defined by (10.29). Then t �→ P[〈Yt, 1〉] is
locally bounded and

P[〈Yt, f〉] = 〈μ, πtf〉 +
∫ t

0

ds

∫

F0

P[ρ0(s, y)]κπt−sf(y)λ0(dy)

+
∫ t

0

ds

∫

F1

P[ρ1(s, y)]λ1(dy)
∫

M(E)◦
〈ν, πt−sf〉K(y, dν)

for any t ≥ 0 and f ∈ B(E).

Corollary 10.20 Let {Yt : t ≥ 0} be defined by (10.29). If, in addition to (10.28),
we assume

sup
y∈F1

∫

M(E)◦
〈ν, 1〉2K(y, dν) < ∞, (10.32)

then for every f ∈ D(A),

Mt(f) = 〈Yt, f〉 − 〈Y0, f〉 −
∫ t

0

〈Ys, Af + γf − bf〉ds

−
∫ t

0

〈λ0, ρ0(s, ·)κf〉ds

−
∫ t

0

ds

∫

F1

ρ1(s, y)λ1(dy)
∫

M(E)◦
〈ν, f〉K(y, dν)
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is a square-integrable (Ḡt+)-martingale with increasing process

〈M(f)〉t =

∫ t

0

[ ∫

E

q(x, f)Ys(dx) +

∫

F1

ρ1(s, y)λ1(dy)

∫

M(E)◦
〈ν, f〉2K(y, dν)

]

ds,

where q(x, f) is defined by (2.59).

Let (ν, y) �→ q0(ν, y) be a positive Borel function on M(E) × F0 satisfying
(10.17) and (10.18) with λ = λ0. Let (ν, y) �→ q1(ν, y) be a positive Borel function
on M(E) × F1 satisfying conditions (10.17) and (10.18) with λ = λ1. In addition,
assume that ν �→ q0(ν, y) is continuous for every y ∈ F0 and ν �→ q1(ν, y) is
continuous for every y ∈ F1. We consider the equation

Yt = Xt +
∫ t

0

∫

F0

∫ q0(Ys−,y)

0

∫

D0

wt−sN0(ds,dy, du, dw)

+
∫ t

0

∫

F1

∫ q1(Ys−,y)

0

∫

D0

wt−sN1(ds,dy, du, dw). (10.33)

Theorem 10.21 There is a unique càdlàg solution {Yt : t ≥ 0} of (10.33). More-
over, {(Yt, Ḡt+) : t ≥ 0} is a strong Markov process and for G ∈ C2(R) and
f ∈ D(A) we have

G(〈Yt, f〉) = G(〈Y0, f〉) +
∫ t

0

{

G′(〈Ys, f〉)〈Ys, Af + γf − bf〉

+
∫

E

Ys(dx)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉)

−G(〈Ys, f〉) − 〈ν, f〉G′(〈Ys, f〉)
]
H(x,dν)

+G′′(〈Ys, f〉)〈Ys, cf
2〉 + G′(〈Ys, f〉)〈λ0, q0(Ys, ·)κf〉

+
∫

F1

q1(Ys, y)λ1(dy)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉)

−G(〈Ys, f〉)
]
K(y, dν)

}

ds + (Ḡt+)-local mart. (10.34)

Proof. Let {N̄1(ds,dy, du, dν, dw)} be as in the proof of Theorem 10.18. For every
k ≥ 1 one can use the arguments in Section 10.3 to show there is a unique solution
{Yk(t) : t ≥ 0} of

Yt = Xt +
∫ t

0

∫

F0

∫ q0(Ys−,y)

0

∫

D0

wt−sN0(ds,dy, du, dw)

+
∫ t

0

∫

F1

∫ q1(Ys−,y)

0

∫

M◦
k

∫

D0

wt−sN̄1(ds,dy, du, dν, dw),

where M◦
k = {ν ∈ M(E)◦ : 〈ν, 1〉 ≤ k}. Let τk = inf{t ≥ 0 : 〈Yk(t), 1〉 ≥ k}.

By Gronwall’s inequality one shows
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P[〈Yk(t ∧ τk), 1〉] ≤ B(t), t ≥ 0, (10.35)

where t �→ B(t) is a locally bounded function independent of k ≥ 1. By a standard
argument one shows τk → ∞ increasingly as k → ∞. Clearly, for any n ≥ k ≥ 1
the two processes {Yk(t) : t ≥ 0} and {Yn(t) : t ≥ 0} coincide in the time
interval [0, τk). Then we can define a process {Yt : t ≥ 0} which agrees with
{Yk(t) : t ≥ 0} on [0, τk). By (10.35) and Fatou’s lemma we have

P[〈Yt, 1〉] ≤ B(t), t ≥ 0.

It follows that (s, y) �→ q0(Ys−, y) belongs to L 1
λ0

(F0)+ and (s, y) �→ q1(Ys−, y)
belongs to L 1

λ1
(F1)+. Then one can see {Yt : t ≥ 0} solves (10.33). The unique-

ness of the solution follows as that for (10.19). Then {(Yt, Ḡt+) : t ≥ 0} is a
strong Markov process. The characterization (10.34) follows from Theorem 10.18.
We omit the details. ��

Example 10.2 Let pi(x,dy) = pi(x, y)λi(dy) be a bounded kernel from E to Fi

for i = 0 and 1. We assume supx∈E pi(x, y) < ∞ and x �→ pi(x, y) is continuous
for every y ∈ Fi. Let

qi(ν, y) = 〈ν, pi(·, y)〉 =
∫

E

pi(x, y)ν(dx), ν ∈ M(E), y ∈ Fi.

By the calculations in Example 10.1 one sees that ν �→ qi(ν, y) satisfies conditions
(10.17) and (10.18) with λ = λi. Let {Yt : t ≥ 0} be the unique càdlàg solution of
(10.33). Then for G ∈ C2(R) and f ∈ D(A) we have

G(〈Yt, f〉) = G(〈Y0, f〉) +
∫ t

0

{

G′(〈Ys, f〉)〈Ys, Af + γf − bf〉

+
∫

E

Ys(dx)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉)

−G(〈Ys, f〉) − 〈ν, f〉G′(〈Ys, f〉)
]
H(x,dν)

+G′′(〈Ys, f〉)〈Ys, cf
2〉 + G′(〈Ys, f〉)〈Ys, κ0f〉

+
∫

E

Ys(dx)
∫

M(E)◦

[
G(〈Ys, f〉 + 〈ν, f〉)

−G(〈Ys, f〉)
]
K1(x,dν)

}

ds + (Ḡt+)-local mart.,

where

κ0(x,dz) =
∫

F0

p0(x,dy)κ(y, dz), x, z ∈ E,

and



252 10 State-Dependent Immigration Structures

K1(x,dν) =
∫

F1

p1(x,dy)K(y, dν), x ∈ E, ν ∈ M(E)◦.

By Theorem 7.13 it is easy to see that {(Yt, Ḡt+) : t ≥ 0} is a superprocess with
branching mechanism

(x, f) �→ φ(x, f) − κ0(x, f) −
∫

M(E)◦

(
1 − e−ν(f)

)
K1(x,dν).

This provides a method of changing the branching mechanism of the superprocess
using immigration. One can also introduce an interactive structure as in (10.27).

Example 10.3 Let (ν, y) �→ qi(ν, y) be defined as in the last example and let z �→
gi(z) be a Lipschitz function on [0,∞) satisfying gi(z) ≤ const · z. Then (ν, y) �→
gi(qi(ν, y)) satisfies conditions (10.17) and (10.18) with λ = λi.

10.5 Notes and Comments

The approach of stochastic integral equations in constructing interactive immigra-
tion superprocess was suggested by Shiga (1990), who studied a stochastic equation
involving Poisson processes on the space of one-dimensional excursions. However,
Shiga (1990) only considered the trivial spatial motion. A generalization of his re-
sult to non-trivial spatial motions was given in Fu and Li (2004) for binary local
branching. The results in this chapter generalize those in Fu and Li (2004) and
Shiga (1990). Abraham and Delmas (2009) gave a method of changing the branch-
ing mechanism of a CB-process using immigration, which is different from that in
Example 10.2.

A class of immigration superprocess with dependent spatial motion were con-
structed in Li et al. (2005). Using the techniques developed in Kurtz and Xiong
(1999), they gave a characterization of the conditional cumulant semigroup of the
superprocess in terms of a stochastic partial differential equation driven by a time–
space white noise. The approach was stimulated by Xiong (2004), who established
a similar characterization for the model of Skoulakis and Adler (2001).

Let σ ∈ C2(R)+ and h ∈ C1(R) and assume both h and h′ are square-integrable.
Let λ ∈ M(R) and let ρ be defined by (7.58). Suppose that (ν, x) �→ q(ν, x) is a
positive Borel function on M(R) × R such that there is a constant K > 0 such that

〈λ, q(ν, ·)〉 ≤ K(1 + 〈ν, 1〉), ν ∈ M(R),

and for each R > 0 there is a constant KR > 0 such that

〈λ, |q(ν2, ·) − q(ν1, ·)|〉 ≤ KR‖ν2 − ν1‖

for ν1, ν2 ∈ M(R) satisfying 〈ν1, 1〉 ≤ R and 〈ν2, 1〉 ≤ R. By considering a
stochastic equation similar to (10.19) involving one-dimensional excursions carried
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by a stochastic flow, Dawson and Li (2003) constructed an interactive immigration
superprocess with dependent spatial motion, which is a diffusion process {Xt : t ≥
0} in M(R) satisfying the martingale problem: For each f ∈ C2(R),

Mt(f) = 〈Xt, f〉 − 〈X0, f〉 −
1
2
ρ(0)

∫ t

0

〈Xs, f
′′〉ds

−
∫ t

0

ds

∫

R

q(Ys, x)f(x)λ(dx)

is a continuous martingale with quadratic variation process

〈M(f)〉t =
∫ t

0

〈Xs, σf2〉ds +
∫ t

0

ds

∫

R

〈Xs, h(z − ·)f ′〉2dz.

Rescaling limits of the superprocess with dependent spatial motion were investi-
gated in Dawson et al. (2004c) and Li et al. (2004), which led to a superprocess
with coalescing spatial motion. Zhou (2007) gave a characterization of the condi-
tional Laplace functional of the latter. A lattice branching-coalescing particle system
was studied in Athreya and Swart (2005, 2009).





Chapter 11
Generalized Ornstein–Uhlenbeck Processes

Generalized Ornstein–Uhlenbeck processes constitute a large class of explicit ex-
amples of Markov processes in infinite-dimensional spaces with rich mathematical
structures. Those processes may have non-trivial invariant measures, which make
them become better candidates for infinite-dimensional reference processes than
Lévy processes. In this chapter, we first give a formulation of generalized Ornstein–
Uhlenbeck processes in Hilbert spaces using the generalized Mehler semigroups
introduced by Bogachev and Röckner (1995) and Bogachev et al. (1996). Then
we give a systematic exploration of the structures of the generalized Mehler semi-
groups. Since such a semigroup can be defined by a linear semigroup and a skew
convolution semigroup, we mainly discuss the latter. We shall see that a skew con-
volution semigroup is always formed with infinitely divisible probability measures.
The key result is a characterization for the skew convolution semigroups in terms of
infinitely divisible probability entrance laws. For centered skew convolution semi-
groups with finite second-moments, those entrance laws can be closed by probabil-
ity measures on an enlarged Hilbert space. We also give some constructions for the
generalized Ornstein–Uhlenbeck processes determined by closed entrance laws and
study the corresponding Langevin type equations.

11.1 Generalized Mehler Semigroups

Suppose that H is a real separable Hilbert space with inner product 〈·, ·〉. We say
a bounded linear operator S on this space is symmetric if 〈Sa, b〉 = 〈a, Sb〉 for all
a, b ∈ H , and say it is positive definite if 〈Sa, a〉 ≥ 0 for all a ∈ H . A bounded
linear operator S on H is called a trace class operator if there is an orthonormal
basis {e1, e2, . . .} of H such that

Tr(S) :=
∑

i

〈Sei, ei〉 < ∞.
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The sum Tr(S) is called the trace of S, which is independent of the choice of the
orthonormal basis {e1, e2, . . .}. In most cases, we consider an infinite-dimensional
space H . Given a probability measure ν on H , let ν̂ denote its characteristic func-
tional defined by

ν̂(a) =
∫

H

ei〈x,a〉ν(dx), a ∈ H. (11.1)

It is well-known that ν̂ determines ν uniquely. The infinite divisibility of the proba-
bility measure can be defined as in Section 1.4. If ν is an infinitely divisible proba-
bility measure on H , then ν̂(a) �= 0 for all a ∈ H and there is a unique continuous
function log ν̂ on H such that log ν̂(0) = 0 and ν̂(a) = exp{log ν̂(a)} for a ∈ H;
see, e.g., Linde (1986, p.20) and Parthasarathy (1967, p.171). Let

K(x, a) = ei〈x,a〉 − 1 − i〈x, a〉1{‖x‖≤1}, x, a ∈ H.

Proposition 11.1 A probability measure ν on H is infinitely divisible if and only if
ψ := − log ν̂ is uniquely represented by

ψ(a) = −i〈b, a〉 +
1
2
〈Ra, a〉 −

∫

H◦
K(x, a)M(dx), (11.2)

where b ∈ H , R is a symmetric positive definite trace class operator on H , and M
is a σ-finite (Lévy) measure on H◦ := H \ {0} satisfying

∫

H◦
(1 ∧ ‖x‖2)M(dx) < ∞. (11.3)

Proof. See, e.g., Linde (1986, p.84) and Parthasarathy (1967, p.181). 
�

We write ν = I(b, R, M) if ν is an infinitely divisible probability measure with
ψ = − log ν̂ given by (11.2). Under the stronger moment condition

∫

H◦
(‖x‖ ∧ ‖x‖2)M(dx) < ∞, (11.4)

we can define

β =
∫

H

xν(dx) = b +
∫

H◦
x1{‖x‖>1}M(dx)

and rewrite (11.2) into

ψ(a) = −i〈β, a〉 +
1
2
〈Ra, a〉 −

∫

H◦
K1(x, a)M(dx), (11.5)

where

K1(x, a) := ei〈x,a〉 − 1 − i〈x, a〉, x, a ∈ H.
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In this case, we write ν = I1(β,R,M).
Let (Tt)t≥0 be a strongly continuous semigroup of bounded linear operators on

H . Then the semigroup (T ∗
t )t≥0 of dual operators of (Tt)t≥0 is also strongly contin-

uous on H; see, e.g., Pazy (1983, p.41). A family of probability measures (γt)t≥0 on
H is called a skew convolution semigroup (SC-semigroup) associated with (Tt)t≥0

if the following equation is satisfied:

γr+t = (γr ◦ T−1
t ) ∗ γt, r, t ≥ 0. (11.6)

In this case, we can define a transition semigroup (Qγ
t )t≥0 on H by

Qγ
t (x, ·) = δTtx(·) ∗ γt(·), (11.7)

which is called a generalized Mehler semigroup associated with (Tt)t≥0. A Markov
process in H is called a generalized Ornstein–Uhlenbeck process (generalized OU-
process) if it has transition semigroup (Qγ

t )t≥0. Observe that (11.6) is equivalent
to

γ̂r+t(a) = γ̂r(T ∗
t a)γ̂t(a), r, t ≥ 0, a ∈ H. (11.8)

Proposition 11.2 If (γt)t≥0 is an SC-semigroup associated with (Tt)t≥0, then each
probability measure γt is infinitely divisible.

Proof. This proof is a simplification of that of Schmuland and Sun (2001). By (11.6)
we have γ0 = γ0 ∗ γ0 and so γ0 = δ0, which is certainly infinitely divisible. From
(11.8) it follows that

|γ̂r+t(a)| = |γ̂r(T ∗
t a)||γ̂t(a)|, r, t ≥ 0, a ∈ H. (11.9)

Then t �→ |γ̂t(a)| is decreasing and hence the limit |γ̂0+(a)| := limt→0 |γ̂t(a)|
exists. Observe also that limt→0 γ̂r(T ∗

t a) = γ̂r(a). Then we may let t → 0 and
r → 0 in (11.9) to see that |γ̂0+(a)| = |γ̂0+(a)|2. It thus follows that |γ̂0+(a)| = 1
or 0. For any t > 0 and any integer k ≥ 1 we have

(γt−t/k ◦ T−1
t/k) ∗ γt/k = γt.

By Parthasarathy (1967, p.72), there is a sequence {xk} ⊂ H so that γt/k ∗δxk
→ ν

weakly as k → ∞, where ν is a probability measure on H . Consequently,

|ν̂(a)| = lim
k→∞

|γ̂t/k(a)| = |γ̂0+(a)| = 1 or 0, a ∈ H.

Since α �→ |ν̂(αa)| is continuous and |ν̂(0)| = 1, we must have |ν̂(a)| = 1. Then
the symmetrization of ν is the unit mass concentrated at zero. It follows that ν = δx

for some x ∈ H; see, e.g., Linde (1986, p.23). Setting yk = xk − x we have
γt/k ∗ δyk

→ δ0 as k → ∞. Since t �→ ‖Tt‖ is a locally bounded function, the
probability measures
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νk,j := (γt/k ∗ δyk
) ◦ T−1

t−jt/k, 1 ≤ j ≤ k, k ≥ 1,

form a uniform infinitesimal triangular array. By applying (11.6) inductively we see
that

γt =
k∏

j=1

∗(γt/k ◦ T−1
t−jt/k) =

( k∏

j=1

∗νk,j

)

∗ δzk
,

where zk = −
∑k

j=1 Tt−jt/kyk. It then follows that each γt is infinitely divisible;
see de Acosta et al. (1978) and Parthasarathy (1967, p.199). 
�

By Propositions 11.1 and 11.2, we may write γt = I(bt, Rt, Mt) for t ≥ 0. It is
not hard to show that (11.8) is satisfied if and only if we have

Rr+t = TtRrT
∗
t + Rt, Mr+t = (Mr ◦ T−1

t )|H◦ + Mt, (11.10)

and

br+t = bt + Ttbr +
∫

H◦

(
1{‖Ttx‖≤1} − 1{‖x‖≤1}

)
TtxMr(dx) (11.11)

for all r, t ≥ 0. If the stronger moment condition (11.4) is satisfied for each Mt, we
write γt = I1(βt, Rt, Mt), where

βt =
∫

H

xνt(dx) = bt +
∫

H◦
x1{‖x‖>1}Mt(dx).

In this case, the property (11.8) holds if and only if we have (11.10) and

βr+t = βt + Ttβr, r, t ≥ 0. (11.12)

Suppose that ν0 is a probability measure on H and let ψ0 := − log ν̂0. Since the
dual semigroup (T ∗

t )t≥0 is also strongly continuous, for each t ≥ 0 we can define
an infinitely divisible probability measure γt on H by

γ̂t(a) = exp
{

−
∫ t

0

ψ0(T ∗
s a)ds

}

, a ∈ H. (11.13)

It is easy to show that (γt)t≥0 is an SC-semigroup associated with (Tt)t≥0, which is
called a regular SC-semigroup. The corresponding generalized Mehler semigroup
is given by

∫

H

ei〈y,a〉Qγ
t (x,dy) = exp

{

i〈x, T ∗
t a〉 −

∫ t

0

ψ0(T ∗
s a)ds

}

. (11.14)

Example 11.1 Let b > 0 and c > 0 be constants and let {B(t) : t ≥ 0} be a
standard Brownian motion. A classical OU-process is the solution of the Langevin
equation
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dX(t) = cdB(t) − bX(t)dt, t ≥ 0.

Given the initial value X(0) = x, we have

X(t) = e−btx + c

∫ t

0

e−b(t−s)dB(s), t ≥ 0.

The second term on the right-hand side has Gaussian distribution γt := N(0, σ2
t )

with

σ2
t = c2

∫ t

0

e−2b(t−s)ds =
c2

2b
(1 − e−2bt).

Then {X(t) : t ≥ 0} has transition semigroup (Qγ
t )t≥0 given by

Qγ
t f(x) =

∫

R

f(e−btx + y)γt(dy), t ≥ 0, x ∈ R.

Setting μ = N(0, c2/2b) we obtain the classical Mehler formula

Qγ
t f(x) =

∫

R

f
(
e−btx +

√
1 − e−2bty

)
μ(dy).

11.2 Gaussian Type Semigroups

We say an SC-semigroup (γt)t≥0 is of the Gaussian type if each γt is a centered
Gaussian probability measure. By the discussions of the first section, a Gaussian
type SC-semigroup (γt)t≥0 associated with (Tt)t≥0 is given by

log γ̂t(a) = −1
2
〈Rta, a〉, t ≥ 0, a ∈ H, (11.15)

where Rt is a symmetric positive definite trace class operator on H satisfying the
first equation in (11.10).

Theorem 11.3 A family of centered Gaussian probability measures (γt)t≥0 on H
given by (11.15) form an SC-semigroup associated with (Tt)t≥0 if and only if
(Rt)t≥0 is given by

〈Rta, a〉 =
∫ t

0

〈Usa, a〉ds, t ≥ 0, a ∈ H, (11.16)

where (Us)s>0 is a family of symmetric positive definite trace class operators on H
satisfying Us+t = TtUsT

∗
t for all s, t > 0 and
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∫ t

0

TrUsds < ∞, t ≥ 0.

Lemma 11.4 If the family (γt)t≥0 given by (11.15) is an SC-semigroup associated
with (Tt)t≥0, then the function t �→ 〈Rta, b〉 is absolutely continuous in t ≥ 0 for
all a, b ∈ H .

Proof. Since (Tt)t≥0 is strongly continuous, there are constants B ≥ 1 and c ≥ 0
such that ‖Tt‖ ≤ Bect. From (11.6) we have

∫

H

‖x‖2γr+t(dx) =
∫

H

‖Ttx‖2γr(dx) +
∫

H

‖x‖2γt(dx). (11.17)

It follows that

g(t) :=
∫

H

‖x‖2γt(dx), t ≥ 0 (11.18)

is an increasing function. We claim

n∑

j=1

[g(tj) − g(rj)] ≤ B2e2clg(σn) (11.19)

for 0 < r1 < t1 < · · · < rn < tn ≤ l, where σn =
∑n

j=1(tj − rj). When n = 1,
this follows from (11.17). Now let us assume (11.19) holds for n − 1. By applying
(11.17) twice we have

n∑

j=1

[g(tj) − g(rj)] ≤ B2e2cl

∫

H

‖x‖2γσn−1(dx) + [g(tn) − g(rn)]

= B2e2cl

∫

H

‖x‖2γσn−1(dx) +
∫

H

‖Trnx‖2γtn−rn(dx)

≤ B2e2cl

∫

H

‖x‖2γσn−1(dx)

+B2e2cl

∫

H

‖Tσn−1x‖2γtn−rn(dx)

= B2e2cl

∫

H

‖x‖2γσn(dx),

which gives (11.19). Letting r → 0 and t → 0 in (11.17) and using the fact that
g is an increasing function one sees that g(t) → 0 as t → 0. Then (11.19) implies
that g is absolutely continuous in t ≥ 0. By the first equality in (11.10) we see
t �→ 〈Rta, a〉 is increasing for any a ∈ H . For t ≥ r ≥ 0 we use (11.10) again to
see

〈Rta, a〉 − 〈Rra, a〉 = 〈Rt−rT
∗
r a, T ∗

r a〉 =
∫

H

〈x, T ∗
r a〉2γt−r(dx)
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≤ ‖a‖2

∫

H

‖Trx‖2γt−r(dx) = ‖a‖2[g(t) − g(r)].

Then 〈Rta, a〉 is absolutely continuous in t ≥ 0. A polarization argument shows
〈Rta, b〉 is absolutely continuous in t ≥ 0 for all a, b ∈ H . 
�
Lemma 11.5 If the family (γt)t≥0 given by (11.15) is an SC-semigroup associated
with (Tt)t≥0, then there is a family of symmetric positive definite trace class opera-
tors (Us)s>0 on H such that (11.16) holds.

Proof. Let {en : n = 1, 2, . . . } be an orthonormal basis of the space H . By
Lemma 11.4, there are locally integrable Borel functions Am,n on [0,∞) such that

〈Rtem, en〉 =
∫ t

0

Am,n(s)ds, t ≥ 0, m, n ≥ 1. (11.20)

The symmetry of Rt implies

∫ t

0

Am,n(s)ds =
∫ t

0

An,m(s)ds. (11.21)

Since Rt is positive definite, for any a ∈ span{e1, e2, . . . } we have

〈Rta, a〉 =
∫ t

0

∞∑

m,n=1

Am,n(s)〈a, em〉〈a, en〉ds ≥ 0. (11.22)

(The sum only contains finitely many nontrivial terms!) In addition, since Rt is a
trace class operator, we get

∫ t

0

( ∞∑

n=1

An,n(s)
)

ds =
∞∑

n=1

〈Rten, en〉 = Tr(Rt) < ∞. (11.23)

Let F be the subset of [0,∞) consisting of all s ≥ 0 such that Am,n(s) = An,m(s)
for m, n ≥ 1 and

∞∑

n=1

An,n(s) < ∞ and
∞∑

m,n=1

Am,n(s)〈a, em〉〈a, en〉 ≥ 0 (11.24)

for a ∈ span{e1, e2, . . . } with rational coefficients. As observed in the proof of
Lemma 11.4, the function t �→ 〈Rta, a〉 is increasing. From (11.21), (11.22) and
(11.23) we conclude that F has full Lebesgue measure. For any s ∈ F ,

Usa =
∞∑

m,n=1

Am,n(s)〈a, em〉en (11.25)

defines a symmetric positive definite linear operator on span{e1, e2, . . . }. Taking
b = xem + yen with rational x and y, we get
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〈Usb, b〉 = (x, y)
(
Am,m(s) Am,n(s)
An,m(s) An,n(s)

)(
x

y

)

≥ 0,

so that the 2 × 2 matrix above is positive definite. Therefore, its determinant is
positive, that is,

Am,n(s)2 ≤ Am,m(s)An,n(s). (11.26)

This combined with Schwarz’s inequality gives

‖Usa‖2 =
∞∑

n=1

( ∞∑

m=1

Am,n(s)〈a, em〉
)2

≤
∞∑

n=1

∞∑

m=1

Am,n(s)2
∞∑

m=1

〈a, em〉2

≤
( ∞∑

n=1

An,n(s)
)2

‖a‖2

for a ∈ span{e1, e2, . . . }. Then Us is a bounded operator and can be extended to
the entire space H . In fact, Us is a trace class operator since

Tr(Us) =
∞∑

n=1

〈Usen, en〉 =
∞∑

n=1

An,n(s) < ∞.

For s �∈ F we let Us = 0. By (11.22) and (11.25), for a ∈ span{e1, e2, . . . } we
have

〈Rta, a〉 =
∫ t

0

〈Usa, a〉ds. (11.27)

Since s �→ Tr(Us) is locally integrable, by dominated convergence we see that
(11.27) holds for all a ∈ H . 
�

Proof (of Theorem 11.3). If (γt)t≥0 is a family of probability measures given by
(11.15) and (11.16), it is clearly an SC-semigroup associated with (Tt)t≥0. For the
converse, suppose the family (γt)t≥0 given by (11.15) form an SC-semigroup as-
sociated with (Tt)t≥0. Let (Us)s>0 be provided by Lemma 11.5. Note that (11.16)
and the first equation of (11.10) imply

∫ r

0

〈Us+ta, a〉ds =
∫ r

0

〈UsT
∗
t a, T ∗

t a〉ds, r, t ≥ 0, a ∈ H.

Since H is separable, by Fubini’s theorem, there are subsets B and Bs of [0,∞)
with full Lebesgue measure such that

Us+t = TtUsT
∗
t , s ∈ B, t ∈ Bs.
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As in the proof of Theorem 8.11, we can choose a decreasing sequence sn ∈ B with
sn → 0 and redefine (Ut)t>0 by

Ut := Tt−snUsnT ∗
t−sn

, t > sn.

With this modification, the family of operators (Ut)t>0 satisfy Ur+t = TtUrT
∗
t for

all r, t > 0 while (11.16) remains unchanged. 
�

11.3 Non-Gaussian Type Semigroups

Suppose that (γt)t≥0 a family of infinitely divisible probability measures on H such
that γt = I(bt, Rt, Mt). We say the linear part (bt)t≥0 is absolutely continuous if
there exists an H-valued path (cs)s>0 such that

〈bt, a〉 =
∫ t

0

〈cs, a〉ds, t ≥ 0, a ∈ H. (11.28)

Proposition 11.6 If (γt)t≥0 is an SC-semigroup given by γt = I(bt, Rt, Mt), we
can write

∫

H◦
K(x, a)Mt(dx) =

∫ t

0

ds

∫

H◦
K(x, a)Ls(dx), t ≥ 0, a ∈ H, (11.29)

where Ls(dx) is a σ-finite kernel from (0,∞) to H◦ satisfying Lr+t = (Lr ◦
T−1

t )|H◦ for r, t > 0 and

∫ t

0

ds

∫

H

(1 ∧ ‖x‖2)Ls(dx) < ∞, t ≥ 0. (11.30)

Proof. Let c ≥ 1 and b ≥ 0 be as in the proof of Lemma 11.4. From the second
equation in (11.10) we see that t �→ Mt is increasing. Let

h(t) :=
∫

H◦
(1 ∧ ‖x‖2)Mt(dx), t ≥ 0.

By (11.10) for r, t ≥ 0 we have

h(r + t) − h(r) =
∫

H◦
(1 ∧ ‖Trx‖2)Mt(dx),

which is bounded above by c2e2brh(t). As in the proof of Lemma 11.4, one sees
that h(t) is absolutely continuous in t ≥ 0. Observe that t �→ νt(dx) := (1 ∧
‖x‖2)Mt(dx) defines an increasing family of finite measures, so t �→ νt(B) deter-
mines a locally bounded Borel measure ν(ds,B) on [0,∞) for each B ∈ B(H◦).
A monotone class argument shows that ν(A, ·) is a Borel measure on H◦ for each
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A ∈ B([0,∞)), so that ν(·, ·) is a bimeasure. By Ethier and Kurtz (1986, p.502),
there is a probability kernel Js(dx) from [0,∞) to H◦ such that

ν(A, B) =
∫

A

Js(B)ν(ds,H◦) =
∫

A

Js(B)dh(s) =
∫

A

Js(B)h′(s)ds,

where h′(s) is a Radon–Nikodym derivative of dh(s) relative to the Lebesgue mea-
sure. Defining the σ-finite kernel Ls(dx) := (1 ∧ ‖x‖2)−1h′(s)Js(dx) we obtain
(11.29). By the second equation of (11.10) one can modify the definition of (Lt)t>0

so that Lr+t = (Lr ◦ T−1
t )|H◦ is satisfied for all r, t > 0. 
�

We say a family of σ-finite measures (νs)s>0 on H is an entrance law for the
semigroup (Tt)t≥0 if it satisfies νr+t = νr ◦T−1

t for all r, t > 0. In fact, that means
(νs)s>0 is an entrance law for the deterministic Markov process {Ttx : t ≥ 0}
according to the standard definition.

Theorem 11.7 Let (γt)t≥0 be a family of infinitely divisible probability measures
on H with absolutely continuous linear part. Then (γt)t≥0 is an SC-semigroup asso-
ciated with (Tt)t≥0 if and only if there is an infinitely divisible probability entrance
law (νs)s>0 for (Tt)t≥0 such that

γ̂t(a) = exp
{ ∫ t

0

log ν̂s(a)ds

}

, t ≥ 0, a ∈ H. (11.31)

Proof. If (γt)t≥0 is given by (11.31), it is clearly an SC-semigroup associated
with (Tt)t≥0. Conversely, suppose that (γt)t≥0 is an SC-semigroup associated with
(Tt)t≥0 and write γt = I(bt, Rt, Mt) for t ≥ 0. It is easy to see that

log γ̂g
t (a) = −1

2
〈Rta, a〉, t ≥ 0, a ∈ H, (11.32)

defines a Gaussian type SC-semigroup (γg
t )t≥0. Let (Us)s>0 and (Ls)s>0 be pro-

vided by Theorem 11.3 and Proposition 11.6, respectively. Suppose that 〈bt, a〉 =
∫ t

0
〈cs, a〉ds. By (11.11), we can modify the definition of (cs)s>0 so that

cr+t = Ttcr +
∫

H◦

(
1{‖Ttx‖≤1} − 1{‖x‖≤1}

)
TtxLr(dx), r, t > 0.

Then we have (11.31) with νs = I(cs, Us, Ls) for s > 0. 
�

Example 11.2 Let t �→ bt be a real-valued discontinuous function satisfying br+t =
br + bt for all r, t ≥ 0; see, e.g., Sato (1999, p.37). It is simple to check that
(δbt)t≥0 is a classical convolution semigroup, which cannot be represented in the
form (11.31). This example shows that some condition on the linear part t �→ bt has
to be imposed to get the representation (11.31) of the SC-semigroup.

Example 11.3 Let μ be the uniform distribution on [0, 2π) and consider the Hilbert
space L2([0, 2π), μ) equipped with the inner product 〈·, ·〉 defined by



11.3 Non-Gaussian Type Semigroups 265

〈f, h〉 =
1
2π

∫ 2π

0

f(x)h(x)dx.

For t ≥ 0 and f ∈ L2([0, 2π), μ) let Ttf(x) = f(x + t) (mod 2π). By using
approximation by continuous functions it is not hard to show that

lim
t→0

∫ 2π

0

|f(x + t) − f(x)|2dx = 0.

Then (Tt)t≥0 is a strongly continuous semigroup on L2([0, 2π), μ). Set bt = f −
Ttf . It is easy to show that (δbt)t≥0 is an SC-semigroup associated with (Tt)t≥0.
For any f ∈ L2([0, 2π), μ) we have the Fourier expansion

f(x) =
∞∑

n=−∞
f̂(n)einx, x ∈ [0, 2π), (11.33)

where

f̂(n) =
1
2π

∫ 2π

0

f(x)e−inxdx, n = 0,±1,±2, . . . ; (11.34)

see, e.g., Conway (1990, p.21). Clearly, the n-th Fourier coefficient of Ttf is
f̂(n)eint. Since both f and Ttf are real functions, from (11.33) and (11.34) we
obtain

〈f, bt〉 = ‖f‖2 − 1
2π

∫ 2π

0

f(x)Ttf(x)dx

= ‖f‖2 −
∞∑

n=−∞
f̂(n)f̂(−n)e−int

= ‖f‖2 − |f̂(0)|2 − 2
∞∑

n=1

|f̂(n)|2 cos(nt).

Now let us take the particular function f ∈ L2([0, 2π), μ) given by (11.33) with

f̂(n) =
{ 2−k/2 if |n| = 2k and k ≥ 1,

0 otherwise.

Then we have

f(x) = 2
∞∑

k=1

1
2k/2

cos(2kx), x ∈ [0, 2π).

It follows that

‖f‖2 =
2
π

∞∑

k=1

1
2k

∫ 2π

0

cos2(2kx)dx = 2
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and

〈f, bt〉 = 2 − 2
∞∑

k=1

2−k cos(2kt),

which is Weierstrass’s nowhere differentiable continuous function; see, e.g., Hewitt
and Stromberg (1965, p.258). Therefore (δbt)t≥0 cannot be represented in the form
(11.31).

11.4 Extensions of Centered Semigroups

In this section, we give some characterizations for centered SC-semigroups with
finite second-moments. In particular, we shall see any SC-semigroup of this type
can be extended to a regular SC-semigroup on an enlarged Hilbert space. Since
(Tt)t≥0 is strongly continuous, there are constants B ≥ 0 and c0 ≥ 0 such that
‖Tt‖ ≤ Bec0t for every t ≥ 0. Let (Uα)α>c0 denote the resolvent of (Tt)t≥0 and
let A denote its generator with domain D(A) = UαH ⊂ H .

A path x̃ = {x̃(s) : s > 0} taking values in H is called an entrance path for the
semigroup (Tt)t≥0 if it satisfies x̃(r + t) = Ttx̃(r) for all r, t > 0. Let E denote
the set of all entrance paths for (Tt)t≥0. We say x̃ ∈ E is closable if there is an
element x̃(0) ∈ H such that x̃(s) = Tsx̃(0) for all s > 0, and say it is locally
square integrable if

∫ t

0

‖x̃(s)‖2ds < ∞, t ≥ 0. (11.35)

Lemma 11.8 Let x̃ ∈ E. Then (11.35) holds if and only if
∫ ∞

0

e−2bs‖x̃(s)‖2ds < ∞, b > c0. (11.36)

Proof. It is easy to see that (11.36) implies (11.35). For the converse, assume (11.35)
holds. Then we have

∫ ∞

0

e−2bs‖x̃(s)‖2ds =
∞∑

k=0

e−2kb

∫ 1

0

e−2bs‖Tkx̃(s)‖2ds

≤
∞∑

k=0

B2e−2k(b−c0)

∫ 1

0

e−2bs‖x̃(s)‖2ds.

The right-hand side is finite for every b > c0. 
�

Let H̃ denote the set of all locally square integrable entrance paths for (Tt)t≥0.
We call H̃ the entrance space for (Tt)t≥0. For any fixed b > c0 we can define an
inner product on H̃ by
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〈x̃, ỹ〉∼ :=
∫ ∞

0

e−2bs〈x̃(s), ỹ(s)〉ds, x̃, ỹ ∈ H̃. (11.37)

Let ‖ · ‖∼ be the norm induced by this inner product.

Lemma 11.9 For every t > 0 the projection πt : x̃ �→ x̃(t) from H̃ to H is a
bounded linear operator.

Proof. The linearity of πt is obvious. For any x̃ ∈ H̃ we have

‖πtx̃‖2 = t−1

∫ t

0

‖x̃(t)‖2ds = t−1

∫ t

0

‖Tt−sx̃(s)‖2ds

≤ B2t−1e2bt

∫ t

0

e−2bs‖x̃(s)‖2ds ≤ B2t−1e2bt‖x̃‖2
∼.

Then πt is a bounded operator. 
�

Lemma 11.10 The norm ‖ · ‖∼ is complete and (H̃, 〈·, ·〉∼) is a Hilbert space.

Proof. Suppose {x̃n} ⊂ H̃ is a Cauchy sequence under the norm ‖ · ‖∼, that is,

‖x̃n − x̃m‖2
∼ =

∫ ∞

0

e−2bs‖x̃n(s) − x̃m(s)‖2ds → 0

as m, n → ∞. By Lemma 11.9, for each t > 0 the limit x̃(t) = limn→∞ x̃n(t)
exists in H . Since Ts is a bounded linear operator on H , for s > 0 we have

Tsx̃(t) = lim
n→∞

Tsx̃n(t) = lim
n→∞

x̃n(t + s) = x̃(t + s).

Then x̃ = {x̃(t) : t > 0} is an entrance path for (Tt)t≥0. For ε > 0 choose N ≥ 1
such that

∫ ∞

0

e−2bs‖x̃n(s) − x̃m(s)‖2ds < ε, m, n ≥ N.

By Fatou’s lemma we get
∫ ∞

0

e−2bs‖x̃n(s) − x̃(s)‖2ds ≤ ε, n ≥ N.

It follows that
∫ ∞

0

e−2bs‖x̃(s)‖2ds ≤
∫ ∞

0

e−2bs‖x̃(s) − x̃n(s)‖2ds

+
∫ ∞

0

e−2bs‖x̃n(s)‖2ds < ∞.

Then x̃ ∈ H̃ and limn→∞ ‖xn − x‖2
∼ = 0. 
�
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Lemma 11.11 The linear operator J : x �→ {Tsx : s > 0} from H to H̃ is a
continuous dense embedding and (H̃, ‖ · ‖∼) is separable.

Proof. Since x = limt→0 Ttx, the map J is injective. For any x ∈ H ,

‖Jx‖2
∼ =

∫ ∞

0

e−2bs‖Tsx‖2ds ≤ B2‖x‖2

∫ ∞

0

e−2(b−c0)sds.

Thus J is a continuous embedding. For an arbitrary x̃ ∈ H̃ we have

‖Jx̃(t) − x̃‖2
∼ =

∫ ∞

0

e−2bs‖Ttx̃(s) − x̃(s)‖2ds

=
∫ r

0

e−2bs‖Ttx̃(s) − x̃(s)‖2ds

+
∫ ∞

r

e−2bs‖Ts−r[Ttx̃(r) − x̃(r)]‖2ds

≤ 2(B2e2c0t + 1)
∫ r

0

e−2bs‖x̃(s)‖2ds

+B2e−2c0r‖Ttx̃(r) − x̃(r)‖2

∫ ∞

r

e−2(b−c0)sds.

Observe that the first integral on the right-hand side goes to zero as r → 0 and for
fixed r > 0 the second term goes to zero as t → 0. Then we have ‖Jx̃(t)−x̃‖∼ → 0
as t → 0, and hence JH is dense in H̃ . Since H is separable, so is H̃ . 
�

Lemma 11.12 The Borel σ-algebra B(H̃) on (H̃, ‖ · ‖∼) is also generated by the
projections {πt : t > 0} from H̃ to H .

Proof. By Lemma 11.9, each πt is continuous. Then σ({πt : t > 0}) ⊂ B(H̃). On
the other hand, we have

‖x̃ − z̃‖2
∼ = lim

n→∞

1
n

n2
∑

i=1

e−2bi/n‖x̃(i/n) − z̃(i/n)‖2, x̃, z̃ ∈ H̃.

Then for any fixed z̃ ∈ H̃ , the function x̃ �→ ‖x̃ − z̃‖∼ on H̃ is measurable with
respect to σ({πt : t > 0}). Consequently, every open ball B(z̃, ε) := {x̃ ∈ H̃ :
‖x̃ − z̃‖∼ < ε} belongs to σ({πt : t > 0}). Since H̃ is separable, all open sets in
H̃ are contained in σ({πt : t > 0}) and hence B(H̃) ⊂ σ({πt : t > 0}). 
�

Theorem 11.13 A family (γt)t≥0 of centered probability measures on H satisfying
the second-moment condition

∫

H◦
‖x‖2γt(dx) < ∞, t ≥ 0 (11.38)

is an SC-semigroup associated with (Tt)t≥0 if and only if its characteristic function-
als are given by (11.31) with (νs)s>0 being a centered infinitely divisible probability
entrance law for (Tt)t≥0 satisfying
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∫ t

0

ds

∫

H◦
‖x‖2νs(dx) < ∞, t ≥ 0. (11.39)

Proof. It is well-known that the second-moment of a centered infinitely divisi-
ble probability measure only involves the Gaussian covariance operator and the
Lévy measure. If the centered infinitely divisible probability measures (γt)t≥0 and
(νs)s>0 are related by (11.31), the Gaussian covariance operators and Lévy mea-
sures of (γt)t≥0 can be represented as integrals of those of (νs)s>0. This observation
yields

∫

H◦
〈x, a〉2γt(dx) =

∫ t

0

ds

∫

H◦
〈x, a〉2νs(dx), t ≥ 0, a ∈ H.

Let {en : n = 1, 2, . . . } be an orthonormal basis of H . Applying the above equation
to each en and taking the summation we see

∫

H◦
‖x‖2γt(dx) =

∫ t

0

ds

∫

H◦
‖x‖2νs(dx), t ≥ 0. (11.40)

In particular, conditions (11.38) and (11.39) are equivalent for the infinitely divisible
probability measures (γt)t≥0 and (νs)s>0 related by (11.31). Then the desired result
follows by Theorem 11.7. 
�

Theorem 11.14 A family (γt)t≥0 of centered probability measures on H satisfying
(11.38) is an SC-semigroup associated with (Tt)t≥0 if and only if its characteristic
functionals are given by

γ̂t(a) = exp
{ ∫ t

0

[

log
∫

H̃

ei〈x̃(s),a〉λ0(dx̃)
]

ds

}

, a ∈ H, (11.41)

where λ0 is a centered infinitely divisible probability measure on H̃ satisfying
∫

H̃

‖x̃‖2
∼λ0(dx̃) < ∞. (11.42)

Proof. Suppose that (γt)t≥0 is a family of centered probability measures on H de-
fined by (11.41) and (11.42). Let νs be the image of λ0 induced by the projection
πs from H̃ to H . Then (νs)s>0 is a centered infinitely divisible probability entrance
law for (Tt)t≥0 satisfying (11.39) and the relation (11.31) holds. By Theorem 11.13,
(γt)t≥0 is a centered SC-semigroup satisfying (11.38). Conversely, suppose that
(γt)t≥0 is a centered SC-semigroup associated with (Tt)t≥0 satisfying (11.38). Let
(νs)s>0 be the entrance law given by Theorem 11.13. Then (νs)s>0 is a probability
entrance law for the continuous Markov process {Ttx : t ≥ 0} with deterministic
motion. Let E0 be the set of continuous paths {w(t) : t > 0} from (0,∞) to H . We
endow E0 with the σ-algebra E0 generated by the coordinate process. Then there
is a unique probability measure λ0 on (E0, E0) under which {w(t) : t > 0} is a
Markov process with the same transition semigroup as the process {Ttx : t ≥ 0}
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and νs is the image of λ0 under w �→ w(s). It follows that

γ̂t(a) = exp
{∫ t

0

[

log
∫

E0

ei〈w(s),a〉λ0(dw)
]

ds

}

, a ∈ H. (11.43)

Because of the special deterministic motion mechanism of the process {Ttx : t ≥ 0}
we may assume that λ0 is supported by the space E of the entrance paths. Let E0(E)
and E0(H̃) denote respectively the traces of E0 on E and H̃ . Since w �→ ‖w(s)‖2 is
clearly a non-negative E0(E)-measurable function on E,

w �→ ‖w‖2
∼ :=

∫ ∞

0

e−2bs‖w(s)‖2ds

is an E0(E)-measurable function on E taking values in [0,∞]. Since (νs)s>0 satis-
fies (11.39), we have

∫

E

‖w‖2
∼λ0(dw) =

∫

E

λ0(dw)
∫ ∞

0

e−2bs‖w(s)‖2ds

=
∫ ∞

0

ds

∫

H

e−2bs‖x‖2νs(dx)

=
∞∑

n=0

∫ 1

0

ds

∫

H

e−2b(n+s)‖Tnx‖2νs(dx)

≤ B2
∞∑

n=0

e−2(b−c0)n

∫ 1

0

ds

∫

H

e−2bs‖x‖2νs(dx) < ∞.

Then λ0 is actually supported by H̃ and (11.42) holds. By Lemma 11.12 we have
B(H̃) = E0(H̃), so we can regard λ0 as a probability measure on (H̃, B(H̃)).
Now we get (11.41) from (11.43). Because each νs is a centered infinitely divisible
probability measure, so is λ0. 
�

Theorem 11.15 All centered SC-semigroups associated with (Tt)t≥0 satisfying
(11.38) are regular if and only if all of its locally square integrable entrance paths
are closable.

Proof. Suppose that all entrance paths x̃ ∈ H̃ are closable and (γt)t≥0 is an SC-
semigroup given by (11.41). To each x̃ ∈ H̃ there corresponds some x̃(0) ∈ H
such that x̃(s) = Tsx̃(0) for all s > 0. This element is apparently determined by x̃
uniquely. Letting ν0 be the image of λ0 under the map x̃ �→ x̃(0), we get (11.31).
Conversely, if x̃ = {x̃(s) : s > 0} ∈ H̃ is not closable, then

γ̂t(a) = exp
{

− 1
2

∫ t

0

〈x̃(s), a〉2ds

}

, t ≥ 0, a ∈ H,

defines an irregular SC-semigroup for (Tt)t≥0. 
�

We now discuss how to extend a centered SC-semigroup on H to a regular one
on the entrance space H̃ . Given the semigroup (Tt)t≥0, we can define a semigroup
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of linear operators (T̃t)t≥0 on H̃ by T̃0x̃ = x̃ and T̃tx̃ = Jx̃(t) for t > 0 and
x̃ ∈ H̃ . It follows that

(T̃tx̃)(s) = x̃(t + s) = Tt(x̃(s)), s, t > 0. (11.44)

In view of (11.37) we have

‖T̃tx̃‖2
∼ =

∫ ∞

0

e−2bs‖x̃(t + s)‖2ds ≤ ‖Tt‖2

∫ ∞

0

e−2bs‖x̃(s)‖2ds.

Then ‖T̃t‖∼ ≤ ‖Tt‖ for every t ≥ 0. Let (Ũα)α>c0 denote the resolvent of (T̃t)t≥0

and let Ã denote its generator with domain D(Ã) = ŨαH̃ ⊂ H̃ .

Lemma 11.16 Let J be defined as in Lemma 11.11. Then JTtx = T̃tJx for all
t ≥ 0 and x ∈ H and (T̃t)t≥0 is a strongly continuous semigroup of linear operators
on H̃ .

Proof. For t ≥ 0 and x ∈ H we have

JTtx = {TsTtx : s > 0} = {TtTsx : s > 0} = T̃tJx,

giving the first assertion. By the proof of Lemma 11.11 we have

lim
t→0

‖T̃tx̃ − x̃‖∼ = lim
t→0

‖Jx̃(t) − x̃‖∼ = 0.

Then (T̃t)t≥0 is strongly continuous. 
�

Lemma 11.17 We have Ũαx̃ = {Uαx̃(s) : s > 0} and ÃŨαx̃ = {AUαx̃(s) : s >
0} for all x̃ ∈ H̃ .

Proof. The first assertion follows as we observe that, for α > c0,

Ũαx̃(s) =
∫ ∞

0

e−αsT̃tx̃(s)dt =
∫ ∞

0

e−αsTtx̃(s)dt = Uαx̃(s).

The second follows from the equality ÃŨαx̃ = αŨαx̃ − x̃. 
�

Theorem 11.18 All entrance paths for (T̃t)t≥0 are closable.

Proof. Suppose that x̄ = {x̃u : u > 0} is an entrance path for (T̃t)t≥0, where each
x̃u = {x̃u(s) : s > 0} ∈ H̃ is an entrance path for (Tt)t≥0. In view of (11.44) we
have

{x̃t+u(s) : s > 0} = x̃t+u = T̃tx̃u = {x̃u(t + s) : s > 0}. (11.45)

Set x̃0 = {x̃s/2(s/2) : s > 0}. By (11.45) we have

Tt(x̃s/2(s/2)) = x̃s/2(t + s/2) = x̃(s+t)/2((s + t)/2).
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Then x̃0 is an entrance path for (Tt)t≥0. Moreover,

(T̃ux̃0)(s) = Tu(x̃s/2(s/2)) = x̃s/2(u + s/2) = x̃u(s),

and hence T̃ux̃0 = x̃u. Thus x̄ = {x̃u : u > 0} is closed by x̃0. 
�

Theorem 11.19 Let (γt)t≥0 be a centered SC-semigroup given by (11.41) and
(11.42). Let γ̃t = γt ◦ J−1 for t ≥ 0. Then (γ̃t)t≥0 is a regular centered SC-
semigroup associated with (T̃t)t≥0 and

∫

H̃

ei〈x̃,ã〉∼ γ̃t(dx̃) = exp
{∫ t

0

[
log

∫

H̃

ei〈x̃,T̃∗
s ã〉∼λ0(dx̃)

]
ds

}

(11.46)

for every t ≥ 0 and ã ∈ H̃ .

Proof. It is not hard to show (γ̃t)t≥0 is an SC-semigroup associated with (T̃t)t≥0.
Since (Tt)t≥0 is a strongly continuous semigroup, for any ã = {ã(s) : s > 0} ∈ H̃
we can use dominated convergence and (11.41) to see

∫

H

exp
{

i

∫ ∞

0

e−2bs〈Tsx, ã(s)〉ds

}

γt(dx)

= lim
n→∞

∫

H

exp
{

i

∞∑

k=1

n−1e−2bk/n〈Tk/nx, ã(k/n)〉
}

γt(dx)

= lim
n→∞

∫

H

ei〈x,an〉γt(dx)

= lim
n→∞

exp
{ ∫ t

0

[

log
∫

H̃

ei〈x̃(s),an〉λ0(dx̃)
]

ds

}

,

where

an =
∞∑

k=1

n−1e−2bk/nT ∗
k/nã(k/n).

By the strong continuity of (T ∗
t )t≥0 we have

lim
n→∞

〈x̃(s), an〉 =
∫ ∞

0

e−2br〈x̃(s), T ∗
r ã(r)〉dr

=
∫ ∞

0

e−2br〈x̃(r), T ∗
s ã(r)〉dr.

Then another application of the dominated convergence gives

∫

H

exp
{

i

∫ ∞

0

e−2bs〈Tsx, ã(s)〉ds

}

γt(dx)

= exp
{∫ t

0

[

log
∫

H̃

exp
{

i

∫ ∞

0

e−2br〈x̃(r), T ∗
s ã(r)〉dr

}
λ0(dx̃)

]

ds

}
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= exp
{∫ t

0

[
log

∫

H̃

ei〈x̃,T̃∗
s ã〉∼λ0(dx̃)

]
ds

}

.

That proves (11.46). 
�

Theorem 11.20 Let (γ̃t)t≥0 be a centered SC-semigroup associated with (T̃t)t≥0

satisfying
∫

H̃◦
‖x̃‖2γ̃t(dx̃) < ∞, t ≥ 0. (11.47)

Then there is a centered SC-semigroup (γt)t≥0 associated with (Tt)t≥0 satisfying
(11.38) and γ̃t = γt ◦ J−1 for each t ≥ 0.

Proof. By Theorems 11.15 and 11.18, any centered SC-semigroup associated with
(T̃t)t≥0 is regular, so (γ̃t)t≥0 has the expression (11.46) for an infinitely divisible
probability λ0 on H̃ . Then we get (γt)t≥0 by Theorem 11.14, which clearly satisfies
the requirements. 
�

By Theorems 11.19 and 11.20, centered SC-semigroups associated with (Tt)t≥0

are in one-to-one correspondence with centered regular SC-semigroups associated
with (T̃t)t≥0. Therefore we may reduce some analysis of irregular SC-semigroups
to those of regular ones. The consideration of centered SC-semigroups is not a seri-
ous restriction. In fact, if (γt)t≥0 is an arbitrary SC-semigroup satisfying condition
(11.38), we can define

bt =
∫

H◦
xγt(dx)

and γc
t = δ−bt ∗ γt for t ≥ 0. It is easy to check that both (δbt)t≥0 and (γc

t )t≥0 are
SC-semigroups associated with (Tt)t≥0. Therefore (γt)t≥0 can always be decom-
posed as the convolution of a degenerate SC-semigroup and a centered one.

11.5 Construction of the Processes

In this section, we prove that the generalized OU-processes corresponding to a reg-
ular SC-semigroup has a càdlàg realization in a suitable extension of the space. Let
(Tt)t≥0 be a strongly continuous semigroup on H with generator (A,D(A)). Then
D(A) with the inner product norm ‖ · ‖A defined by

‖x‖2
A = ‖x‖2 + ‖Ax‖2, x ∈ D(A) (11.48)

is a Hilbert space and D(A) ⊂ H is a continuous embedding.

Proposition 11.21 There is a Hilbert space (H̄, ‖ · ‖−) and a strongly continuous
semigroup (T̄t)t≥0 on (H̄, ‖ · ‖−) with generator (Ā,D(Ā)) such that:
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(1) H ⊂ H̄ with dense continuous embedding;
(2) each Tt is the restriction of T̄t to H;
(3) H ⊂ D(Ā) with continuous embedding.

Proof. Recall that there are constants B ≥ 0 and c0 ≥ 0 so that ‖Tt‖ ≤ Bec0t for
every t ≥ 0. Let (Uα)α>c0 denote the resolvent of (Tt)t≥0. Fix b > c0 and define
an inner product on H by

〈x, y〉− = 〈U bx, U by〉, x, y ∈ H. (11.49)

Let ‖ ·‖− be the corresponding norm and let H̄ be the completion of H with respect
to this norm. From (11.49) we get

‖x‖− ≤ ‖U b‖‖x‖, x ∈ H, (11.50)

so the identity mapping I from (H, ‖ · ‖) to (H̄, ‖ · ‖−) is a continuous dense em-
bedding. Consequently, the linear semigroup (Tt)t≥0 can be uniquely extended to
a strongly continuous semigroup (T̄t)t≥0 on H̄ , which satisfies ‖T̄t‖ ≤ Bebt for
every t ≥ 0. In addition, we have D(Ā) ⊂ H̄ with continuous embedding. For any
x ∈ D(A) ⊂ D(Ā) we have x = U by for some y ∈ H . By (11.49) we have

‖Āx‖− = ‖AU bU by‖ = ‖(bU b − 1)U by‖ ≤ (b‖U b‖ + 1)‖x‖. (11.51)

Since D(A) is a dense subset of (H, ‖ · ‖), for x ∈ H we can find {xn} ⊂ D(A) so
that limn→∞ xn = x in H and hence in H̄ . Then {xn} is a Cauchy sequence in both
H and H̄ . From (11.48), (11.50) and (11.51) we see {xn} is also a Cauchy sequence
in D(Ā). Since D(Ā) is complete and D(Ā) ⊂ H̄ is a continuous embedding, we
also have limn→∞ xn = x in D(Ā). That proves H ⊂ D(Ā). Since D(A) is
dense in H , from (11.51) we have ‖Āx‖− ≤ (b‖U b‖ + 1)‖x‖ for all x ∈ H . Then
H ⊂ D(Ā) is a continuous embedding. 
�

Now let ν0 be an infinitely divisible probability measure on H and let ψ0(a) =
− log ν̂0(a) for a ∈ H . A convolution semigroup (μt)t≥0 on H is given by

μ̂t(a) = exp{−tψ0(a)}, a ∈ H. (11.52)

Let (Pt)t≥0 be the transition semigroup on H defined by

Ptf(x) =
∫

H

f(x + y)μt(dy), x ∈ H, f ∈ C(H). (11.53)

A càdlàg Markov process in H with transition semigroup (Pt)t≥0 is called a Lévy
process. In view of (11.53), a Lévy process is translation invariant and has indepen-
dent increments. The existence of such a process is given by the following:

Proposition 11.22 There is a Lévy process in H with transition semigroup (Pt)t≥0

defined by (11.53).
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Proof. By (11.52) and Parthasarathy (1967, p.189) it is easy to see that limt→0 μt =
δ0 by the weak convergence. In particular, we have

lim
t→0

sup
x∈H

Pt(x,B(x, ε)c) = lim
t→0

μt(B(0, ε)c) = 0, (11.54)

where B(x, ε)c denotes the complement of the open ball centered at x ∈ H with
radius ε > 0. Then the result follows by the general theory of stochastic processes;
see, e.g., Wentzell (1981, p.170). 
�

Suppose that (H̄, ‖ · ‖−) is an extension of (H, ‖ · ‖) with the three properties in
Proposition 11.21. Let (γt)t≥0 be the regular SC-semigroup associated with (Tt)t≥0

defined by (11.13). We can certainly regard ν0 and γt as infinitely divisible prob-
ability measures on the enlarged space H̄ . Then (γt)t≥0 is also an SC-semigroup
associated with (T̄t)t≥0. Let

ψ̄0(ā) = − log
∫

H̄

ei〈x̄,ā〉−ν0(dx̄), ā ∈ H̄∗ ⊂ H. (11.55)

From (11.13) it is not hard to show that

∫

H̄

ei〈x̄,ā〉−γt(dx̄) = exp
{

−
∫ t

0

ψ̄0(T̄ ∗
s ā)ds

}

, ā ∈ H̄∗, (11.56)

where (T̄ ∗
t )t≥0 denotes the dual semigroup of (T̄t)t≥0. Let (Q̄γ

t )t≥0 be the general-
ized Mehler semigroup defined by (11.14) from (T̄t)t≥0 and (γt)t≥0.

By Proposition 11.22, the transition semigroup (Pt)t≥0 defined by (11.53) has a
càdlàg realization {Yt : t ≥ 0} in H ⊂ D(Ā) with Y0 = 0. Since s �→ ĀYs is right
continuous, for any x̄ ∈ H̄ ,

Z̄t = T̄tx̄ + Yt +
∫ t

0

T̄t−sĀYsds (11.57)

defines a càdlàg process {Z̄t : t ≥ 0} in H̄ .

Lemma 11.23 For any t ≥ 0 the random variable Z̄t defined by (11.57) has distri-
bution Q̄γ

t (x̄, ·) on H̄ .

Proof. By dominated convergence and the right continuity of s �→ ĀYs we get

Z̄n(t) := T̄tx̄ + Yt +
n∑

k=1

∫ kt/n

(k−1)t/n

T̄t−sĀYkt/nds → Z̄t (11.58)

in H̄ as n → ∞. Observe that

Z̄n(t) = T̄tx̄ + Yt +
n∑

k=1

(T̄(n−k+1)t/n − T̄(n−k)t/n)Ykt/n
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= T̄tx̄ +
n∑

k=1

T̄(n−k+1)t/n(Ykt/n − Y(k−1)t/n),

and hence

E exp
{
i〈Z̄n(t), ā〉−

}
= exp

{

i〈x̄, T̄ ∗
t ā〉 − t

n

n∑

k=1

ψ0

(
T̄ ∗

(n−k+1)t/nā
)
}

.

Since (T̄t)t≥0 is strongly continuous, so is (T̄ ∗
t )t≥0. Then s �→ ψ0(T̄ ∗

s ā) is con-
tinuous on [0,∞) for each ā ∈ H̄ . By letting n → ∞ in the equality above we
obtain

E exp
{
i〈Z̄t, ā〉−

}
= exp

{

i〈x̄, T̄ ∗
t ā〉 −

∫ t

0

ψ0

(
T̄ ∗

t−sā
)
ds

}

.

That gives the desired result. 
�

Theorem 11.24 The process {Z̄t : t ≥ 0} defined by (11.57) is a càdlàg strong
Markov process in H̄ with transition semigroup (Q̄γ

t )t≥0.

Proof. In view of (11.57), the process {Z̄t : t ≥ 0} is adapted to the filtration
(Ft)t≥0 generated by {Yt : t ≥ 0}. For r, t ≥ 0 we have

Z̄r+t − T̄tZ̄r = Yr+t − T̄tYr +
∫ r+t

r

T̄r+t−sĀYsds

= (Yr+t − Yr) +
∫ r+t

r

T̄r+t−sĀ(Ys − Yr)ds.

Since {Yr+t − Yr : t ≥ 0} given Fr is a process with independent increments and
has the same law as {Yt : t ≥ 0}, an application of Lemma 11.23 shows that

E
[
exp

{
i〈Z̄r+t, ā〉−

}∣
∣
∣Fr

]
= exp

{

i〈Z̄r, T̄
∗
t ā〉− −

∫ t

0

ψ0(T̄ ∗
s ā)ds

}

.

Therefore {Z̄t : t ≥ 0} is a Markov process with transition semigroup (Q̄γ
t )t≥0.

Since (Q̄γ
t )t≥0 preserves C(H), the strong Markov property follows by a standard

argument. 
�

From the theorem above we easily obtain a construction of the generalized OU-
process corresponding to the generalized Mehler semigroup (Qγ

t )t≥0. Indeed, for
any x ∈ H we have T̄tx = Ttx ∈ H and hence Z̄t ∈ H a.s. for every t ≥ 0. Then
{Z̄t : t ≥ 0} is also a Markov process with transition semigroup (Qγ

t )t≥0. However,
this process usually does not have a càdlàg version in H . In other words, to get the
sample path regularity, we need to observe the process in the enlarged state space H̄
with a weaker topology. A similar phenomenon has been observed in Example 9.2.

Suppose that E is a real separable Hilbert space containing H as a subspace and
A is the generator of a semigroup of bounded linear operators (Tt)t≥0 on E with
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domain D(A) ⊃ H . Let {Yt : t ≥ 0} be a Lévy process in H . We say a stochastic
process {Xt : t ≥ 0} in H solves a Langevin type equation provided

Xt = X0 +
∫ t

0

AXsds + Yt, t ≥ 0. (11.59)

As usual, we may write the equation into the differential form

dXt = AXtdt + dYt, t ≥ 0. (11.60)

Theorem 11.25 Let {Yt : t ≥ 0} be a Lévy process in H with transition semigroup
(Pt)t≥0 defined by (11.53). Then the generalized OU-process {Z̄t : t ≥ 0} defined
by (11.57) satisfies the stochastic equation

Z̄t = x̄ + Yt + Ā
( ∫ t

0

Z̄sds
)
, t ≥ 0. (11.61)

Proof. From (11.57) we have

∫ t

0

Z̄sds =
∫ t

0

T̄sx̄ds +
∫ t

0

Ysds +
∫ t

0

du

∫ u

0

T̄u−sĀYsds

=
∫ t

0

T̄sx̄ds +
∫ t

0

Ysds +
∫ t

0

(T̄t−sYs − Ys)ds

=
∫ t

0

T̄sx̄ds +
∫ t

0

T̄t−sYsds.

From (11.48) we see that Ā : D(Ā) → H̄ is a bounded operator, so the above
equation implies

Ā
( ∫ t

0

Z̄sds
)

= Ā
( ∫ t

0

T̄sx̄ds
)

+ lim
n→∞

n∑

k=1

Ā

∫ kt/n

(k−1)t/n

T̄t−sYkt/nds

= T̄tx̄ − x̄ + lim
n→∞

n∑

k=1

∫ kt/n

(k−1)t/n

ĀT̄t−sYkt/nds

= T̄tx̄ − x̄ +
∫ t

0

T̄t−sĀYsds

= Z̄t − x̄ − Yt.

That proves (11.61). 
�

One naturally wishes to exchange the order of the integral and the operation of
the generator in (11.61). To do so, we need a further extension of the domain of
the generator. Let (H̃, ‖ · ‖∼) be an extension of (H̄, ‖ · ‖−) with the properties in
Proposition 11.21. Let (T̃t)t≥0 and Ã be the corresponding extensions of (T̄t)t≥0

and Ā, respectively.
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Theorem 11.26 The generalized OU-process {Z̄t : t ≥ 0} defined by (11.57) is
càdlàg in D(Ã) and satisfies the Langevin type equation

Z̄t = x̄ + Yt +
∫ t

0

ÃZ̄sds, t ≥ 0. (11.62)

Proof. By Proposition 11.21, we have H ⊂ D(Ā) with continuous embedding.
Since Ā is a bounded operator from D(Ā) to H̄ , the process s �→ ĀYs is càdlàg
in H̄ . Similarly we find s �→ ÃĀYs is càdlàg in H̃ . By Theorem 11.24 the process
t �→ Z̄t is càdlàg in H̄ , so it is càdlàg in D(Ã) and

ÃZ̄t = ÃT̄tx̄ + ĀYt +
∫ t

0

T̃t−sÃĀYsds.

Moreover, we have

Ā
( ∫ t

0

Z̄sds
)

= Ã
( ∫ t

0

Z̄sds
)

=
∫ t

0

ÃZ̄sds.

Then (11.62) follows from (11.61). 
�

Theorem 11.27 If {Z̄t : t ≥ 0} is a càdlàg process in D(Ã) satisfying (11.62), then
it is given by (11.57). Consequently, the pathwise uniqueness holds for the equation
(11.62).

Proof. From (11.62) we have

∫ t

0

T̃t−sZ̄sds =
∫ t

0

T̄t−sx̄ds +
∫ t

0

T̄t−sYsds +
∫ t

0

du

∫ u

0

T̃t−uÃZ̄sds

=
∫ t

0

T̄t−sx̄ds +
∫ t

0

T̄t−sYsds +
∫ t

0

(T̃t−sZ̄s − Z̄s)ds,

and hence
∫ t

0

Z̄sds =
∫ t

0

T̄t−sx̄ds +
∫ t

0

T̄t−sYsds.

It follows that
∫ t

0

ÃZ̄sds = Ā
( ∫ t

0

T̄t−sx̄ds
)

+
∫ t

0

T̄t−sĀYsds

= T̄tx̄ − x̄ +
∫ t

0

T̄t−sĀYsds.

By using (11.62) again we obtain (11.57). 
�
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11.6 Notes and Comments

The concept of the generalized Mehler semigroup was introduced by Bogachev
and Röckner (1995) and Bogachev et al. (1996) as a generalization of the classi-
cal Mehler formula; see, e.g., Malliavin (1997, p.25). The subject has become a
very interesting field of research.

Proposition 11.2 was first proved by Schmuland and Sun (2001). The current
form of Theorem 11.3 is due to Dawson et al. (2004b), which extends an earlier
result of Bogachev et al. (1996) in the setting of cylindrical measures. By a theorem
of Keller-Ressel et al. (2010), every stochastically continuous Ornstein–Uhlenbeck
process in a finite-dimensional space is regular. Theorem 11.7 was first proved in
Dawson et al. (2004b). The main reference of Sections 11.4 and 11.5 is Dawson and
Li (2004). See also Fuhrman and Röckner (2000) for the construction of the process.

A set of generalized Ornstein–Uhlenbeck processes were defined using Langevin
type equations in Chojnowska-Michalik (1987), where the following mild form of
(11.59) was considered:

Xt = TtX0 +
∫ t

0

Tt−sdYs, t ≥ 0. (11.63)

If the Lévy process {Yt : t ≥ 0} has transition semigroup given by (11.52) and
(11.53), then {Xt : t ≥ 0} has transition semigroup (Qγ

t )t≥0 given by (11.14); see,
e.g., Applebaum (2007).

Let us consider the regular SC-semigroup defined by (11.13) with a �→ ψ0(a)
given by the right-hand side of (11.2). It was proved in Fuhrman and Röckner (2000)
that the corresponding generalized Mehler semigroup (Qγ

t )t≥0 is weakly continuous
on the space of uniformly continuous bounded functions. The notion of weak conti-
nuity was introduced in Cerrai (1994), where it was shown that the strong continuity
fails even in the Gaussian case. The generator of (Qγ

t )t≥0 was defined in Fuhrman
and Röckner (2000) by the resolvent. Lescot and Röckner (2002) characterized the
generator as a pseudo-differential operator. The existence and uniqueness of invari-
ant measures for generalized OU-processes were studied in Chojnowska-Michalik
(1987) and Fuhrman and Röckner (2000).

The mixed topology on C(H) is by definition the finest locally convex topology
that agrees on bounded sets with the uniform convergence on compact sets in H . The
semigroup (Qγ

t )t≥0 is strongly continuous on C(H) with this topology. Applebaum
(2007) gave an explicit representation of the generator of (Qγ

t )t≥0 as a semigroup on
C(H), which is closable and has a convenient invariant core of cylinder functions.
The mixed topology was already used to study Gaussian type Mehler semigroups in
Goldys and Kocan (2001) and Goldys and van Neerven (2003).

The mild form (11.63) of the Langevin type equation makes sense even when
{Yt : t ≥ 0} is a Lévy process in some larger space E ⊃ H . Priola and Zabczyk
(2010) considered the case where {Yt : t ≥ 0} is a cylindrical stable process.
Suppose that A : D(A) → H is a self-adjoint operator and {e1, e2, . . .} is an
orthonormal basis of H such that Aen = γnen for every n ≥ 1 with γn > 0 and
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γn → ∞ as n → ∞. Then each en is an eigenvector of A. Let {Yt : t ≥ 0} be a
cylindrical stable process given by

Yt =
∞∑

n=1

βnyn(t)en,

where {yn(t) : t ≥ 0}, n = 1, 2, . . . are i.i.d. one-dimensional α-stable processes
with 0 < α < 2 and β1, β2, . . . are strictly positive constants. It was proved in
Priola and Zabczyk (2010) that for any X0 = x ∈ H the generalized OU-process
{Xt : t ≥ 0} defined by (11.63) takes values in H if and only if

∞∑

n=1

βα
n

γn
< ∞,

and in this case {Xt : t ≥ 0} is a stochastically continuous Markov process.
Suppose that {Yt : t ≥ 0} is a Lévy process in H and x �→ b(x) is an operator

on H . A generalization of the Langevin type equation (11.59) is the following:

dXt = AXtdt + b(Xt)dt + dYt, t ≥ 0. (11.64)

This equation was studied in Lescot and Röckner (2004) under certain regularity
conditions. Their approach was to construct the transition semigroup of the solu-
tion by applying the perturbation theory to the generalized Mehler semigroup in the
space L2(H,μ), where μ is the invariant measure for the solution of the equation
with b = 0. Priola and Zabczyk (2010) studied the Markov property, irreducibility
and strong Feller property of the solution to (11.64) for a cylindrical stable noise.

We refer the reader to Röckner and Wang (2003) and Wang (2005) for some
powerful Harnack and functional inequalities of generalized Mehler semigroups.



Chapter 12
Small-Branching Fluctuation Limits

A typical class of generalized OU-processes arise as small-branching fluctuation
limits of subcritical immigration superprocesses around their equilibrium means.
In this chapter, we first establish such a fluctuation limit theorem in the space of
Schwartz distributions. A stronger result is then proved which shows that the con-
vergence actually holds in a suitable weighted Sobolev space. To avoid complicated
regularity assumptions, we only consider the case where the spatial motion is a
Brownian motion with killing.

12.1 The Brownian Immigration Superprocess

We first introduce the Brownian immigration superprocess to be considered. Let
b > 0 be a constant and let ξ be a killed Brownian motion in R

d with generator
A := Δ/2−b and transition semigroup (P b

t )t≥0. Then ξ has finite potential operator
U given by

Uf(x) =
∫ ∞

0

P b
t f(x)dt =

∫ ∞

0

e−btPtf(x)dt, f ∈ B(Rd),

where (Pt)t≥0 is the transition semigroup of the standard Brownian motion in R
d.

Let φ be a critical local branching mechanism on R
d given by

φ(x, z) = c(x)z2 +
∫ ∞

0

(e−zu − 1 + zu)m(x,du), (12.1)

where c ∈ C(Rd)+ and u2m(x,du) is a bounded kernel from R
d to (0,∞). We

assume x �→ u2m(x,du) is continuous by weak convergence on (0,∞). The cu-
mulant semigroup (Vt)t≥0 of the (ξ, φ)-superprocess is defined by

Vtf(x) = P b
t f(x) −

∫ t

0

P b
t−sφ(Vsf)(x)ds, t ≥ 0, x ∈ R

d. (12.2)
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Clearly, the actual branching mechanism of the (ξ, φ)-superprocess is strictly sub-
critical because of the killing rate b > 0 in the underlying spatial motion.

We fix a constant p > d and let hp(x) = (1 + |x|2)−p/2 for x ∈ R
d, where

| · | denotes the Euclidean norm. It is easy to find a constant α > 0 so that hp is
α-excessive relative to (P b

t )t≥0. Let Cp(Rd) denote the set of continuous functions
f ∈ C0(Rd) satisfying |f | ≤ const · hp. Let Mp(Rd) be the space of σ-finite
measures μ on R

d satisfying 〈μ, hp〉 < ∞. We endow Mp(Rd) with the topology
defined by the convention:

μn → μ in Mp(Rd) if and only if 〈μn, f〉 → 〈μ, f〉 for all f ∈ Cp(Rd).

In this chapter, we denote the Lebesgue measure on R
d by λ, which clearly belongs

to Mp(Rd). Given η ∈ Mp(Rd) we define the transition semigroup (Qη
t )t≥0 on

Mp(Rd) by

∫

Mp(Rd)

e−〈ν,f〉Qη
t (μ,dν) = exp

{

− 〈μ, Vtf〉 −
∫ t

0

〈η, Vsf〉ds

}

. (12.3)

By Theorem 9.25 there is a càdlàg realization Y = (W, G , Gt, Yt,Qη
μ) of the immi-

gration superprocess in Mp(Rd) with transition semigroup (Qη
t )t≥0. The results of

Propositions 9.11 and 9.14 extend immediately to the present case. Then for t ≥ 0
and f ∈ Cp(Rd) we have

Qη
μ[〈Yt, f〉] = 〈μ, P b

t f〉 +
∫ t

0

〈η, P b
s f〉ds, (12.4)

and

Qη
μ[〈Yt, f〉2] =

(

〈μ, P b
t f〉 +

∫ t

0

〈η, P b
s f〉ds

)2

+
∫ t

0

〈μ, P b
t−s[φ

′′(·, 0)(P b
s f)2]〉ds

+
∫ t

0

du

∫ u

0

〈η, P b
u−s[φ

′′(·, 0)(P b
s f)2]〉ds, (12.5)

where φ′′(x, 0) is defined by (2.64).

Proposition 12.1 Suppose that η(dx) is absolutely continuous with respect to the
Lebesgue measure λ(dx) with bounded density x �→ η′(x). Then (Qη

t )t≥0 has a
stationary distribution F η defined by

∫

Mp(Rd)

e−〈ν,f〉F η(dν) = exp
{

−
∫ ∞

0

〈η, Vsf〉ds

}

, (12.6)

where f ∈ Cp(Rd)+. Moreover, we have Qη
t (0, ·) → F η by weak convergence as

t → ∞.
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Proof. Clearly, the mapping ν(dx) �→ hp(x)ν(dx) induces a homeomorphism be-
tween Mp(Rd) and M(Rd). Let Gη

t (dν) denote the image of Qη
t (0, dν) under the

above mapping. For any f ∈ B(Rd)+ we have

Vt(fhp)(x) ≤ P b
t (fhp)(x) ≤ ‖f‖P b

t hp(x), t ≥ 0, x ∈ R
d,

where ‖ ·‖ denotes the supremum norm. Since λ(dx) is an invariant measure for the
Brownian motion, we have

∫ ∞

0

〈η, Vs(fhp)〉ds ≤ ‖f‖
∫ ∞

0

〈η, P b
s hp〉ds

≤ ‖fη′‖
∫ ∞

0

e−bs〈λ, hp〉ds < ∞.

It follows that

lim
t→∞

∫

M(Rd)

e−〈ν,f〉Gη
t (dν) = lim

t→∞

∫

Mp(Rd)

e−〈ν,fhp〉Qη
t (0, dν)

= exp
{

−
∫ ∞

0

〈η, Vs(fhp)〉ds

}

, (12.7)

and the right-hand side is continuous in f ∈ B(Rd)+ with respect to bounded
pointwise convergence. By Theorem 1.20, it is the Laplace functional of a probabil-
ity measure Gη on M(Rd) and Gη

t → Gη weakly as t → ∞. Then (12.6) defines
a probability measure F η on Mp(Rd) and Qη

t (0, ·) → F η weakly as t → ∞. It is
easily seen that F η is a stationary distribution of (Qη

t )t≥0. ��
Under the condition of Proposition 12.1, the measure potential ζ := ηU is the

mean of F η. In fact, from (12.6) we have
∫

Mp(Rd)

〈ν, f〉F η(dν) =
∫ ∞

0

〈η, P b
s f〉ds = 〈ζ, f〉.

Observe also that

〈ζ, f〉 = 〈ζ, P b
t f〉 +

∫ t

0

〈η, P b
s f〉ds, t ≥ 0. (12.8)

12.2 Stochastic Processes in Nuclear Spaces

Suppose that E is an infinite-dimensional real linear space and ‖ · ‖0 ≤ ‖ · ‖1 ≤
‖ · ‖2 ≤ · · · is a sequence of Hilbertian norms on E. Let En be the completion
of E relative to ‖ · ‖n and let 〈·, ·〉n denote the inner product in En. Then we have
E0 ⊃ E1 ⊃ E2 ⊃ · · · . The sequence of norms ‖·‖0 ≤ ‖·‖1 ≤ ‖·‖2 ≤ · · · induces
a topology on the set E∞ :=

⋂∞
n=0 En, which is compatible with the metric ρ

defined by
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ρ(x, y) =
∞∑

k=0

‖y − x‖k

2k(1 + ‖y − x‖k)
, x, y ∈ E∞. (12.9)

Proposition 12.2 The metric space (E, ρ) is complete if and only if E = E∞.

Proof. Suppose that (E, ρ) is complete. If x ∈ E∞, for each n ≥ 0 there is xn ∈ E
such that ‖xn − x‖n < 1/2n+1 implying ‖xn − x‖k < 1/2n+1 for 0 ≤ k ≤ n. It
follows that

ρ(xn, x) ≤
n∑

k=0

1
2k

‖xn − x‖k +
∞∑

k=n+1

1
2k

<
2

2n+1
+

1
2n

=
1

2n−1
.

Then we have x ∈ E, proving E = E∞. For the converse, suppose that E = E∞.
If {xk} is a Cauchy sequence in (E, ρ), it is a Cauchy sequence relative to each
norm ‖ · ‖n. Then there is yn ∈ En so that ‖xk − yn‖n → 0 as k → ∞. By
relations ‖ · ‖0 ≤ ‖ · ‖1 ≤ ‖ · ‖2 ≤ · · · , we must have yn = y0 for every n ≥ 0.
Then ‖xk − y0‖n → 0 as k → ∞ for every n ≥ 0. From (12.9) it follows that
ρ(xk, y0) → 0 as k → ∞. Thus (E, ρ) is complete. ��

Proposition 12.3 Let f be a linear map of E into a normed linear space (F, ||| · |||).
Then f is continuous relative to the metric defined by (12.9) if and only if it is
continuous relative to one of the norms ‖ · ‖n.

Proof. If f is continuous relative to one of the norms ‖ · ‖n, it is clearly continuous
relative to the metric ρ defined by (12.9). Conversely, suppose that f is a continuous
linear map of (E, ρ) into (F, ||| · |||). Then there is a neighborhood G of zero such
that |||f(y)||| < 1 for all y ∈ G. Consequently, there exists n ≥ 0 and δ > 0 such
that {x ∈ E : ‖x‖n < δ} ⊂ G. Therefore ‖x‖n < δ implies |||f(x)||| < 1, and
so ‖x‖n < δε implies |||f(x)||| < ε for every ε > 0. That gives the continuity of f
relative to ‖ · ‖n. ��

By Proposition 12.3 the space E has dual E′ :=
⋃∞

n=0 E−n, where E−n denotes
the dual space of En. Let 〈·, ·〉 denote the duality between E and E′. A subset B of E
is said to be bounded if it is bounded in each norm ‖·‖n, that is, supx∈B ‖x‖n < ∞
for each n ≥ 0. For any bounded set B ⊂ E define the semi-norm pB on E′ by

pB(f) = sup{|f(x)| : x ∈ B}, f ∈ E′. (12.10)

We endow E′ with the topology generated by the collection of semi-norms {pB :
B ⊂ E is bounded}, which is called the strong topology.

For every n ≥ 0 let {en
1 , en

2 , . . .} be an orthonormal basis of En and let ‖ · ‖−n

be the norm of E−n defined by

‖f‖2
−n =

∞∑

k=1

〈f, en
k 〉2, f ∈ E−n.
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We identify E−0 with E0, but not E−n with En for n ≥ 1. We call E or (E, ρ) a
countably Hilbert nuclear space or simply a nuclear space if the following condi-
tions are satisfied:

(1) E is separable with respect to ‖ · ‖n for every n ≥ 0;
(2) for every m ≥ 0 there exists n > m and an orthonormal basis {en

1 , en
2 , . . .} of

En so that

∞∑

k=1

‖en
k‖2

m < ∞; (12.11)

(3) the metric space (E, ρ) is complete.

It is well-known that the above property (2) is equivalent to the embedding operator
πn,m of En into Em being Hilbert–Schmidt; see, e.g., Kallianpur and Xiong (1995,
p.18). For any orthonormal basis {fm

1 , fm
2 , . . .} of Em we have

∞∑

k=1

‖en
k‖2

m =
∞∑

k=1

∞∑

i=1

〈πn,men
k , fm

i 〉2m

=
∞∑

i=1

∞∑

k=1

〈en
k , π−m,−nfm

i 〉2n

=
∞∑

i=1

‖fm
i ‖2

−n.

Then the value on the left-hand side of (12.11) does not depend on the choice of the
orthonormal basis {en

1 , en
2 , . . .}. If E is a nuclear space, we have

E′ =
∞⋃

n=0

E−n ⊃ · · · ⊃ E−2 ⊃ E−1 ⊃ E0 ⊃ E1 ⊃ E2 ⊃ · · · ⊃
∞⋂

n=0

En = E.

The following two theorems were established in Mitoma (1983); see also Walsh
(1986, pp.361–365).

Theorem 12.4 Let E be a nuclear space with strong dual E′. Let {(Yk(t))t≥0 :
k ≥ 1} be a sequence of processes with sample paths in the space D([0,∞), E′). If
for each x ∈ E the sequence of real processes {(〈Yk(t), x〉)t≥0 : k ≥ 1} is tight in
D([0,∞), R), then {(Yk(t))t≥0 : k ≥ 1} is tight in D([0,∞), E′).

Theorem 12.5 Let {(Yk(t))t≥0 : k ≥ 1} be a sequence of processes satisfying the
conditions of Theorem 12.4. Suppose that n > m ≥ 0 and En ⊂ Em is a Hilbert–
Schmidt embedding. If for every t ≥ 0, ρ > 0 and ε > 0 there exists δ > 0 such that
x ∈ E and ‖x‖m ≤ δ imply

sup
k≥1

P
{

sup
0≤s≤t

|〈Yk(s), x〉| ≥ ρ
}
≤ ε,
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then each process (Yk(t))t≥0 has sample paths a.s. in D([0,∞), E−n) and the se-
quence {(Yk(t))t≥0 : k ≥ 1} is tight in D([0,∞), E−n).

We next consider a typical example of the nuclear space. Let N = {0, 1, 2, . . .}.
Let C∞(Rd) be the set of bounded infinitely differentiable functions on R

d with
bounded derivatives. Let S (Rd) ⊂ C∞(Rd) denote the Schwartz space of rapidly
decreasing functions. That is, a function f ∈ S (Rd) is infinitely differentiable and
for every k ≥ 0 and every α = (α1, . . . , αd) ∈ N

d we have

lim
|x|→∞

|x|k|∂αf(x)| = 0, (12.12)

where | · | denotes the Euclidean norm and

∂αf(x) =
∂α1+···+αd

∂xα1
1 · · · ∂xαd

d

f(x1, . . . , xd).

We first define an increasing sequence of norms {p0, p1, p2, . . .} on S (Rd) by

pn(f) =
∑

0≤ᾱ≤n

sup
x∈Rd

(1 + |x|2)n/2|∂αf(x)|, (12.13)

where ᾱ = α1 + · · · + αd. The norms {p0, p1, p2, . . .} are not Hilbertian. We also
define the Hilbertian norms {q0, q1, q2, . . .} on S (Rd) by

qn(f)2 =
∑

0≤ᾱ≤n

∫

Rd

(1 + |x|2)n|∂αf(x)|2dx. (12.14)

Proposition 12.6 For every n ≥ 0 there is a constant b(n) > 0 so that

qn(f) ≤ b(n)pn+d(f) and pn(f) ≤ b(n)qn+d(f), f ∈ S (Rd).

Proof. For any n ≥ 0 and α ∈ N
d satisfying 0 ≤ ᾱ ≤ n we have

(1 + |x|2)n|∂αf(x)|2 ≤ sup
y∈Rd

[
(1 + |y|2)n+d|∂αf(y)|2

] 1
(1 + |x|2)d

≤ pn+d(f)2
1

(1 + |x|2)d
.

It follows that qn(f) ≤ b1(n)pn+d(f) for a constant b1(n) > 0. On the other hand,
for d = 1 and 0 ≤ k ≤ n we have

(1 + x2)n/2|f (k)(x)| =
∣
∣
∣

∫ x

−∞

[
(1 + y2)n/2f (k)(y)

]′dy
∣
∣
∣

≤
∫

R

∣
∣(1 + y2)n/2f (k+1)(y)

∣
∣dy

+
n

2

∫

R

∣
∣(1 + y2)n/2f (k)(y)

∣
∣dy
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≤
(∫

R

dy

1 + y2

) 1
2
[(∫

R

(1 + y2)n+1f (k+1)(y)2dy

) 1
2

+
n

2

(∫

R

(1 + y2)n+1f (k)(y)2dy

) 1
2
]

≤
√

π
(
1 +

n

2

)
qn+1(f).

Then there is a constant b2(n) > 0 so that pn(f) ≤ b2(n)qn+1(f). The inequality
for higher dimensions follows similarly. ��

By Proposition 12.6 the sequences of norms {pn} and {qn} induce the same
topology on S (Rd). To show this is a nuclear space let us introduce another se-
quence of Hilbertian norms. The Hermite polynomials on R are given by

gk(x) = (−1)kex2 dk

dxk
e−x2

, k = 0, 1, 2, . . . .

Based on those we define the Hermite functions

hk(x) =
1

4
√

π
√

2kk!
e−x2/2gk(x), k = 0, 1, 2, . . . .

For x ∈ R
d and α ∈ N

d let hα(x) = hα1(x1) · · ·hαd
(xd). Then hα ∈ S (Rd)

and {hα : α ∈ N
d} is an orthonormal basis of L2(Rd). Let 〈·, ·〉 denote the inner

product of L2(Rd). For f ∈ S (Rd) we write

f(x) =
∑

α∈Nd

〈f, hα〉hα(x), x ∈ R
d (12.15)

and define

‖f‖2
n =

∑

α∈Nd

(2ᾱ + d)2n〈f, hα〉2 (12.16)

for n = 0,±1,±2, . . .. For any g, f ∈ S (Rd) we have

〈g, f〉 =
∑

α∈Nd

〈g, hα〉〈f, hα〉,

and 〈g, f〉 ≤ ‖g‖−n‖f‖n by Schwarz’s inequality. Let Hn(Rd) be the completion
of S (Rd) with respect to ‖ · ‖n, which we refer to as a weighted Sobolev space.
By approximation we can extend 〈·, ·〉 to a bilinear form between H−n(Rd) and
Hn(Rd). Let 〈·, ·〉n denote the inner product of Hn(Rd). For g, f ∈ Hn(Rd) we
have

〈g, f〉n =
∑

α∈Nd

(2ᾱ + d)2n〈g, hα〉〈f, hα〉 = 〈πng, f〉,
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where

πng =
∑

α∈Nd

(2ᾱ + d)2n〈g, hα〉hα ∈ H−n(Rd).

Then H−n(Rd) and Hn(Rd) are dual spaces with the duality 〈·, ·〉.

Proposition 12.7 For every n ≥ 0 there is a constant c(n) > 0 so that

qn(f) ≤ c(n)‖f‖n and ‖f‖n ≤ c(n)q2n(f), f ∈ S (Rd).

Proof. We only give the proof for the case d = 1. The proof in the general case is
based on similar ideas with more complicated calculations. It is easy to show that

h′
k(x) =

√
k

2
hk−1(x) −

√
k + 1

2
hk+1(x) (12.17)

and

xhk(x) =

√
k

2
hk−1(x) +

√
k + 1

2
hk+1(x) (12.18)

with h−1(x) = 0 by convention. For f ∈ S (R) we have

f(x) =
∞∑

k=0

〈f, hk〉hk(x), x ∈ R. (12.19)

For 0 ≤ k, l ≤ n one can use (12.17) and (12.18) to see

xlf (k)(x) =
∞∑

i=0

i+2n∑

j=(i−2n)+

an(i, j, k, l)(i + 2n)n〈f, hj〉hi(x),

where (i− 2n)+ = 0∨ (i− 2n) and {an(i, j, k, l) : i, j, k, l ≥ 0} is a countable set
bounded by some b0(n) > 0. Then there are constants bi(n) > 0 so that

∫

R

(1 + x2)nf (k)(x)2dx ≤ b1(n)
∞∑

i=0

i+2n∑

j=(i−2n)+

(i + 2n)2n〈f, hj〉2

= b1(n)
∞∑

j=0

j+2n∑

i=(j−2n)+

(i + 2n)2n〈f, hj〉2

≤ b2(n)
∞∑

j=0

(j + 4n)2n〈f, hj〉2

≤ b3(n)
∞∑

j=0

(2j + 1)2n〈f, hj〉2.



12.2 Stochastic Processes in Nuclear Spaces 289

That gives the first inequality. Using (12.17) and (12.18) one can show

x2hk(x) − h′′
k(x) = (2k + 1)hk(x). (12.20)

For f ∈ S (R) given by (12.19) we have

x2f(x) − f ′′(x) =
∞∑

k=0

(2k + 1)〈f, hk〉hk(x).

Let us denote the above function by f1(x) and define fn(x) = x2fn−1(x)−f ′′
n−1(x)

for n ≥ 2 inductively. It is simple to see that

fn(x) =
∞∑

k=0

(2k + 1)n〈f, hk〉hk(x).

Then there is a constant c(n) > 0 so that

‖f‖n =
( ∫

R

fn(x)2dx

) 1
2

≤ c(n)q2n(f).

That gives the second inequality. ��

Proposition 12.8 For n > m+d/2 the embedding Hn(Rd) ⊂ Hm(Rd) is Hilbert–
Schmidt.

Proof. It is easy to see that {(2ᾱ + d)−nhα : α ∈ N
d} is an orthonormal basis of

S (Rd) with respect to the norm ‖ · ‖n and

∑

α∈Nd

‖(2ᾱ + d)−nhα‖2
m =

∑

α∈Nd

(2ᾱ + d)2(m−n) < ∞

for any n > m + d/2. ��

Let S (Rd) be endowed with the metric ρ defined by (12.9) and let S ′(Rd)
denote its dual endowed with the strong topology. The elements of S ′(Rd) are
called Schwartz distributions.

Theorem 12.9 Both S (Rd) and S ′(Rd) are nuclear spaces.

Proof. By Propositions 12.6 and 12.7 the two families of norms {p0, p1, p2, . . .}
and {‖ · ‖0, ‖ · ‖1, ‖ · ‖2, . . .} are equivalent. Then it is easily seen that S (Rd) is
complete under the metric ρ defined by (12.9). Let G be the collection of functions
f ∈ S (Rd) having the decomposition

f(x) =
∑

ᾱ≤n

rαhα(x), x ∈ R
d
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for all possible finite sets of rational coefficients {rα : ᾱ ≤ n}. Clearly, G is dense
in Hn for every n ≥ 0. In other words, each Hn is separable. By Proposition 12.8
the embedding Hn(Rd) ⊂ Hm(Rd) is Hilbert–Schmidt for n > m+d/2, so S (Rd)
is a nuclear space. Since S (Rd) is clearly a Fréchet space, its strong dual S ′(Rd)
is also a nuclear space; see, e.g., Treves (1967, p.523). ��

12.3 Fluctuation Limits in the Schwartz Space

Let (ξ, φ, η) be the parameters given as in the first section and assume η(dx) is
absolutely continuous with respect to the Lebesgue measure λ(dx) with a bounded
density. For any integer k ≥ 1 let φk(x, z) = φ(x, z/k) and suppose that {Yk(t) :
t ≥ 0} is a càdlàg immigration superprocess in Mp(Rd) with parameters (ξ, φk, η).
Then each {Yk(t) : t ≥ 0} has equilibrium mean ζ := ηU . We are interested in the
asymptotic fluctuating behavior of the immigration processes around this mean. For
simplicity, we assume Yk(0) = ζ, so (12.4) and (12.8) imply

E〈Yk(t), f〉 = 〈ζ, f〉, t ≥ 0, f ∈ Cp(Rd).

Then we define the centered S ′(Rd)-valued process {Zk(t) : t ≥ 0} by

Zk(t) := k[Yk(t) − ζ], t ≥ 0. (12.21)

Since t �→ 〈Zk(t), f〉 is càdlàg for every f ∈ S (Rd), the process t �→ Zk(t) is
càdlàg in the strong topology of S ′(Rd); see, e.g., Treves (1967, p.358). Recall that
C2(R) denotes the set of bounded continuous real functions on R with bounded
continuous derivatives up to the second order.

Lemma 12.10 For any G ∈ C2(R) and f ∈ S (Rd) we have

G(〈Zk(t), f〉) =
∫ t

0

G′(〈Zk(s), f〉)〈Zk(s), Af〉ds

+
∫ t

0

G′′(〈Zk(s), f〉)〈Yk(s), cf2〉ds

+
∫ t

0

ds

∫

Rd

l(x, Zk(s))Yk(s,dx) + mart.,

where

l(x, μ) =
∫ ∞

0

[
G

(
〈μ, f〉 + uf(x)

)
− G(〈μ, f〉)

−G′(〈μ, f〉)uf(x)
]
m(x,du).

Proof. Let Fk(ν) = G(〈ν, kf〉 − 〈ζ, kf〉) for ν ∈ Mp(Rd). Then G(〈Zk(t), f〉) =
Fk(Yk(t)). By Theorem 9.24,
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G(〈Zk(t), f〉) =
∫ t

0

G′(〈Yk(s), kf〉 − 〈ζ, kf〉)〈Yk(s), kAf〉ds

+
∫ t

0

G′(〈Yk(s), kf〉 − 〈ζ, kf〉)〈η, kf〉ds

+
∫ t

0

G′′(〈Yk(s), kf〉 − 〈ζ, kf〉)〈Yk(s), cf2〉ds

+
∫ t

0

ds

∫

Rd

l(x, Zk(s))Yk(s,dx) + local mart.

Using (12.5) one can see the local martingale above is actually a square-integrable
martingale. Observe that

〈η, f〉 = −〈η, UAf〉 = −〈ζ, Af〉. (12.22)

Then we obtain the desired equality. ��

Lemma 12.11 Let φ′′(x, 0) be given by (2.64). Then for any t ≥ 0 and f ∈ Cp(Rd)
we have

E[〈Zk(t), f〉2] =
∫ t

0

〈ζ, φ′′(·, 0)(P b
s f)2〉ds, (12.23)

Proof. In view of (12.4) and (12.5) we have

E
[
〈Zk(t), f〉2

]
= E

[(
〈Yk(t), kf〉 − 〈ζ, kP b

t f〉 −
∫ t

0

〈η, kP b
s f〉ds

)2
]

=
∫ t

0

〈ζ, P b
t−s[φ

′′(·, 0)(P b
s f)2]〉ds

+
∫ t

0

ds

∫ t−s

0

〈η, P b
u[φ′′(·, 0)(P b

s f)2]〉du

=
∫ t

0

〈ζ, φ′′(·, 0)(P b
s f)2〉ds,

where for the last equality we also used (12.8) to the function φ′′(·, 0)(P b
s f)2. ��

Lemma 12.12 Let ζ ′ be a bounded density of ζ(dx) with respect to the Lebesgue
measure. Then for any t ≥ 0 and f ∈ S (Rd) we have

sup
k≥1

E
[

sup
0≤s≤t

〈Zk(s), f〉2
]
≤ t‖ζ ′‖φ ′′(·, 0)‖

[
8〈λ, f2〉 + t2〈λ, (Af)2〉

]
.

Proof. By Theorem 9.24 we have

〈Yk(t), f〉 = 〈ζ, f〉 + Mk(t, f) +
∫ t

0

[
〈Yk(s), Af〉 + 〈η, f〉

]
ds, (12.24)

where {Mk(t, f) : t ≥ 0} is a càdlàg martingale with increasing process
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〈Mk(f)〉t =
1
k2

∫ t

0

〈Yk(s), φ′′(·, 0)f2〉ds.

From (12.22) and (12.24) we get

〈Zk(t), f〉 = kMk(t, f) +
∫ t

0

〈Zk(s), Af〉ds.

Then by (12.5) and (12.23),

E
[

sup
0≤s≤t

〈Zk(s), f〉2
]

≤ 2k2E
[

sup
0≤s≤t

|Mk(s, f)|2
]

+ 2E
[( ∫ t

0

|〈Zk(s), Af〉|ds

)2]

≤ 8
∫ t

0

E[〈Yk(s), φ′′(·, 0)f2〉]ds + 2t

∫ t

0

E
[
〈Zk(s), Af〉2

]
ds

≤ 8t‖φ′′(·, 0)‖〈ζ, f2〉 + 2t‖φ′′(·, 0)‖
∫ t

0

ds

∫ s

0

〈ζ, (P b
uAf)2〉du

≤ 8t‖ζ ′‖φ ′′(·, 0)‖〈λ, f2〉 + 2t‖ζ ′‖φ ′′(·, 0)‖
∫ t

0

ds

∫ s

0

〈λ, (P b
uAf)2〉du

≤ t‖ζ ′‖φ ′′(·, 0)‖
[
8〈λ, f2〉 + t2〈λ, (Af)2〉

]
.

That gives the desired estimate. ��

Lemma 12.13 The sequence {(Zk(t))t≥0 : k ≥ 1} is tight in D([0,∞), S ′(Rd)).

Proof. By Theorem 12.4 we only need to prove the sequence {〈Zk(t), f〉 : t ≥
0; k ≥ 1} is tight in D([0,∞), R) for every f ∈ S (Rd). By Lemma 12.12 and
Chebyshev’s inequality we have

sup
k≥1

P
[

sup
0≤s≤t

|〈Zk(s), f〉| ≥ α
]
→ 0

as α → ∞. Then {〈Zk(t), f〉 : t ≥ 0} satisfies the compact containment condition
of Ethier and Kurtz (1986, p.142). Let G ∈ C∞(R) and let l(x, μ) be defined as in
Lemma 12.10. By Taylor’s expansion we have

|l(x, μ)| ≤ ‖G′′‖
∫ ∞

0

u2m(x,du)|f(x)|2.

Then it is easy to show

sup
k≥1

E
[ ∫ t

0

∣
∣
∣G′(〈Zk(s), f〉)〈Zk(s), Af〉 + G′′(〈Zk(s), f〉)〈Yk(s), cf2〉

+
∫

Rd

l(x, Zk(s))Yk(s,dx)
∣
∣
∣
2

ds

]

< ∞.
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By Lemma 12.10 and Ethier and Kurtz (1986, p.145) we infer that {G(〈Zk(t), f〉) :
t ≥ 0; k ≥ 1} is tight. The tightness of {〈Zk(t), f〉 : t ≥ 0; k ≥ 1} then follows by
Ethier and Kurtz (1986, p.142). ��

Lemma 12.14 Let {Z0(t) : t ≥ 0} be any limit point of {Zk(t) : t ≥ 0; k ≥ 1}
in the sense of distribution on D([0,∞), S ′(Rd)). Then for G ∈ C∞(R) and f ∈
S (Rd) we have

G(〈Z0(t), f〉) =
∫ t

0

[
G′(〈Z0(s), f〉)〈Z0(s), Af〉 + G′′(〈Z0(s), f〉)〈ζ, cf2〉

+
∫

Rd

l(x, Z0(s))ζ(dx)
]
ds + mart.

Proof. By passing to a subsequence and using the Skorokhod representation, we
may assume {Zk(t) : t ≥ 0} and {Z0(t) : t ≥ 0} are defined on the same
probability space and {Zk(t) : t ≥ 0} converges a.s. to {Z0(t) : t ≥ 0} in
the topology of D([0,∞), S ′(Rd)). Then {〈Zk(t), f〉 : t ≥ 0} converges a.s. to
{〈Z0(t), f〉 : t ≥ 0} in the topology of D([0,∞), R). Consequently, we have a.s.
〈Zk(t), f〉 → 〈Z0(t), f〉 for a.e. t ≥ 0; see, e.g., Ethier and Kurtz (1986, p.118).
Note also that {Yk(t) : t ≥ 0} converges a.s. to the deterministic constant process
{Y0(t) = ζ : t ≥ 0} in the topology of D([0,∞), S ′(Rd)). From Lemma 12.10
we have

G(〈Zk(t), f〉) =
∫ t

0

G′(〈Zk(s), f〉)〈Zk(s), Af〉ds

+
∫ t

0

G′′(〈Zk(s), f〉)〈Yk(s), cf2〉ds

+
∫ t

0

〈Yk(s), l(·, Z0(s)) + lk(s, ·)〉ds + mart., (12.25)

where lk(s, x) = l(x, Zk(s)) − l(x, Z0(s)). By applying the mean-value theorem
to the function

z �→ H(x, u, z) := G(z + uf(x)) − G(z) − G′(z)uf(x)

we get

lk(s, x) = 〈Zk(s) − Z0(s), f〉
∫ ∞

0

H ′
z(x, u, θs)m(x,du),

where

〈Zk(s), f〉 ∧ 〈Z0(s), f〉 ≤ θs ≤ 〈Zk(s), f〉 ∨ 〈Z0(s), f〉.

By Taylor’s expansion,

|H ′
z(x, u, θs)| = |G′(θs + uf(x)) − G′(θs) − G′′(θs)uf(x)|
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≤ 1
2
‖G(3)‖u2f(x)2.

It follows that

|lk(s, x)| ≤ 1
2
‖G(3)‖f(x)2|〈Zk(s) − Z0(s), f〉|

∫ ∞

0

u2m(x,du).

Then we have

〈|lk(s, ·)|, Yk(s)〉 ≤ C|〈Zk(s) − Z0(s), f〉|〈Yk(s), f2〉, (12.26)

where

C =
1
2
‖G(3)‖ sup

x∈Rd

∫ ∞

0

u2m(x,du).

For n ≥ 1 let

τn = inf
{

t ≥ 0 : sup
k≥1

∫ t

0

〈Zk(s) − Z0(s), f〉2ds ≥ n
}

.

Then τn → ∞ as n → ∞. By (12.26) and Schwarz’s inequality,

{

E
[ ∫ t∧τn

0

〈|lk(s, ·)|, Yk(s)〉ds
]}2

≤ Ck(t)E
[ ∫ t∧τn

0

〈Zk(s) − Z0(s), f〉2ds
]
, (12.27)

where

Ck(t) = C2

∫ t

0

E[〈Yk(s), f2〉2]ds.

By (12.5) it is easy to show supk≥1 Ck(t) < ∞. Now (12.27) implies

lim
k→∞

E
[ ∫ t∧τn

0

〈|lk(s, ·)|, Yk(s)〉ds

]

= 0.

From (12.5) and (12.23) it is easy to show that the sequences

{〈Zk(s), Af〉}, {〈Yk(s), cf2〉}, {〈Yk(s), l(·, Z0(s))〉}

are all uniformly integrable on Ω × [0, t] relative to the product measure P(dω)ds.
Then letting k → ∞ in (12.25) we obtain

G(〈Z0(t), f〉) =
∫ t

0

[
G′(〈Z0(s), f〉)〈Z0(s), Af〉 + G′′(〈Z0(s), f〉)〈ζ, cf2〉
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+
∫

Rd

l(x, Z0(s))ζ(dx)
]
ds + local mart.

Here the local martingale is clearly a square-integrable martingale. ��
Proposition 12.15 For every μ ∈ S ′(Rd) there is a process {Z(t) : t ≥ 0} with
sample paths in D([0,∞),S ′(Rd)) so that for G ∈ C∞(R) and f ∈ S (Rd) we
have

G(〈Z(t), f〉) = G(〈μ, f〉) +
∫ t

0

G′(〈Z(s), f〉)〈Z(s), Af〉ds

+
∫ t

0

G′′(〈Z(s), f〉)〈ζ, cf2〉ds

+
∫ t

0

ds

∫

Rd

l(x, Z(s))ζ(dx) + mart. (12.28)

Proof. Let {Z0(t) : t ≥ 0} be as in Lemma 12.14 and let Z(t) = P b
t μ + Z0(t).

Then (12.28) clearly holds. ��
Proposition 12.16 Suppose that {Z(t) : t ≥ 0} is a process that has sample paths
in D([0,∞), S ′(Rd)) and solves the martingale problem given by (12.28). Then
{Z(t) : t ≥ 0} is a Markov process with transition semigroup (Qζ

t )t≥0 defined by

∫

S ′(Rd)

ei〈ν,f〉Qζ
t (μ,dν)

= exp
{

i〈μ, P b
t f〉 +

∫ t

0

〈ζ, φ(−iP b
s f)〉ds

}

, (12.29)

where f ∈ S (Rd).

Proof. Let (t, z) �→ G(t, z) be a function on [0,∞) × R such that z �→ G(t, z) be-
longs to C∞(R) for every t ≥ 0 and t �→ G(t, z) is continuously differentiable for
every z ∈ R. Let (t, x) �→ ft(x) be a function on [0,∞) × R

d such that x �→ ft(x)
belongs to S (Rd) for every t ≥ 0 and t �→ ft(x) is continuously differentiable
for every x ∈ R

d. Using Proposition 12.15 one can show as in the proof of Theo-
rem 7.13 that

G(t, 〈Z(t), ft〉) = G(0, 〈μ, f0〉) +
∫ t

0

G′
z(s, 〈Z(s), fs〉)〈Z(s), Afs〉ds

+
∫ t

0

G′′
zz(s, 〈Z(s), fs〉)〈ζ, cf2

s 〉ds

+
∫ t

0

[
G′

z(s, 〈Z(s), fs〉)〈Z(s), f ′
s〉 + G′

s(s, 〈Z(s), fs〉)
]
ds

+
∫ t

0

ds

∫

E

ls(x, Z(s))ζ(dx) + mart.,

where f ′
s(x) = (d/ds)fs(x) and ls(x, μ) is defined as in Lemma 12.10 with f and

G replaced by fs and G(s, ·), respectively. Clearly, the equality above remains valid
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when (t, z) �→ G(t, z) is a complex function. By applying this to ft = P b
T−tf and

G(t, z) = exp
{

iz +
∫ T−t

0

〈ζ, φ(−iP b
s f)〉ds

}

one sees that

t �→ exp
{

i〈Z(t), P b
T−tf〉 +

∫ T−t

0

〈ζ, φ(−iP b
s f)〉ds

}

is a complex martingale on [0, T ]. Then {Z(t) : t ≥ 0} is a Markov process with
transition semigroup (Qζ

t )t≥0 defined by (12.29). ��

By Propositions 12.15 and 12.16 there is a unique solution to the martingale prob-
lem given by (12.28) and the solution is a Markov process with transition semigroup
(Qζ

t )t≥0. This process gives a description of the asymptotic fluctuations of the im-
migration superprocesses as the branching mechanisms are small. More precisely,
we have the following:

Theorem 12.17 As k → ∞, the process {Zk(t) : t ≥ 0} converges weakly in
D([0,∞), S ′(Rd)) to the unique solution {Z(t) : t ≥ 0} of the martingale problem
given by (12.28) with Z(0) = 0.

Proof. By Lemma 12.13 the sequence {Zk(t) : t ≥ 0; k ≥ 1} is tight in the space
D([0,∞), S ′(Rd)). Then we get the result by Lemma 12.14 and Proposition 12.16.

��

Example 12.1 Suppose that η ∈ M(Rd) is a finite measure with η(Rd) = b and
φ(z) is a local branching mechanism given by (12.1) with (c, m) independent of
x ∈ R

d. Let zk(t) = k[〈Yk(t), 1〉−1] for t ≥ 0. A modification of the arguments in
this section shows {zk(t) : t ≥ 0} converges weakly in D([0,∞), R) to a Markov
process {z(t) : t ≥ 0} with transition semigroup (Qb

t)t≥0 defined by

∫

R

eiuyQb
t(x,dy) = exp

{

e−btiux +
∫ t

0

φ(−e−btiu)ds

}

, u ∈ R.

This is a one-dimensional OU-type process; see, e.g., Sato (1999, pp.106–108).

12.4 Fluctuation Limits in Sobolev Spaces

In this section, we show the fluctuation limit theorem actually holds in a suitable
weighted Sobolev space. Recall that the weighted Sobolev space Hn(Rd) with index
n ≥ 0 is the completion of S (Rd) with respect to the norm ‖ · ‖n defined in
(12.16) and H−n(Rd) denotes the dual space of Hn(Rd) with duality 〈·, ·〉. Let
{Zk(t) : t ≥ 0} and {Z(t) : t ≥ 0} be defined as in Section 12.3.
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Theorem 12.18 For any integer n > 2 + d/2 the processes {Zk(t) : t ≥ 0} and
{Z(t) : t ≥ 0} live in the weighted Sobolev space H−n(Rd) and {Zk(t) : t ≥ 0}
converges as k → ∞ to {Z(t) : t ≥ 0} weakly in D([0,∞), H−n(Rd)).

Proof. For any f ∈ S (Rd) we have 〈λ, f2〉 = ‖f‖2
0 ≤ ‖f‖2

2. By Proposition 12.7
there is a constant C > 0 such that

〈λ, (Af)2〉 ≤ 〈λ, (Δf)2〉 + 2b2〈λ, f2〉 ≤ (1 + 2b2)q2(f)2 ≤ C‖f‖2
2.

Then Lemma 12.12 implies

sup
k≥1

E
[

sup
0≤s≤t

〈Zk(s), f〉2
]
≤ C(t)‖f‖2

2

for a locally bounded function t �→ C(t). Thus for t ≥ 0 and ρ > 0 we have

sup
k≥1

P
[

sup
0≤s≤t

|〈Zk(s), f〉| ≥ ρ
]
≤ C(t)‖f‖2

2/ρ2.

By Theorem 12.5 and Proposition 12.8 the sequence {Zk(t) : t ≥ 0; k ≥ 1} is tight
in D([0,∞), H−n(Rd)). Then the result follows by Theorem 12.17. ��

Example 12.2 Let us consider the case d = 1. Suppose that {W (ds,dx)} is a
σ-finite orthogonal martingale measure on [0,∞) × R with covariance measure
2c(x)dsζ(dx) and {N(ds,dx,du)} is a Poisson random measure on (0,∞) ×
R × (0,∞) with intensity dsζ(dx)m(x,du). We assume {N(ds,dx,du)} and
{W (ds,dx)} are defined on some filtered probability space (Ω,F , Ft,P) and are
independent of each other. Let pt(x, y) denote the transition density of the killed
Brownian motion generated by A = Δ/2− b. Given X0 ∈ H0(R) we can define an
H0(R)-valued process {Xt : t ≥ 0} by

Xt(y) := P b
t X0(y) +

∫ t

0

∫

R

pt−s(x, y)W (ds,dx)

+
∫ t

0

∫

R

∫ ∞

0

upt−s(x, y)Ñ(ds,dx,du), (12.30)

where Ñ(ds,dx,du) = N(ds,dx,du)−dsζ(dx)m(x,du). In fact, it is easily seen
that

E[‖Xt‖2
0] ≤ 3‖X0‖2

0 + 3
∫

R

dy

∫ t

0

ds

∫

R

pt−s(x, y)2φ′′(x, 0)ζ(dx) < ∞.

For f ∈ S (R) we have

E
[
exp{i〈Xt, f〉}

]

= E
[

exp
{

i〈X0, P
b
t f〉 +

∫ t

0

∫

R

iP b
t−sf(x)W (ds,dx)
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+
∫ t

0

∫

R

∫ ∞

0

iuP b
t−sf(x)Ñ(ds,dx,du)

}]

= exp
{

i〈X0, P
b
t f〉 −

∫ t

0

ds

∫

R

[P b
t−sf(x)]2c(x)ζ(dx)

+
∫ t

0

ds

∫

R

ζ(dx)
∫ ∞

0

(
eiuP b

t−sf(x) − 1 − iuP b
t−sf(x)

)
m(x,du)

}

= exp
{

i〈X0, P
b
t f〉 +

∫ t

0

〈ζ, φ(−iP b
t−sf)〉ds

}

.

A comparison of this equality with (12.29) shows that for any μ ∈ H0(R) the
probability measure Qζ

t (μ, ·) is actually supported by H0(R) and

∫

H0(R)

ei〈ν,f〉Qζ
t (μ,dν) = exp

{

i〈μ, P b
t f〉 +

∫ t

0

〈ζ, φ(−iP b
s f)〉ds

}

. (12.31)

By considering an approximating sequence from S (R) we see that the above
formula holds for every f ∈ H0(R). That gives a special case of the transition
semigroup defined by (11.7) and (11.31). A similar calculation based on the prop-
erty of independent increments of {W (ds,dx)} and {N(ds,dx,du)} shows that
{Xt : t ≥ 0} is a Markov process with transition semigroup (Qζ

t )t≥0 given by
(12.31). Therefore {Xt : t ≥ 0} have identical finite-dimensional distributions with
the limit process {Z(t) : t ≥ 0} in Theorems 12.17 and 12.18. In other words, the
limiting fluctuation process is a generalized OU-process with state space H0(R) in
the terminology of the last chapter.

12.5 Notes and Comments

A general reference for nuclear spaces is Treves (1967). For the theory of classical
Sobolev spaces see Adams and Fournier (2003). There are several references for
stochastic processes in nuclear spaces; see, e.g., Kallianpur and Xiong (1995) and
Walsh (1986).

The equilibrium distributions of super-stable processes without immigration
were characterized in Dawson (1977). A simplified approach to the asymptotic be-
havior of superprocesses was given in Wang (1997b, 1998b). Fluctuation limits of
branching particle systems and superprocesses, which usually give rise to time-
inhomogeneous OU-processes, have been studied extensively; see, e.g., Bojdecki
and Gorostiza (1986, 1991, 2002), Dawson et al. (1989a) and the references therein.
Engländer and Winter (2006) proved a law of large numbers for super-diffusions
which improves an earlier result of Engländer and Turaev (2002). Chen et al. (2008)
proved an almost sure scaling limit theorem for Dawson–Watanabe superprocesses.
In Méléard (1996) fluctuation limits of McKean–Vlasov interacting particle sys-
tems were studied, where the limiting OU-process was characterized as the unique
solution of a Langevin type equation in a weighted Sobolev space.
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The fluctuation limit theorems given in this chapter are modifications of those in
Gorostiza and Li (1998) and Li and Zhang (2006); see also Dawson et al. (2004b).
Three different kinds of fluctuation limits (high-density fluctuation, small-branching
fluctuation and large-scale fluctuation) of immigration superprocess with binary
branching were studied in Li (1999), which led to generalized OU-diffusions. Some
Gaussian processes with long-range dependence arising from occupation time fluc-
tuations of immigration particle systems with or without branching were studied in
Gorostiza et al. (2005).

A construction of the two-dimensional regular affine process in D = R+ × R

was given in Dawson and Li (2003) as the strong solution of a system of stochastic
equations. Let {(x(t), z(t)) : t ≥ 0} be a realization of the affine process. Then the
first coordinator {x(t) : t ≥ 0} is a one-dimensional CBI-process. In fact, Dawson
and Li (2003) showed that the second coordinator {z(t) : t ≥ 0} may arise as
the fluctuation limit of a generalized CBI-process with branching rate depending
on the first one. A similar limit theorem for discrete-state branching processes with
immigration was proved in Li and Ma (2008).





Appendix A
Markov Processes

For the convenience of the reader, in this appendix we give a summary of some of
the concepts and results for general stochastic processes and Markov processes that
are used in the main text. Many of them can be found in Sharpe (1988); see also
Ethier and Kurtz (1986) and Getoor (1975).

A.1 Measurable Spaces

Given a class F of functions on a non-empty set E, we define bF = {f ∈ F : f
is bounded} and pF = {f ∈ F : f is positive}. We say F separates points if
for every x �= y ∈ E there exists f ∈ F so that f(x) �= f(y). For a class G of
functions on or subsets of E, we use σ(G ) to denote the σ-algebra on E generated
by G , that is, σ(G ) = ∩{F : F is a σ-algebra on E and all elements of G are
F -measurable}. If (E,E ) is a measurable space, we also use E to denote the class
of real E -measurable functions on E. We write μ(f) for the integral of a function
f ∈ E with respect to a measure μ on (E,E ) if the integral exists. Let R denote the
one-dimensional Euclidean space.

Let ‖ · ‖ denote the supremum/uniform norm of functions. We say a sequence
{fn} of functions on E converges uniformly to a function f on E if ‖fn − f‖ → 0
as n → ∞. We say {fn} converges boundedly and pointwise to f if there is a
constant C ≥ 0 such that ‖fn‖ ≤ C for all n ≥ 1 and fn(x) → f(x) as n → ∞
for all x ∈ E.

A monotone vector space L on the set E is defined to be a collection of bounded
real functions on E satisfying the conditions: (i) L is a vector space over R; (ii) L
contains the constant function 1E ; (iii) if {fn} ⊂ pL and fn → f increasingly for
a bounded function f , then f ∈ L .

Proposition A.1 (Monotone Class Theorem; Sharpe, 1988, p.364) Let K be a col-
lection of bounded real functions on the set E which is closed under multiplication.
If L is a monotone vector space containing K , then L ⊃ bσ(K ).
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Proposition A.2 (Modified Monotone Class Theorem) Let K be a vector space of
bounded real functions on the set E which contains 1E and is closed under multipli-
cation. If another collection of bounded real functions G contains K and is closed
under bounded pointwise convergence, then G ⊃ bσ(K ).

Proof. Let L be the intersection of all classes of bounded real functions that contain
K and are closed under bounded pointwise convergence. Then L is closed under
bounded pointwise convergence and K ⊂ L ⊂ G . For f ∈ L let

Lf = {g ∈ L : af + bg ∈ L for all a, b ∈ R}.

It is easy to see that Lf is closed under bounded pointwise convergence. For f ∈ K
we have K ⊂ Lf and so Lf = L . If f ∈ L , for every g ∈ K we have f ∈ Lg

and so g ∈ Lf . It follows that K ⊂ Lf , yielding Lf = L . Therefore L is a
vector space. By the monotone class theorem we have L ⊃ bσ(K ), which implies
the desired result. �


Let us consider a measurable space (E,E ). Suppose that μ is a σ-finite measure
on (E,E ). A set N ⊂ E is called a μ-null set if there is N0 ∈ E so that N ⊂ N0

and μ(N0) = 0. For A, B ⊂ E we define the symmetric difference

A�B := (A \ B) ∪ (B \ A). (A.1)

It is easy to show that

E μ := {A ⊂ E : A�B is a μ-null set for some B ∈ E } (A.2)

is a σ-algebra, which is called the μ-completion of E . We can let μ(A) = μ(B) for
B ∈ E such that A�B is a μ-null set to extend μ uniquely to a σ-finite measure
on (E,E μ). The measure space (E,E , μ) is said to be complete if E = E μ. The
universal completion of E is the σ-algebra E u defined to be the intersection of the
μ-completions of E as μ runs over all finite measures on (E,E ).

Proposition A.3 If E1 and E2 are σ-algebras on the set E such that E1 ⊂ E2 ⊂ E u
1 ,

then E u
2 = E u

1 .

Proof. Let A ∈ E u
1 and let μ be a finite measure on E2. Since A ∈ E μ

1 , it is easy
to find A1, A2 ∈ E1 ⊂ E2 so that A1 ⊂ A ⊂ A2 and μ(A1) = μ(A2). Then
A ∈ E μ

2 , implying E u
1 ⊂ E u

2 . To show the reverse inclusion, let A ∈ E u
2 and let

μ be a finite measure on E1. Then μ extends uniquely to E2 ⊂ E u
1 and A ∈ E μ

2 .
Consequently, there are A1, A2 ∈ E2 ⊂ E u

1 ⊂ E μ
1 such that A1 ⊂ A ⊂ A2 and

μ(A1) = μ(A2). This yields the existence of B1, B2 ∈ E1 such that B1 ⊂ A1,
A2 ⊂ B2 and μ(B1) = μ(B2). Then A ∈ E μ

1 , which implies E u
2 ⊂ E u

1 . �


Let (E,E ) be a measurable space. The trace or restriction of E on a subset
A ⊂ E is defined to be the σ-algebra EA := {B ∩A : B ∈ E }. For a measure μ on
(E,E ), the (outer) trace or restriction μA of μ on (A,EA) is defined by μA(C) =
inf{μ(B) : C = B ∩ A, B ∈ E }. The trace μA can be realized as follows. Choose
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A0 ∈ E with A0 ⊃ A having minimal μ-measure. Then for C ∈ EA of the form
C = B ∩ A with B ∈ E we have μA(C) = μ(B ∩ A0); see Sharpe (1988, p.367).

Proposition A.4 (Sharpe, 1988, p.368) Let A ⊂ E and let EA be the trace of E on
A. Then we have:

(1) given a finite measure μ on (A,EA), the formula μ̄(B) := μ(B∩A) for B ∈ E
defines a finite measure μ̄ on (E,E ) whose trace on A is μ;

(2) (E u)A ⊂ (EA)u and these two coincide if A ∈ E u.

Suppose that (E,E ) and (F, F ) are measurable spaces. A σ-finite kernel from
(E,E ) to (F, F ) is a function K = K(·, ·) on E ×F having values in [0,∞] such
that:

(1) for each A ∈ F the mapping x �→ K(x,A) is E -measurable;
(2) for each x ∈ E the mapping A �→ K(x,A) is a σ-finite measure on (F, F ).

A kernel K is said to be finite or bounded if x �→ K(x, F ) is a finite or bounded,
respectively, function on E. The kernel K is called Markov or sub-Markov if
K(x, F ) = 1 or K(x, F ) ≤ 1, respectively, for each x ∈ E. A kernel from (E,E )
to (E,E ) is simply called a kernel on (E,E ). Given a bounded kernel K from
(E,E ) to (F, F ), for any f ∈ bF we can define Kf ∈ bE by

Kf(x) = K(x, f) =
∫

F

f(y)K(x,dy), x ∈ E,

and for any finite measure μ on (E,E ) we can define a finite measure μK on (F, F )
by

μK(B) =
∫

E

K(x,B)μ(dx), B ∈ F .

Proposition A.5 (Sharpe, 1988, p.376) A bounded kernel K from (E,E ) to (F, F )
extends in a unique way to a bounded kernel K from (E,E u) to (F, Fu).

For a metrizable topological space E with a metric d compatible with its topol-
ogy, let C (E) := C (E, d) denote the space of d-continuous real functions on
(E, d) and let Cu(E) := Cu(E, d) denote the space of d-uniformly continuous
real functions on E. The advantage of Cu(E) is that if (E, d) is separable and to-
tally bounded, then bCu(E) with the supremum norm is separable, whereas bC (E)
is not. The Borel σ-algebra B(E) = B(E, d) on E is defined to be the σ-algebra
generated by bC (E) or, equivalently, by all open subsets of E. If E is locally com-
pact, we let C0(E) denote the space of continuous real functions on E vanishing
at infinity. A topological space is called a Radon topological space or Lusin topo-
logical space if it is homeomorphic to a universally measurable subset or a Borel
subset, respectively, of a compact metric space. A measurable space (F, F ) is called
a Radon measurable space or Lusin measurable space if it is measurably isomorphic
to (E,B(E)) with E being a Radon or Lusin topological space, respectively.
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A.2 Stochastic Processes

Let (Ω,G ,P) be a probability space. We shall use either E(X) or P(X) to denote
the expectation of a random variable X defined on this space. A collection (Gt)t∈I

of sub-σ-algebras of G indexed by an interval I ⊂ R is called a filtration of (Ω,G )
if Gr ⊂ Gt for every r ≤ t ∈ I . If a filtration (Gt)t∈I is defined on (Ω,G ,P), we
call (Ω,G , Gt,P)t∈I a filtered probability space.

Suppose that (Ω,G , Gt,P)t∈I is a filtered probability space. A random variable
T taking values in I ∪ {∞} is called a stopping time or an optional time over the
filtration (Gt)t∈I in case {ω ∈ Ω : T (ω) ≤ t} ∈ Gt for all t ∈ I . Given a stopping
time T over (Gt)t∈I , we can define a σ-algebra

GT := {A ∈ G (I) : A ∩ {T ≤ t} ∈ Gt for every t ∈ I}, (A.3)

where G (I) = σ(∪t∈IGt). Let τ = sup(I) and let Gt+ = ∩{Gs : t < s ∈ I} for
t ∈ I \ {τ}. We say (Gt)t∈I is right continuous if Gt+ = Gt for every t ∈ I \ {τ}.
Let Gτ+ = Gτ in case τ ∈ I . If T is a stopping time over (Gt+)t∈I , we define GT+

by (A.3) with Gt replaced by Gt+.
The special case I = [0,∞) is often considered. Suppose that (Ω,G , Gt,P)t≥0

is a filtered probability space. Let Ḡ be the P-completion of G and let N̄ = {A ∈
Ḡ : P(A) = 0}. Let Ḡt = σ(Gt ∪ N̄ ) for t ≥ 0. We call (Ḡ , Ḡt)t≥0 the augmenta-
tion of (G , Gt)t≥0 by the probability P. If G = Ḡ and Gt = Ḡt for every t ≥ 0, we
say (G , Gt)t≥0 are augmented. We say a filtered probability space (Ω,G , Gt,P)t≥0

satisfies the usual hypotheses if (G , Gt)t≥0 are augmented and (Gt)t≥0 is right con-
tinuous.

Proposition A.6 Suppose that (G , Gt)t≥0 are augmented. If S and T are stopping
times over (Gt)t≥0 such that P{S �= T} = 0, then GS = GT .

Proof. For any A ∈ GS we have A ∈ G∞ and A ∩ {S ≤ t} ∈ Gt for t ≥ 0. Since
(G , Gt)t≥0 are augmented and P{S �= T} = 0, we have A ∩ {T ≤ t} ∈ Gt for
t ≥ 0. Then A ∈ GT . That proves GS ⊂ GT . Similarly we have GT ⊂ GS . �


We say the filtration (Gt)t≥0 is quasi-left continuous if for every increasing se-
quence of stopping times {Tn} with limit T we have GT = σ(∪∞

n=1GTn). A stop-
ping time T is called a predictable time if there is an announcing sequence of stop-
ping times {Tn} such that limn→∞ Tn = T and Tn < T on {T < ∞} for each
n ≥ 1. A stopping time T is said to be totally inaccessible if for every predictable
time S we have S �= T a.s. on {T < ∞}.

Suppose that E is a metrizable topological space. For clarity we sometimes write
B0(E) for the Borel σ-algebra B(E). Let Bu(E) denote the universal completion
of B0(E). Let B•(E) be a σ-algebra on E such that B0(E) ⊂ B•(E) ⊂ Bu(E).
Then Proposition A.3 implies that Bu(E) is also the universal completion of
B•(E). Let I ⊂ R be an interval and let (Ω,G ,P) be a probability space. A collec-
tion (Xt)t∈I of measurable maps of (Ω,G ) into (E,B•(E)) is called a stochastic
process. For fixed ω ∈ Ω, the map t �→ Xt(ω) from I to E is called a sample path
of (Xt)t∈I . The natural σ-algebras F • and (F •

t )t∈I of (Xt)t∈I are defined by
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F • = σ({f(Xs) : s ∈ I, f ∈ bB•(E)})

and

F •
t = σ({f(Xs) : s ∈ It, f ∈ bB•(E)}),

where It = (−∞, t]∩ I . The process (Xt)t∈I is B•(E)-adapted relative to a filtra-
tion (Gt)t∈I in case F •

t ⊂ Gt for every t ∈ I . It is B•(E)-progressive relative to
(Gt)t∈I if the mapping (ω, s) �→ Xs(ω) restricted to Ω × It is (Gt × B(It))-
measurable for every t ∈ I . Clearly, a B•(E)-progressive process is B•(E)-
adapted. We simply say (Xt)t∈I is adapted or progressive if it is B0(E)-adapted
or B0(E)-progressive, respectively.

Let (Xt)t∈I be a stochastic process taking values in (E,B•(E)). For any t1 <
· · · < tn ∈ I let Pt1,...,tn be the probability measure on (En, B•(E)n) induced by
the mapping ω �→ (Xt1(ω), . . . , Xtn(ω)). We call

{Pt1,...,tn : t1 < · · · < tn ∈ I, n = 1, 2, . . .}

the family of finite-dimensional distributions of (Xt)t∈I . If another process (Yt)t∈I

has identical finite-dimensional distributions as (Xt)t∈I , we say it is a realization of
(Xt)t∈I . If the processes (Xt)t∈I and (Yt)t∈I are defined on the same probability
space and if P{Xt = Yt} = 1 for every t ∈ I , we say (Yt)t∈I is a modification
of (Xt)t∈I . We say a process (Xt)t∈I is continuous or right continuous if all its
sample paths t �→ Xt(ω) are continuous or right continuous on I , respectively. A
path or process (Xt)t≥0 is said to be càdlàg (continu à droite avec limites à gauche)
if it is right continuous at every t ≥ 0 and possesses left limit at every t > 0.

Suppose that F is a non-empty set and (t, x) �→ f(t, x) is a real or complex
function defined on the product space [0,∞)×F . We say (t, x) �→ f(t, x) is locally
bounded provided

sup
0≤s≤t

sup
x∈F

|f(s, x)| < ∞, t ≥ 0.

A real or complex stochastic process (Xt)t≥0 is said to be locally bounded if
(t, ω) �→ Xt(ω) is a locally bounded function on [0,∞) × Ω.

Now let us consider a metric space (E, d). Suppose that T is a subset of [0,∞)
such that 0 ∈ T and t �→ x(t) is a path from T to E. For any ε > 0 the number of
ε-oscillations of t �→ x(t) on T is defined as

m(ε) := sup{n ≥ 0 : there are 0 = t0 < t1 < · · · < tn ∈ T
so that d(x(ti−1), x(ti)) ≥ ε for all 1 ≤ i ≤ n}.

An earlier version of the proof of the following proposition was suggested to the
author by Tom Kurtz.
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Proposition A.7 Let (E, d) be a complete separable metric space and let (Xt)t≥0

be a stochastic process in (E,B0(E)). If (Xt)t≥0 has a càdlàg realization, then it
has a càdlàg modification.

Proof. Suppose that (ξt)t≥0 is a càdlàg realization of (Xt)t≥0. Let (Ft)t≥0 be the
natural filtration of (ξt)t≥0. Take a countable dense subset T = {0, r1, r2, . . .} of
[0,∞) and let Tn = {0, r1, . . . , rn}. For ε > 0 and a > 0 let ma(ε) and ma

n(ε)
denote the numbers of ε-oscillations of t �→ Xt on T ∩ [0, a] and Tn ∩ [0, a], re-
spectively. Let μa(ε) and μa

n(ε) denote respectively those numbers of t �→ ξt. Then
ma

n(ε) → ma(ε) and μa
n(ε) → μa(ε) increasingly as n → ∞. Let τε

n(0) = 0 and
for k ≥ 0 define

τ ε
n(k + 1) = min{t > τ ε

n(k) : t ∈ Tn, d(ξτε
n(k), ξt) ≥ ε}

if τ ε
n(k) < ∞ and τ ε

n(k+1) = ∞ if τε
n(k) = ∞. Since Tn is discrete, for any u ≥ 0

we have

{τ ε
n(k + 1) ≤ u} =

⋃

s<t∈Tn∩[0,u]

({τ ε
n(k) = s} ∩ {d(ξs, ξt) ≥ ε}). (A.4)

By the separability of (E, d) we have B0(E × E) = B0(E) × B0(E). Then
{d(ξs, ξt) ≥ ε} ∈ Fu for s < t ≤ u. Using (A.4) one can show inductively that
each τ ε

n(k) is a stopping time over (Ft). Since {μa
n(ε) ≥ k} = {τ ε

n(k) ≤ a},
each μa

n(ε) is a random variable and hence so is μa(ε) = limn→∞ μa
n(ε). Similarly,

ma(ε) = limn→∞ ma
n(ε) is a random variable. Since (ξt)t≥0 is a càdlàg realization

of (Xt)t≥0, we get

P{ma(ε) < ∞} = P{μa(ε) < ∞} = 1.

Let Ω1 = ∩∞
j=1{mj(1/j) < ∞}. Then P(Ω1) = 1. It is simple to show that

for ω ∈ Ω1 the limit Yt(ω) := limT�s→t+ Xs(ω) exists at t ≥ 0 and Zt(ω) :=
limT�s→t− Xs(ω) exists at t > 0. Fix x0 ∈ E and let Yt(ω) = x0 for all t ≥ 0
and ω ∈ Ω \ Ω1. Then (Yt)t≥0 is a càdlàg process. Since (Xt)t≥0 is clearly right
continuous in probability, we have Yt = Xt a.s. for every t ≥ 0. Therefore (Yt)t≥0

is a càdlàg modification of (Xt)t≥0. �


A.3 Right Markov Processes

Let E be a Radon topological space and let B•(E) be a σ-algebra such that
B0(E) ⊂ B•(E) ⊂ Bu(E). A family of Markov or sub-Markov kernels (Pt)t≥0

on (E,B•(E)) is called a transition semigroup if it satisfies the following Chapman–
Kolmogorov equation:

Pr+t(x,B) =
∫

E

Pr(x,dy)Pt(y,B) (A.5)
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for all r, t ≥ 0, x ∈ E and B ∈ B•(E). By Proposition A.5, we can always
regard (Pt)t≥0 as kernels on (E,Bu(E)). A Borel transition semigroup (Pt)t≥0 is
a transition semigroup on a Lusin topological space E such that Ptf ∈ bB0(E)
for each t ≥ 0 and f ∈ bB0(E). We say the transition semigroup (Pt)t≥0 is
Markov or conservative if each Pt is a Markov kernel. We say (Pt)t≥0 is normal if
P0(x, ·) = δx for every x ∈ E.

Let us consider a transition semigroup (Pt)t≥0 on (E,B•(E)). A family (μt)t∈R

of σ-finite measures on (E,B•(E)) is called an entrance rule for (Pt)t≥0 if
μsPt−s → μt increasingly as s → t ∈ R. By an entrance law at α ∈ [−∞,∞)
for (Pt)t≥0 we mean a family of σ-finite measures (μt)t>α such that μsPt−s = μt

for t ≥ s > α. We say (μt)t>α is bounded if t �→ μt(E) is a bounded function on
(α,∞). A probability entrance law is an entrance law (μt)t>α where each μt is a
probability measure. If there is a σ-finite measure μα such that μt = μαPt−α for
all t > α, we say the entrance law (μt)t>α is closable and call (μt)t≥α a closed en-
trance law. We say an entrance law (μt)t>α is minimal or extremal if every entrance
law dominated by (μt)t>α is proportional to it. Note that an entrance law (μt)t>α

at α ∈ [−∞,∞) may be extended to an entrance rule (μt)t∈R by setting μt = 0 for
t ≤ α. In this sense, we can regard the entrance law as a special case of the entrance
rule. The concepts of entrance rules and entrance laws can obviously be extended to
semigroups of bounded kernels. We sometimes make use of those extensions.

Let K 1(P ) denote the set of all probability entrance laws (μt)t>0 at zero for
(Pt)t≥0 endowed with the σ-algebra generated by all mappings {μ �→ μt(f) : t >
0, f ∈ bB•(E)}. Let K 1

m(P ) be the set of minimal probability entrance laws in
K 1(P ). From Dynkin (1978, Theorems 3.1 and 9.1) we know K 1(P ) is a simplex,
that is, K 1

m(P ) is a measurable subset of K 1(P ) and for each μ ∈ K 1(P ) there
is a unique probability measure Qμ on K 1

m(P ) such that

μt(·) =
∫

K 1
m(P )

νt(·)Qμ(dν), t > 0.

A σ-finite measure m on (E,B•(E)) is called an excessive measure for (Pt)t≥0

if mPt ≤ m for every t ≥ 0. The measure m is called a purely excessive measure
if mPt ≤ m for every t ≥ 0 and mPt → 0 as t → ∞, and it is called an invariant
measure if mPt = m for every t ≥ 0. For α ≥ 0 we say a function f ∈ pBu(E)
is α-super-mean-valued for (Pt)t≥0 if e−αtPtf ≤ f for all t ≥ 0, and it is called
an α-excessive function for (Pt)t≥0 if e−αtPtf → f increasingly as t → 0. In
the special case with α = 0, we simply say f is super-mean-valued or excessive,
respectively. Let S α denote the set of α-excessive functions for (Pt)t≥0.

A family of bounded kernels (Uα)α>0 on (E,B•(E)) is called a resolvent in
case the resolvent equation

Uαf(x) − Uβf(x) = (β − α)UαUβf(x) (A.6)

is satisfied for all α, β > 0, x ∈ E and f ∈ bB•(E). A resolvent (Uα)α>0 is
called Markov or conservative if αUα is a Markov kernel for all α > 0. A function
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f ∈ pBu(E) is called α-supermedian for the resolvent (Uα)α>0 if βUα+βf ≤ f
for all β > 0. Let S̃ α denote the class of all α-supermedian functions for (Uα)α>0.

If (Pt)t≥0 is a transition semigroup on (E,B•(E)) such that (t, x) �→ Ptf(x)
is measurable with respect to B([0,∞)) × B•(E) for every f ∈ bB•(E), the
operators (Uα)α>0 defined by

Uαf(x) =
∫ ∞

0

e−αtPtf(x)dt, f ∈ bB•(E), (A.7)

constitute a resolvent, which is called the resolvent of (Pt)t≥0. We also call Uα the
α-potential operator of (Pt)t≥0. The potential operator U of (Pt)t≥0 is defined by

Uf(x) =
∫ ∞

0

Ptf(x)dt, f ∈ pB•(E). (A.8)

However, this kernel may not be σ-finite. It is easy to show that if f is α-super-
mean-valued for (Pt)t≥0, it is α-supermedian for (Uα)α>0.

A particularly important special case is where E is a locally compact separable
metric space. In this case, its one-point compactification is metrizable. A normal and
conservative transition semigroup (Pt)t≥0 on a locally compact separable metric
space E is called a Feller semigroup provided:

(1) Pt(C0(E)) ⊂ C0(E) for all t ≥ 0;
(2) Ptf → f pointwise as t → 0 for all f ∈ C0(E).

If (Pt)t≥0 is a Feller semigroup, then Ptf → f uniformly as t → 0 for all f ∈
C0(E); see Sharpe (1988, p.50).

Suppose that (Pt)t≥0 is a Markov transition semigroup on (E,B•(E)) and
(ξt)t∈I is a stochastic process in (E,B•(E)) indexed by an interval I ⊂ R. We
assume that (ξt)t∈I is defined on (Ω,G ,P) and is B•(E)-adapted to a filtration
(Gt)t∈I of (Ω,G ). We say {(ξt, Gt) : t ∈ I} has the simple B•(E)-Markov prop-
erty with transition semigroup (Pt)t≥0 if

P
[
f(ξt)|Gr

]
= Pt−rf(ξr), r ≤ t ∈ I, f ∈ bB•(E). (A.9)

If {(ξt, Gt) : t ≥ 0} satisfies the simple B•(E)-Markov property with transition
semigroup (Pt)t≥0, the distribution μ0 of ξ0 is called the initial law of (ξt)t≥0. In
this case, we necessarily have

P
[
f1(ξt1)f2(ξt2) · · · fn(ξtn)

]

= μ0

(
Pt1(f1 · · ·Ptn−1−tn−2(fn−1Ptn−tn−1fn))

)
(A.10)

for 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn and f1, f2, . . . , fn ∈ bB•(E), which is a simple
consequence of (A.9) by an induction argument. Consequently, the restriction of P
on the natural σ-algebra F • is determined uniquely by (A.10).
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Proposition A.8 Suppose that {(ξt, Gt) : t ≥ 0} satisfies the simple B•(E)-
Markov property (A.9). Let (G ∗, G ∗

t ) denote the augmentations of (G , Gt) with re-
spect to P. Then {(ξt, G ∗

t ) : t ≥ 0} satisfies the simple Bu(E)-Markov property.

Proof. Let μt denote the distribution of ξt on (E,B•(E)). For f ∈ bBu(E) we
can choose f1, f2 ∈ bB•(E) so that f1 ≤ f ≤ f2 and μt(f2 − f1) = 0. Then
f1(ξt), f2(ξt) ∈ bGt and

P
[
f2(ξt) − f1(ξt)

]
= μt(f2 − f1) = 0. (A.11)

It follows that f(ξt) ∈ bG ∗
t , and so (ξt)t≥0 is Bu(E)-adapted relative to (G ∗

t )t≥0.
Then to get the desired result it suffices to show

P
[
f(ξt)1A

]
= P

[
Pt−rf(ξr)1A

]
(A.12)

for t ≥ r ≥ 0, A ∈ G ∗
r and f ∈ bBu(E). Let N = {N ∈ G ∗ : P(N) = 0}. Then

there is A0 ∈ Gr so that A�A0 ∈ N . By (A.9) we have (A.12) for f ∈ bB•(E).
For f ∈ bBu(E) we can take f1, f2 ∈ bB•(E) so that f1 ≤ f ≤ f2 and (A.11)
holds. Since (A.12) holds for both f1 and f2, it also holds for f . �


Corollary A.9 (Sharpe, 1988, p.6) Suppose that (Pt)t≥0 preserves B•(E) and
B
(E) with B0(E) ⊂ B•(E) ⊂ B
(E) ⊂ Bu(E). Let {(ξt, Gt) : t ≥ 0}
satisfy the simple B•(E)-Markov property (A.9). If (ξt)t≥0 is B
(E)-adapted to
(Gt)t≥0, then {(ξt, Gt) : t ≥ 0} satisfies the simple B
(E)-Markov property.

Proof. By Proposition A.8 we infer {(ξt, G ∗
t ) : t ≥ 0} satisfies the simple Bu(E)-

Markov property. Then {(ξt, Gt) : t ≥ 0} satisfies the simple B
(E)-Markov prop-
erty. �


Definition A.10 (Sharpe, 1988, p.7) Suppose that (Pt)t≥0 is a normal Markov tran-
sition semigroup on (E,B•(E)). The collection ξ = (Ω,G , Gt, ξt, θt,Px) is called
a B•(E)-Markov process with transition semigroup (Pt)t≥0 in case ξ satisfies the
following conditions:

(1) (Ω,G , Gt)t≥0 is a filtered measurable space, and (ξt)t≥0 is an E-valued pro-
cess B•(E)-adapted to (Gt)t≥0.

(2) (θt)t≥0 is a collection of shift operators for ξ, that is, maps of Ω into itself
satisfying θs ◦ θt = θs+t and ξs ◦ θt = ξs+t identically for t, s ≥ 0.

(3) For every x ∈ E, Px is a probability measure on (Ω,G ) and x �→ Px(H) is
B•(E)-measurable for each H ∈ bG .

(4) For every x ∈ E, we have Px{ξ0 = x} = 1 and the process (ξt)t≥0 has the
simple Markov property (A.9) relative to (Gt,Px) with transition semigroup
(Pt)t≥0.

We say ξ is right continuous if t �→ ξt(ω) is right continuous for every ω ∈ Ω.

If the above conditions (1)–(4) are satisfied, we also say that ξ is a realization
of the semigroup (Pt)t≥0. In this case, for any finite measure μ on (E,B•(E)) we
may define the finite measure Pμ on (Ω,G ) by
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Pμ(H) =
∫

E

Px(H)μ(dx), H ∈ bG . (A.13)

In the sequel, we always assume μ is a probability measure unless stated otherwise.
It is easy to verify that (ξt)t≥0 has the simple B•(E)-Markov property relative to
(Gt,Pμ) with initial law μ. We mention that the measurability of x �→ Px(H) is
used in the definition (A.13) of the measure Pμ on (Ω,G ). Of course, this measur-
ability follows automatically if (G , Gt) are the natural σ-algebras of {ξt : t ≥ 0}.

Consider a right continuous B•(E)-Markov process ξ = (Ω,G , Gt, ξt, θt,Px)
with transition semigroup (Pt)t≥0 and resolvent (Uα)α>0 on (E,B•(E)). Let G μ

denote the Pμ-completion of G and let N μ(G ) denote the family of Pμ-null sets
in G μ. Then define:

Ḡ = ∩{G μ : μ is an initial law on E};
N (G ) = ∩{N μ(G ) : μ is an initial law on E};
G μ

t = σ(Gt ∪ N μ(G ));
Ḡt = ∩{G μ

t : μ is an initial law on E}.

Therefore (G μ, G μ
t ) is the augmentation of (G , Gt) by the probability Pμ. We call

(Ḡ , Ḡt) the augmentation of (G , Gt) by the system of probabilities {Pμ : μ is a prob-
ability on E}. It is easy to see that (ξt)t≥0 is Bu(E)-adapted relative to (Ḡt)t≥0

and each Pμ extends uniquely to Ḡ . Moreover, for any H ∈ bḠ the mapping
x �→ Px(H) is Bu(E)-measurable and the equality in (A.13) remains true. Us-
ing Proposition A.8 and Corollary A.9 one can see (ξt)t≥0 has the simple Bu(E)-
Markov property relative to (G μ

t ,Pμ) and (Ḡt,Pμ).
We say (G , Gt)t≥0 are augmented with respect to the system {Pμ : μ is a prob-

ability on E} provided G = Ḡ and Gt = Ḡt for all t ≥ 0. As observed in Sharpe
(1988, p.25), further application of augmentation procedure to (Ḡt)t≥0 is fruitless
in the sense that [Ḡt]μ = G μ

t and [Ḡt]− = Ḡt. Similarly, letting Gt+ = ∩s>tGs we
have [G μ

t ]+ = [Gt+]μ, which will be denoted simply by G μ
t+. It is easy to see that

for any initial law μ on E the filtered space (Ω,G μ, G μ
t+,Pμ) satisfies the usual hy-

potheses. Let Fu be the Bu(E)-natural σ-algebra of {ξt : t ≥ 0}. Let Fμ denote
the Pμ-completion of Fu and let F = ∩{Fμ : μ is an initial law on E}. It was
proved in Sharpe (1988, p.25) that

Pμ

[
F ◦ θt|Ḡt

]
= Pμ

[
F ◦ θt|G μ

t

]
= Pξt(F ) (A.14)

for every t ≥ 0, F ∈ bF and initial law μ.

Proposition A.11 Suppose that T is a stopping time over (Gt+). Then G μ
T+ =

σ(GT+ ∪ N μ(G )).

Proof. Since G μ
T+ ⊃ σ(GT+ ∪ N μ(G )) is obvious, we only need to verify the

inclusion G μ
T+ ⊂ σ(GT+ ∪N μ(G )). It suffices to show for every A ∈ G μ

T+ there is
B ∈ GT+ such that A�B ∈ N μ(G ), where “�” denotes the symmetric difference
defined by (A.1). For each n ≥ 1 define the stopping time Tn over (Gt) by

Tn(ω) =
{k/2n if (k − 1)/2n ≤ T (ω) < k/2n,
∞ if T (ω) = ∞.

(A.15)
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Then Tn → T decreasingly as n → ∞. In view of (A.15) we have A ∩ {Tn =
k/2n} ∈ G μ

k/2n for 1 ≤ n < ∞ and 1 ≤ k = ∞. Then there exists An,k ∈ Gk/2n

so that

(A ∩ {Tn = k/2n})�An,k ∈ N μ(G ).

Since {Tn = k/2n} ∈ Gk/2n , we have

Bn,k := An,k ∩ {Tn = k/2n} ∈ Gk/2n .

Observe also that

(A ∩ {Tn = k/2n})�Bn,k ∈ N μ(G ).

Let Bn = (∪∞
k=1Bn,k) ∪ Bn,∞. Then A�Bn ∈ N μ(G ) and

Bn ∩ {Tn = k/2n} = Bn,k ∈ Gk/2n .

It follows that Bn ∈ GTn ⊂ GTk
for n ≥ k. By the right continuity of (Gt+),

B :=
∞⋂

k=1

∞⋃

n=k

Bn ∈
∞⋂

k=1

GTk+ = GT+.

Moreover, we have A�B ∈ N μ(G ). That gives the desired result. �


Corollary A.12 For any initial law μ on E and any stopping time T for (G μ
t+),

there is a stopping time S for (Gt+) so that {T �= S} ∈ N μ(G ). In this case, we
have

G μ
T+ = G μ

S+ = σ(GS+ ∪ N μ(G )). (A.16)

Proof. The first assertion was proved in Sharpe (1988, p.25). Then (A.16) follows
by Propositions A.6 and A.11. �


Proposition A.13 (Sharpe, 1988, p.26) Let f ∈ Bu(E) and let μ be an initial law
on E. Then we have:

(1) If T is an stopping time over (G μ
t+), then f(ξT )1{T<∞} ∈ G μ

T+.
(2) If T is an stopping time over (Ḡt+), then f(ξT )1{T<∞} ∈ ḠT+.

Definition A.14 (Sharpe, 1988, p.26) Suppose that ξ = (Ω,G , Gt, ξt, θt,Px) is
a right continuous B•(E)-Markov process with transition semigroup (Pt)t≥0 and
(G , Gt) have been augmented by {Pμ : μ is an initial law on E}. We say (ξt)t≥0

satisfies the strong Markov property relative to (Gt+) provided

Pμ

[
f(ξt) ◦ θT 1{T<∞}|GT+

]
= Ptf(ξT )1{T<∞} (A.17)

for every t ≥ 0, stopping time T over (Gt+), initial law μ and f ∈ bBu(E).
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Theorem A.15 Suppose that ξ = (Ω,G •, G •
t , ξt, θt,Px) is a right continuous

B•(E)-Markov process with transition semigroup (Pt)t≥0. Let (G , Gt) be the aug-
mentations of (G •, G •

t ) by {Pμ : μ is an initial law on E}. Then (ξt)t≥0 has the
strong Markov property relative to (Gt+) if and only if

Pμ

[
f(ξt) ◦ θT01{T0<∞}|G •

T0+

]
= Ptf(ξT0)1{T0<∞} (A.18)

for every t ≥ 0, stopping time T0 over (G •
t+), initial law μ and f ∈ bB•(E).

Proof. Suppose that (ξt)t≥0 has the strong Markov property relative to (Gt+) and
T0 is a stopping time over (G •

t+). Since t �→ ξt is clearly B•(E)-progressive over
(G •

t+), for any f ∈ bB•(E) the process t �→ f(ξt) is progressive over (G •
t+). Then

f(ξT0)1{T0<∞} ∈ bG •
T0+

; see, e.g., Dellacherie and Meyer (1978, p.122) or Sharpe
(1988, p.22). Consequently, we have Ptf(ξT0)1{T0<∞} ∈ bG 0

T0+
for t ≥ 0. By

letting T = T0 in (A.17) and taking the conditional expectation relative to G •
T0+

we
obtain (A.18). For the converse, suppose that (A.18) holds for every stopping time
T0 over (G •

t+) and every f ∈ bB•(E). Let T be a stopping time over (Gt+) and let
A ∈ GT+. By Corollary A.12 there is a stopping time T0 over (G •

t+) and an event
A0 ∈ G •

T0+
so that {T �= T0} ∈ N μ(G •) and A�A0 ∈ N μ(G •). By (A.18) for

every f ∈ bB•(E) we have

Pμ

[
1Af(ξt) ◦ θT 1{T<∞}

]
= Pμ

[
1APtf(ξT )1{T<∞}

]
. (A.19)

As in the proof of Proposition A.8 it is easy to see the above equality also holds for
f ∈ bBu(E). That gives (A.17) for f ∈ bBu(E). �


If (A.18) is satisfied for every t ≥ 0, stopping time T0 over (G •
t+), initial law μ

and f ∈ bB•(E), we say the process (ξt)t≥0 satisfies the strong Markov property
relative to (G •

t+). Note that the condition that (Pt)t≥0 sends bB•(E) into itself is
used to guarantee the measurability of the right-hand side relative to G •

T0+
.

A real-valued process (Zt)t≥0 is called Pμ(G )-evanescent in case {ω ∈ Ω :
Zt(ω) �= 0 for some t ≥ 0} ∈ N μ(G ). Let I μ(G ) denote the class of Pμ(G )-
evanescent processes and let I (G ) = ∩{I μ(G ) : μ is an initial law on E}.
Let D(Gt) denote the class of bounded right continuous real processes adapted to
(Gt)t≥0. Let Oμ(Gt) be the σ-algebra on Ω × [0,∞) generated by D(Gt)∪I μ(G )
and let Õ(Gt) = ∩{Oμ(Gt) : μ is an initial law on E}. We say an extended real
function f on E is nearly optional relative to ξ provided (ω, t) �→ f(ξt(ω)) is
Õ(Gt)-measurable. Clearly, a continuous function on E is nearly optional. By the
monotone class theorem it is easy to see that a Borel function on E is also nearly
optional. The function f is said to be nearly Borel relative to ξ if for every initial law
μ there are Borel functions g and h on E so that g ≤ f ≤ h and Pμ{g(ξt) = h(ξt)
for all t ≥ 0} = 1. Let d be a metric on E compatible with its topology. Recall
that Cu(E) = Cu(E, d) denotes the set of real d-uniformly continuous functions on
(E, d) and S α is the class of all α-excessive functions for (Pt)t≥0.

Theorem A.16 (Sharpe, 1988, p.31) Suppose that ξ = (Ω,G , Gt, ξt, θt,Px) is a
right continuous B•(E)-Markov process with transition semigroup (Pt)t≥0 and
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(G , Gt) have been augmented by {Pμ : μ is an initial law on E}. Then the following
conditions are equivalent:

(1) {t �→ f(ξt) is not right continuous} ∈ N (G ) for every α > 0 and every
f ∈ S α;

(2) {t �→ Uαf(ξt) is not right continuous} ∈ N (G ) for every α > 0 and every
f ∈ bCu(E);

(3) (ξt)t≥0 satisfies the strong Markov property relative to (Gt+), and Uαf is
nearly optional relative to (ξt, Gt+) for every α > 0 and every f ∈ bCu(E);

(4) (ξt)t≥0 satisfies the strong Markov property relative to (Gt+), and Psf is nearly
optional relative to (ξt, Gt+) for every s ≥ 0 and every f ∈ bCu(E);

(5) {t �→ Psf(ξt) is not right continuous} ∈ N (G ) for every s ≥ 0 and every
f ∈ bCu(E);

(6) Psf is nearly optional relative to (ξt, Gt+) for every s ≥ 0 and every f ∈
bCu(E), and

Pμ{f(ξt)1{T<t}|G μ
T+} = Pt−T f(ξT )1{T<t}, t ≥ 0, f ∈ bCu(E),

for every optional time T over (Gt+) and every initial law μ on E;
(7) {s �→ Pt−sf(ξs)1[0,t)(s) is not right continuous} ∈ N (G ) for every t ≥ 0

and every f ∈ bCu(E);
(8) {s �→ Pt−sf(ξs)1[0,t)(s) is not right continuous} ∈ N (G ) for every t ≥ 0

and every f ∈ bBu(E).

Corollary A.17 (Sharpe, 1988, p.36) Let (F •, F •
t ) be the natural σ-algebras of ξ

generated by {ξt : t ≥ 0} and let (F , Ft) be their augmentations. If ξ satisfies one
of the conditions in Theorem A.16 relative to (Ft), then (Fμ

t ) and (Ft) are right
continuous.

The properties in Theorem A.16 depend not only on the transition semigroup
(Pt)t≥0, but also on the particular realization ξ. In particular, when (Pt)t≥0 is a
Borel semigroup, for every α > 0 and every f ∈ Cu(E) the function Uαf is nearly
optional relative to (ξt, Gt+), so the properties hold if and only if (ξt)t≥0 satisfies
the strong Markov property relative to (Gt+)t≥0.

Definition A.18 (Sharpe, 1988, p.38) The system ξ = (Ω,G , Gt, ξt, θt,Px) is
called a right Markov process or simply a right process with transition semigroup
(Pt)t≥0 provided:

(1) ξ is a right continuous realization of (Pt)t≥0;
(2) ξ satisfies the conditions in Theorem A.16;
(3) (G , Gt)t≥0 are augmented and (Gt)t≥0 is right continuous.

We call ξ a Borel right process if it is a right process with Borel transition semi-
group. A Markov transition semigroup (Pt)t≥0 is called a right transition semigroup
if it is the transition semigroup of a right process.

Proposition A.19 (Sharpe, 1988, p.39) The minimum of two α-excessive functions
of a right semigroup is also α-excessive.
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The fine topology of a right process ξ is the smallest topology on E rendering
continuous all functions in ∪α≥0S α as maps from E to [0,∞]; see Sharpe (1988,
p.53 and p.232). A function f ∈ bB0(E) is finely continuous relative to ξ if and
only if t �→ f(ξt) is a.s. right continuous on [0,∞). More generally, we have:

Theorem A.20 (Sharpe, 1988, p.53 and p.55) Let f ∈ Bu(E). If t �→ f(ξt) is a.s.
right continuous at t = 0, then f is finely continuous relative to ξ. Conversely, if f
is finely continuous and nearly optional relative to ξ, then t �→ f(ξt) is a.s. right
continuous on [0,∞).

A right process ξ is called a Hunt process if it is quasi-left continuous, that is, for
every increasing sequence of stopping times {Tn} with limit T we have ξTn → ξT

a.s. on {T < ∞}. If ξ is a Hunt process, then t �→ ξt is a.s. càdlàg on [0,∞); see
Sharpe (1988, p.221).

Let us consider two Radon topological spaces E and F . Suppose that ξ =
(Ω,G , Gt, ξt, θt,Px) is a right process in E with transition semigroup (Pt)t≥0 and
ψ is a map of E to F . In addition, we assume:

(1) ψ is surjective and measurable relative to the σ-algebras Bu(E) and Bu(F );
(2) for every t ≥ 0 and every f ∈ Bu(F ) there exists a function Qtf ∈ Bu(F ) so

that Pt(f ◦ ψ) = (Qtf) ◦ ψ;
(3) the path t �→ Xt := ψ(ξt) is a.s. right continuous in F .

Under the above conditions, the operator f �→ Qtf determines a probability kernel
on (F, Bu(F )) and (Qt)t≥0 form a Markov transition semigroup. Let Ω1 = {ω ∈
Ω : t �→ Xt(ω) is right continuous}. The above property (3) implies Px(Ω1) = 1
for every x ∈ E, so we can replace Ω by Ω1 in the definition of ξ. Let (Fu, Fu

t ) be
the Bu(F )-natural σ-algebras of {Xt : t ≥ 0} on Ω1. A simple calculation shows
that Px1 and Px2 coincide on Fu if ψ(x1) = ψ(x2) = x. We denote their common
restriction on Fu by Qx. Let (F , Ft) be the augmentations of (Fu, Fu

t ) relative
to the family of probability measures {Qx : x ∈ F}.

Theorem A.21 (Sharpe, 1988, p.75) The system X = (Ω1, F , Ft, Xt, θt,Qx) is
a right process in F with transition semigroup (Qt)t≥0.

A general transition semigroup (Pt)t≥0 on (E,B•(E)) may be extended to a
conservative transition semigroup on a larger space. Simply take an abstract point
∂ /∈ E and let Ẽ = E ∪ {∂} be the Radon topological space obtained by adjoining
∂ to E as an isolated point. Let B•(Ẽ) = σ(B•(E) ∪ {∂}) and define (P̃t)t≥0 on
(Ẽ,B•(Ẽ)) by

P̃t(x,B) =

⎧
⎨

⎩

Pt(x,B) if x ∈ E and B ∈ B•(E),
1 − Pt(x,E) if x ∈ E and B = {∂},
1B(∂) if x = ∂.

(A.20)

It is trivial to see that (P̃t)t≥0 is a conservative transition semigroup on (Ẽ,B•(Ẽ)).
We call (Pt)t≥0 a right transition semigroup if (P̃t)t≥0 is a right semigroup in the
sense of Definition A.18. In this case, suppose that ξ̃ = (Ω,G , Gt, ξt, θt, P̃x) is a
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right process on Ẽ realizing (P̃t)t≥0. It is obvious from (A.20) that ∂ is a trap for the
process. That is, P̃∂{ξt = ∂ for all t ≥ 0} = 1. Let ζ = inf{t ≥ 0 : ξt = ∂}. By
the strong Markov property, we have P̃x{ξt = ∂ for all t ≥ ζ} = 1 and all x ∈ Ẽ.
In many respects, the process ξ̃ is interesting only when it is in E. Indeed, if (Pt)t≥0

is the object of interest, the adjunction of ∂ is quite artificial. In this situation, one
may simplify the notation by making the convention that every function f on E is
automatically extended to Ẽ by setting f(∂) = 0. Then Ptf means exactly the same
thing as P̃tf . Let Px = P̃x for x ∈ E. The system ξ = (Ω,G , Gt, ξt, θt,Px) is
called a right process on E with lifetime ζ and transition semigroup (Pt)t≥0. In the
special case Px{ζ = ∞} = 1 for all x ∈ E, the process ξ is said to be conservative.
We call ξ a Hunt process if ξ̃ is a Hunt process in Ẽ.

Theorem A.22 (Fitzsimmons, 1988, p.349 and p.350) Suppose that ξ is a Borel
right process with bounded potential operator U . Let M(E) denote the space of
finite Borel measures on E endowed with the topology of weak convergence. Let
f ∈ bB0(E). Then we have:

(1) f is finely continuous relative to ξ if and only if limn→∞ νn(f) = ν(f) for all
νn, ν ∈ M(E) satisfying ↑limn→∞ νnU = νU ;

(2) t �→ f(ξt) has left limits on (0,∞) a.s. if and only if limn→∞ νn(f) exists for
all νn ∈ M(E) such that ↓limn→∞ νnU exists in M(E);

(3) if t �→ f(ξt) is quasi-left continuous, then limn→∞ νn(f) = ν(f) for all
νn, ν ∈ M(E) satisfying ↓limn→∞ νnU = νU .

A.4 Ray–Knight Completion

We first assume that E is a compact metrizable space. A Ray resolvent (Uα)α>0

on (E,B(E)) is by definition a Markov resolvent such that UαC (E) ⊂ C (E) and
∪α>0S̃ α∩C (E) separates the points of E, where S̃ α is the class of α-supermedian
functions for (Uα)α>0. It was proved in Getoor (1975, p.9) that to every Ray resol-
vent (Uα)α>0 there corresponds a unique Markov transition semigroup (Pt)t≥0 on
(E,B(E)) such that t �→ Ptf(x) is right continuous for x ∈ E and f ∈ C (E), and

Uαf(x) =
∫ ∞

0

e−αtPtf(x)dt, α > 0, x ∈ E, f ∈ C (E). (A.21)

The Markov transition semigroup (Pt)t≥0 defined by (A.21) is called the Ray semi-
group associated with (Uα)α>0. A Ray semigroup is not necessarily normal. The
set of branch points for (Pt)t≥0 is B := {x ∈ E : P0(x, ·) �= δx(·)} and the set of
non-branch points for (Pt)t≥0 is D := {x ∈ E : P0(x, ·) = δx(·)} = E \ B.

Proposition A.23 (Sharpe, 1988, p.44) Let (Pt)t≥0 be a Ray semigroup on E and
let B and D be defined as above. Then:

(1) for any {gn} uniformly dense in C (E) ∩ S̃ 1 we have B = ∪n{P0gn < gn};
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(2) B is an Fσ set in E and hence B ∈ B(E);
(3) for any t ≥ 0 and x ∈ E the probability measure Pt(x, ·) is carried by D.

Theorem A.24 (Sharpe, 1988, p.46) The restriction of (Pt)t≥0 to D is a right semi-
group which may be realized on the space Ω of right continuous maps of [0,∞) into
D having left limits in E.

Theorem A.25 (Sharpe, 1988, p.49) Suppose that E is a locally compact, non-
compact separable metric space and (Uα)α>0 is a Markov resolvent on (E,B(E))
such that Uα(C0(E)) ⊂ C0(E) for all α > 0 and αUαf → f pointwise as α →
∞ for all f ∈ C0(E). Then there is a right process ξ with state space E having
resolvent (Uα)α>0 such that:

(1) ξ is quasi-left continuous;
(2) for all t > 0 the set {ξs(ω) : 0 ≤ s ≤ t} a.s. has compact closure in E;
(3) a.s. the left limit ξt− := lims→t− ξs exists in E for all t > 0.

The conditions in Theorem A.25 are satisfied if (Uα)α>0 is the resolvent gener-
ated by a Feller semigroup. Then a Feller semigroup has a Hunt realization.

Now suppose we are given a general Radon topological space E with a to-
tally bounded metric d for its topology. Let (Uα)α>0 be a Markov resolvent on
(E,Bu(E)) satisfying

B(E) ⊂ σ({Uαf : α > 0, f ∈ Cu(E, d)}). (A.22)

A set Y ⊂ pbBu(E) is called a rational cone if it is closed under positive rational
linear combinations. For D ⊂ pbBu(E), we denote by q(D) the rational cone
generated by D , that is, the smallest rational cone containing D . For a rational cone
Y ⊂ pbBu(E), set λ(Y ) = {f1 ∧ · · · ∧ fn : n ≥ 1, fi ∈ Y } and u(Y ) =
{Uα1f1 + · · · + Uαnfn : n ≥ 1, fi ∈ Y and strictly positive rationals αi}. It is
obvious that u(Y ) is a rational cone contained in the cone ∪α>0bS̃ α. That λ(Y )
is also a rational cone comes from the trivial identities (∧iai) + b = ∧i(ai + b) and
(∧iai) + (∧jbj) = ∧i,j(ai + bj).

For a given function class D ⊂ pbBu(E), we set R0 = u(q(D)) and set Rn =
λ(Rn−1 + u(Rn−1)) for n ≥ 1 inductively, where Rn−1 + u(Rn−1) = {f +
g : f ∈ Rn−1 and g ∈ u(Rn−1)}. The set R(D) := ∪n≥0Rn is called the
rational Ray cone generated by (Uα)α>0 and D ; see Getoor (1975, p.58) and Sharpe
(1988, p.90). The rational Ray cone R = R(D) generated by (Uα)α>0 and D ⊂
pbBu(E) is the smallest rational cone contained in pbBu(E) such that:

(1) Uα(R) ⊂ R for all rationals α > 0;
(2) f, g ∈ R implies f ∧ g ∈ R;
(3) R contains u(q(D)).

Clearly, for each f ∈ R(D) there is a constant β = β(f) > 0 so that f is an
β-supermedian function for (Uα)α>0. Furthermore, if (Uα)α>0 is the resolvent as-
sociated with a conservative right semigroup (Pt)t≥0 on (E, d), for each f ∈ R(D)
there exists β = β(f) > 0 so that f is β-excessive for (Pt)t≥0.
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Proposition A.26 (Sharpe, 1988, p.90) If D is a countable uniformly dense subset
of pCu(E, d) and contains the constant function 1E , then the rational Ray cone
R = R(D) is countable, contains the positive rational constant functions, and
separates the points of E.

In the remainder of this section, we assume D ⊂ pCu(E, d) satisfies the con-
ditions of Proposition A.26. Recall that ‖ · ‖ denotes the supremum norm. We give
the rational Ray cone R = R(D) an enumeration {g0, g1, g2, . . .} with g0 = 0.
Clearly,

ρ(x, y) =
∞∑

n=1

|gn(x) − gn(y)|
2n‖gn‖

, x, y ∈ E, (A.23)

defines a metric ρ on E, and each gn is ρ-uniformly continuous. Let (Ē, ρ̄) denote
the completion of (E, ρ). Observe that the map x �→ (gn(x))n≥1 of E into K :=∏∞

n=1[0, ‖gn‖] with the metric q defined by

q(a, b) =
∞∑

n=1

|an − bn|
2n‖gn‖

, a, b ∈ K,

is an isometry. It follows that the completion (Ē, ρ̄) is compact. The topology on E
induced by the metric ρ is called the Ray topology of (Uα)α>0.

Proposition A.27 (Sharpe, 1988, p.91) Each function f ∈ Cu(E, ρ) extends to a
unique f̄ ∈ Cu(Ē, ρ̄). For each α > 0, we have Uα(Cu(E, ρ)) ⊂ Cu(E, ρ) and
Uα(Cu(E, d)) ⊂ Cu(E, ρ), and Cu(E, ρ) is the uniform closure of R − R :=
{f − g : f, g ∈ R}.

Proposition A.28 (Sharpe, 1988, p.91) If Uα(Cu(E, d)) ⊂ Cu(E, d) for all α > 0,
then the Ray topology is coarser than the original topology.

Proposition A.29 (Sharpe, 1988, p.92) Let Br(E) denote the σ-algebra on E gen-
erated by the Ray topology. Then B(E) ⊂ Br(E) ⊂ Bu(E) and UαBr(E) ⊂
Br(E) for every α > 0.

Proposition A.30 (Sharpe, 1988, pp.92–93) We have E ∈ Bu(Ē), so (E, ρ) is
a Radon space. If (E, d) is Lusin and if (Uα)α>0 maps bB(E) into itself, then
B(E) = Br(E) and E ∈ B(Ē), so (E, ρ) is a Lusin space.

For every f̄ ∈ Cu(Ē, ρ̄) we clearly have f := f̄ |E ∈ Cu(E, ρ). Then Uαf ∈
Cu(E, ρ) by Proposition A.27 and so Uαf extends continuously to some (Uαf)− ∈
Cu(Ē, ρ̄). Define the operators (Ūα)α>0 on Cu(Ē, ρ̄) by

Ūαf̄ = (Uαf)−, α > 0, f̄ ∈ Cu(Ē, ρ̄).

Theorem A.31 (Sharpe, 1988, p.93) For α > 0 and x ∈ E the measure Ūα(x, ·)
is carried by E ∈ Bu(Ē) and its restriction to E is Uα(x, ·). Moreover, the family
(Ūα)α>0 is a Ray resolvent on the space Ē.
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We call (Ūα)α>0 the Ray extension of (Uα)α>0. The space (Ē, ρ̄) constructed
above is called the Ray–Knight completion of (E, ρ) with respect to (Uα)α>0.
It depends not only on E, d and (Uα)α>0 but also on the choice of the fam-
ily D ⊂ pCu(E, d). If (Uα)α>0 is the resolvent associated with a conservative
right semigroup (Pt)t≥0, we also call (Ē, ρ̄) the Ray–Knight completion of (E, ρ)
with respect to (Pt)t≥0. In this case, the Ray semigroup (P̄t)t≥0 associated with
(Ūα)α≥0 is called the Ray extension of (Pt)t≥0.

Theorem A.32 (Sharpe, 1988, p.94) Let (Pt)t≥0 be a conservative right semigroup
on E. Then there is a realization ξ = (Ω,G , Gt, ξt, θt, Px) of (Pt)t≥0 which is a
right process in both (E, d) and (E, ρ) and the left limit ξt− := lims→t− ξs taken
in the Ray topology exists in Ē for all t > 0.

Theorem A.33 Suppose that (Pt)t≥0 is a conservative Borel right semigroup on a
Lusin topological space E. Then every right continuous realization of (Pt)t≥0 with
the augmented natural σ-algebras is a right process. In particular, the semigroup
can be realized canonically on the space of right continuous paths from [0,∞) to
E.

Proof. Let ξ be a right process with semigroup (Pt)t≥0. Then each f ∈ S α is a
nearly Borel function of ξ relative to the Ray topology; see Sharpe (1988, p.95). By
Proposition A.30, we have B(E) = Br(E), so each f ∈ S α is nearly Borel in the
original topology. Then the result follows by Sharpe (1988, p.98). �


If (Pt)t≥0 is a right semigroup on (E, d) not necessarily conservative, the associ-
ated resolvent (Uα)α>0 is not necessarily Markov. In this case, we let Ẽ = E∪{∂}
for an abstract point ∂ /∈ E. Let (Ẽ, d̃) be a topological extension of (E, d) with
∂ being an isolated point and let (P̃t)t≥0 denote the conservative extension of
(Pt)t≥0 on Ẽ with ∂ being a cemetery. Let (Ũα)α>0 denote the resolvent associated
with (P̃t)t≥0. Let R̃ be the countable Ray cone for (Ũα)α>0 constructed from D̃ ,
which is a countable uniformly dense subset of pCu(Ẽ, d̃) and contains the con-
stant function 1Ẽ . Let (Ē, ρ̄, Ūα, P̄t) be the corresponding Ray–Knight completion
of (Ẽ, d̃, Ũα, P̃t).

Proposition A.34 In the situation described above, if there are constants α > 0
and ε > 0 such that Uα1E(x) ≥ ε for all x ∈ E, then ∂ is an isolated point of Ē.

Proof. Since D̃ is uniformly dense in pCu(Ẽ, d̃), there is a function g̃ ∈ D̃ such
that g̃(∂) < αε/2 and g̃(x) ≥ 1 for every x ∈ E. Fix a rational β ∈ (α/2, α). Then
f̃ := Ũβ g̃ ∈ R̃ by the construction of R̃. Since ∂ is a cemetery for (P̃t)t≥0, we
have f̃(∂) = β−1g̃(∂) < ε. However, for every x ∈ E we have f̃(x) = Ũβ g̃(x) ≥
Uα1E(x) ≥ ε. Let f̄ be the unique continuous extension of f̃ to Ē. It follows that
f̄(x) ≥ ε for every x ∈ Ē \ {∂}. Then the point ∂ must be isolated in Ē. �


By Proposition A.34, if (Pt)t≥0 is a conservative right semigroup, then ∂ is an
isolated point of Ē. In that case, the topology of E inherited from Ē coincides with
its Ray topology defined directly by (Pt)t≥0. In the general case, we also call the
inherited topology of E the Ray topology of (Pt)t≥0.
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A.5 Entrance Space and Entrance Laws

Let ξ = (Ω,G , Gt, ξt, θt,Px) be a right process on the Radon topological space E
with transition semigroup (Pt)t≥0 and resolvent (Uα)α>0. We first assume (Pt)t≥0

is conservative. Let d be a metric for the topology of E such that the d-completion
of E is compact. Let (Ē, ρ̄, Ūα) be a Ray–Knight completion of (E, d, Uα) and let
(P̄t)t≥0 be the Ray extension of (Pt)t≥0. Set ER = {x ∈ Ē : Ū1(x, ·) is carried by
E}, which is called the Ray space for ξ or (Pt)t≥0. It was proved in Sharpe (1988,
p.191) that ER ∈ Bu(Ē) is a Radon topological space and E ⊂ ER. By the resol-
vent equation we have ER = {x ∈ Ē : Ūα(x, ·) is carried by E} for each α > 0.

Theorem A.35 (Sharpe, 1988, p.191) Let (Ē1, ρ̄1, Ū
α
1 ) and (Ē2, ρ̄2, Ū

α
2 ) be Ray–

Knight completions of (E, d1, U
α) and (E, d2, U

α) respectively, where d1 and d2

are totally bounded metrics for the original topology of E. Then the correspond-
ing Ray spaces E1

R and E2
R are homeomorphic under a mapping ψ : E1

R → E2
R

satisfying Ūα
1 (x,B) = Ūα

2 (ψ(x), B) for all α > 0 and B ∈ B(E).

Therefore, the Ray space ER together with the resolvent (Ūα)α>0 restricted to
ER is uniquely determined, up to homeomorphism, by the original topology on E
and (Uα)α>0. This makes the Ray space a natural object. Let D denote the set of
non-branch points of (P̄t)t≥0 on Ē, and let ED = D∩ER = {x ∈ ER : P̄0(x, ·) =
δx(·)} which is called the entrance space for (Pt)t≥0. Since D ∈ B(Ē), we have
ED ∈ B(ER, ρ).

Proposition A.36 (Sharpe, 1988, pp.192–193) We have:

(1) For x ∈ ER and t > 0, P̄t(x, ·) is carried by E.
(2) For x ∈ ER, P̄0(x, ·) is carried by ED.
(3) For x ∈ B, P̄0(x, ·) is not concentrated at any point of Ē.

The restriction (Qt)t≥0 of (P̄t)t≥0 to (ED, ρ) is a right semigroup, and ED \ E
is quasi-polar for any realization Y of (Qt)t≥0 as a right process, that is, for every
initial law μ on (ED, ρ) the Qμ-outer measure of {ω : Yt(ω) ∈ E for all t > 0}
is equal to one; see Sharpe (1988, p.193). The following theorem gives a complete
characterization of probability entrance laws for a conservative right semigroup.

Theorem A.37 (Sharpe, 1988, p.196) For every probability entrance law (ηt)t>0

for (Pt)t≥0 on E, there is a unique probability measure η0 on Bu(ED, ρ) such that
ηt = η0P̄t for every t > 0.

Corollary A.38 If E is a locally compact separable metric space and (Pt)t≥0 is a
Feller semigroup on E, then all probability entrance laws for (Pt)t≥0 are closable.

Proof. We assume E is not compact, for otherwise the proof is easier. Let Ē =
E ∪ {∂} be a one-point compactification of E. Then Ē is compact and separable,
so it is metrizable. Let d̄ be a metric on Ē compatible with its topology and let d be
the restriction of d̄ to E. It is easy to see that the Ray–Knight completion of E given
by d and (Pt)t≥0 coincides with Ē and the entrance space is just E. Then the result
follows from Theorem A.37. �
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In the remainder of this section, let E be a Lusin topological space and consider
a Borel right semigroup (Pt)t≥0 on E which is not necessarily conservative. Let
E∂ = E ∪ {∂} be a topological extension of E with ∂ being an isolated point. Let
Ω denote the space of right continuous paths w from R to E∂ such that there are
constants α(w) < β(w) so that wt ∈ E for t ∈ (α(w), β(w)) and wt = ∂ for t ∈
(α(w), β(w))c. Let (F 0, F 0

t )t∈R be the natural σ-algebras on Ω generated by the
coordinate process. For r ∈ [−∞,∞) let Ωr denote the space of right continuous
paths w ∈ Ω satisfying α(w) = r.

Theorem A.39 (Getoor and Glover, 1987, pp.57–58) Let (ηt)t∈R be an entrance
rule for (Pt)t≥0. Then there exists a Radon measure ρ(ds) on R and an entrance
law (νr

t )t>r for every r ∈ [−∞,∞) so that

ηt = ν−∞
t +

∫ ∞

−∞
νs

t ρ(ds), t ∈ R, (A.24)

where νs
t = 0 for t ≤ s by convention.

Theorem A.40 (Getoor and Glover, 1987, p.63) To each entrance rule (ηt)t∈R for
(Pt)t≥0 there corresponds a unique σ-finite measure Qη on (Ω,F 0) so that

Qη{wt1 ∈ dx1, wt2 ∈ dx2, . . . , wtn ∈ dxn}
= ηt1(dx1)Pt2−t1(x1, dx2) · · ·Ptn−tn−1(xn−1, dxn) (A.25)

for all {t1 < · · · < tn} ⊂ R and {x1, . . . , xn} ⊂ E. Moreover, if (ηt)t∈R is an
entrance law at r ∈ R, then Qη is carried by Ωr.

The measure Qη defined by (A.25) is called the Kuznetsov measure correspond-
ing to the entrance rule (ηt)t∈R; see Getoor and Glover (1987). This property
roughly means that {wt : t ∈ R} is a Markov process with transition semigroup
(Pt)t≥0 and one-dimensional distributions (ηt)t∈R. For the entrance rule (ηt)t∈R

given by (A.24), the measure Qη can be represented as

Qη(dw) = Q−∞(dw) +
∫ ∞

−∞
Qs(dw)ρ(ds), (A.26)

where Qs is the Kuznetsov measure corresponding to the entrance law (νs
t )t>s; see

Getoor and Glover (1987, p.66). The theory of Kuznetsov measures was developed
systematically in Dellacherie et al. (1992) and Getoor (1990).

Example A.1 Let (Pt)t≥0 be the transition semigroup of the absorbing-barrier
Brownian motion in (0,∞). For any t > 0 the kernel Pt(x,dy) has density

pt(x, y) = gt(x − y) − gt(x + y), x, y > 0, (A.27)

where

gt(z) =
1√
2πt

exp{−z2/2t}, t > 0, z ∈ R. (A.28)
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We can define an entrance law (κt)t>0 for (Pt)t≥0 by

κt(f) =
2
t

∫ ∞

0

ygt(y)f(y)dy =
d
dx

Ptf(0+), f ∈ bB(0,∞). (A.29)

The corresponding Kuznetsov measure n(dw) is called Itô’s excursion law, which is
carried by the set of positive continuous paths {wt : t > 0} such that w0+ = wt = 0
for every t ≥ τ0(w) := inf{s > 0 : ws = 0}; see, e.g., Ikeda and Watanabe (1989,
p.124).

A.6 Concatenations and Weak Generators

Suppose that E is a Lusin topological space and (Pt)t≥0 is a Borel right semigroup
on this space. We consider a right process ξ = (Ω,G , Gt, ξt, θt,Px) with transi-
tion semigroup (Pt)t≥0. Let (F , Ft) be the augmentations of the B(E)-natural
σ-algebras (F 0, F 0

t ) generated by {ξt : t ≥ 0}. A right continuous (Ft)-adapted
increasing process {K(t) : t ≥ 0} is called an additive functional of ξ if K0 = 0
and for every bounded stopping time T we have a.s.

KT+t = KT + Kt ◦ θT , t ≥ 0. (A.30)

Clearly, an additive functional {K(t) : t ≥ 0} defines a σ-finite random measure
K(ds) on [0,∞). For any β ∈ bB(E) write

Kt(β) =
∫

[0,t]

β(ξs)K(ds), t ≥ 0.

Let bE (K) denote the set of functions β ∈ bB(E) so that t �→ e−Kt(β) is a lo-
cally bounded stochastic process. Note that bE (K) ⊃ pbB(E). We say an additive
functional {K(t) : t ≥ 0} is admissible if each ω �→ Kt(ω) is measurable with
respect to the natural σ-algebra F 0 and

k(t) := sup
x∈E

Px

[
K(t)

]
→ 0, t → 0. (A.31)

In the sequel, we assume {K(t) : t ≥ 0} is a continuous admissible additive
functional of ξ. Let b ∈ bE (K) and let γ(x,dy) be a bounded Borel kernel on E.
For f ∈ bB(E) we consider the linear evolution equation

qt(x) = Px

[
e−Kt(b)f(ξt)

]
+ Px

[ ∫ t

0

e−Ks(b)γ(ξs, qt−s)K(ds)
]

, (A.32)

where t ≥ 0 and x ∈ E. Recall that ‖ · ‖ denotes the supremum norm.

Proposition A.41 For every f ∈ bB(E) there is a unique locally bounded Borel
function (t, x) �→ qt(x) on [0,∞) × E solving (A.32), which is given by
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qt(x) = Px

[
e−Kt(b)f(ξt)

]
+ Px

{ ∫ t

0
e−Ks1 (b)K(ds1)Pμs1

f(ξt−s1)

}

+

∞∑

i=2

Px

{ ∫ t

0
e−Ks1 (b)K(ds1)Pμs1

{ ∫ t−σ1

0
e−Ks2 (b)K(ds2) · · ·

Pμsi−1

{ ∫ t−σi−1

0
e−Ksi

(b)K(dsi)Pμsi

[
e−Kt−σi

(b)f(ξt−σi
)
]
}

· · ·
}}

,

where σi =
∑i

j=1 sj and μs = γ(ξs, ·). Moreover, the operators πt : f �→ qt form
a locally bounded semigroup (πt)t≥0.

Proof. For r ≥ 0 it is not hard to see that (t, x) �→ qt(x) satisfies (A.32) for t ≥ 0
if and only if it satisfies the equation for 0 ≤ t ≤ r and (t, x) �→ qr+t(x) satisfies

qr+t(x) = Px

[
e−Kt(b)qr(ξt)

]
+ Px

[ ∫ t

0
e−Ks(b)γ(ξs, qr+t−s)K(ds)

]

(A.33)

for t ≥ 0. Let t �→ l(t) be an increasing deterministic function so that e−Kt(b) ≤ l(t)
for all t ≥ 0. Fix a constant δ > 0 so that k(δ)l(δ)‖γ(·, 1)‖ < 1. Observe that the i-
th term of the series in the definition of qt(x) is bounded by k(t)il(t)i‖γ(·, 1)‖i‖f‖.
Then the series converges uniformly on [0, δ] × E. Since each ω �→ Kt(ω) is mea-
surable with respect to the natural σ-algebra, it is easy to see that (t, x) �→ qt(x) is
jointly measurable and satisfies (A.32) on [0, δ] × E. By the relation of (A.32) and
(A.33) we can extend (t, x) �→ qt(x) to a solution of (A.32) on [0,∞) × E. More-
over, the operator f �→ qt determines a bounded Borel kernel πt(x,dy) on E and
(πt)t≥0 form a locally bounded semigroup. To show the uniqueness of the solution
of (A.32), suppose that (t, x) �→ vt(x) is a locally bounded solution of (A.32) with
v0(x) ≡ 0. It is easily seen that

‖vt‖ ≤ l(t)‖γ(·, 1)‖ sup
x∈E

Px

[ ∫ t

0

‖vt−s‖K(ds)
]

,

and hence

sup
0≤s≤t

‖vs‖ ≤ k(t)l(t)‖γ(·, 1)‖ sup
0≤s≤t

‖vs‖

for every t ≥ 0. Then we must have ‖vt‖ = 0 for 0 ≤ t ≤ δ. Using the above
procedure and the relation of (A.32) and (A.33) successively we get ‖vt‖ = 0 for
all t ≥ 0. Since (A.32) is a linear equation, that gives the uniqueness of the solution.

�


Proposition A.42 Let f ∈ bB(E) and let (t, x) �→ πtf(x) be defined by (A.32).
Then t �→ πtf(x) is right continuous pointwise on E if and only if so is t �→ Ptf(x).

Proof. Clearly, the second term on the right-hand side of (A.32) tends to zero as
t → 0. Moreover, by (A.31) we have

lim
t→0

∣
∣Px[(1 − e−Kt(b))f(ξt)]

∣
∣ ≤ lim

t→0
‖f‖Px

[
|1 − e−Kt(b)|

]
= 0.
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It follows that

lim
t→0

πtf(x) = lim
t→0

Px

[
e−Kt(b)f(ξt)

]
= lim

t→0
Ptf(x),

which means if one of the limits exists, so do the other two and the equalities hold.
Then we get the result by the semigroup properties of (Pt)t≥0 and (πt)t≥0. �


Now suppose that b(x) ≥ γ(x, 1) for every x ∈ E. Let (πt)t≥0 be defined by
(A.32). Since (Pt)t≥0 is not conservative in general, we can only understand ξ =
(Ω,G , Gt, ξt,Px) as a right process in the extended state space E∪{∂} with ∂ being
an isolated cemetery. Let Ē be a Ray–Knight completion of E ∪ {∂} relative to ξ.
Then Proposition A.30 implies E ∈ B(Ē). By Theorem A.32 we have Px{the left
limit ξt− := lims→t− ξs taken in the Ray topology exists in Ē for all t > 0} = 1.
Let γ̂(x,dy) be a sub-Markov kernel on E satisfying γ(x,dy) = b(x)γ̂(x,dy). We
extend γ̂(x,dy) to a Markov kernel from E to Ē by setting γ̂(x, {∂}) = 1−γ̂(x,E).
Fix x0 ∈ E and let b(x) = b(x0) and γ̂(x, ·) = γ̂(x0, ·) for x ∈ Ē \ E. Let
ξ̂ = (Ω, Ĝ , Ĝt, ξ̂t, P̂x) be the subprocess with lifetime ζ constructed from ξ and the
strictly positive multiplicative functional t �→ exp{−Kt(b)}. Then ξ̂ is also a right
process; see Sharpe (1988, p.287). Let ξ̃ = (Ω̃, G̃ , G̃t, ξ̃t, P̃x) be the concatenation
defined from an infinite sequence of copies of ξ̂ and the transfer kernel η(ω, dy) :=
γ̂(ξζ(ω)−(ω), dy) as in Sharpe (1988, p.82). The intuitive idea of this concatenation
is described as follows. The process ξ̃ evolves as ξ until time ζ, it is then revived by
means of the kernel η, and evolves again as ξ and so on. It is known that ξ̃ is also a
right process; see Sharpe (1988, p.79 and p.82). Suppose that every f ∈ bB(E) is
extended trivially to Ē \ E. Then we have the renewal equation

P̃x[f(ξ̃t)] = Px[1{t<ζ(ω)}f(ξt(ω))] + Px[1{ζ(ω)≤t}P̃η(ω,·)[f(ξ̃t−ζ(ω)(ω̃))]],

where the expectations of ξ̃t or ω̃ are taken with respect to P̃x or P̃η(ω,·) and those
of ω are taken with respect to Px. By Sharpe (1988, p.210), we have Px{the path
t �→ ξt has at most countably many jumps} = 1. Let (P̃t)t≥0 denote the transition
semigroup of ξ̃. The above equation can be rewritten as

P̃tf(x) = Px

[
f(ξt)e−Kt(b)

]
+ Px

[ ∫ t

0

γ̂P̃t−sf(ξs)e−Ks(b)b(ξs)K(ds)
]

.

Then (t, x) �→ P̃tf(x) is a solution of (A.32). Since the processes ξ and ξ̃ coincide
during the time interval [0, ζ), they induce identical fine topologies on E.

Theorem A.43 If b(x) ≥ γ(x, 1) for every x ∈ E, then the semigroup (πt)t≥0

defined by (A.32) is a right semigroup which induces the same fine topology on
E as (Pt)t≥0. Moreover, if (Pt)t≥0 has a Hunt realization, so does the semigroup
(πt)t≥0.

Proof. The first assertion follows from the arguments given above and the unique-
ness of the solution of (A.32). Since t �→ exp{−Kt(b)} is continuous and strictly
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positive, the lifetime ζ of the subprocess ξ̂ is totally inaccessible. Then ξ̃ is a Hunt
process if so is ξ. That proves the second assertion. �


Let bCξ(E) be the set of functions f ∈ bB(E) that are finely continuous relative
to ξ. Theorem A.20 implies that t �→ Ptf(x) is right continuous pointwise for every
f ∈ bCξ(E). Let (Uα)α>0 denote the resolvent of ξ.

Lemma A.44 The set of functions UβbCξ(E) is independent of β > 0. Moreover,
if g1, g2 ∈ bCξ(E) and Uβg1 = Uβg2 for some β > 0, then g1 = g2.

Proof. Let us consider two constants α, β > 0. If f ∈ UβbCξ(E), we have f =
Uβg for some g ∈ bCξ(E). Then the resolvent equation implies that

f = Uαg − (β − α)UαUβg = Uαh,

where h = g − (β − α)Uβg ∈ bCξ(E). It follows that UβbCξ(E) ⊂ UαbCξ(E).
By symmetry we have UαbCξ(E) ⊂ UβbCξ(E). That proves the first assertion.
Suppose that g1, g2 ∈ bCξ(E) and Uβg1 = Uβg2 for some β > 0. By the resol-
vent equation we have Uαg1 = Uαg2 for every α > 0. Since t �→ Ptg1(x) and
t �→ Ptg2(x) are right continuous, we have g1 = g2 by the uniqueness of Laplace
transforms. �


Fix β > 0 and let D(A) = UβbCξ(E). For f = Uβg ∈ D(A) with g ∈ bCξ(E)
set Af = βf − g, which is well-defined by Lemma A.44. We call (A,D(A))
the weak generator of (Pt)t≥0. By the resolvent equation of (Uα)α>0 it is easy
to show that (A,D(A)) is independent of the choice of β > 0. We can also define a
multi-valued version of the weak generator following Ethier and Kurtz (1986). Let
D(Ã) = UβbB(E) and for any f ∈ D(Ã) let Ãf = {βf − g : g ∈ bB(E) and
Uβg = f}. It is easy to show that (Ã,D(Ã)) is also independent of the choice of
β > 0. In particular, for any f ∈ D(A) we have Af ∈ Ãf .

Proposition A.45 Let α > 0. Then Uα(α − A)f = f for every f ∈ D(A) and
(α − A)Uαf = f for every f ∈ bCξ(E).

Proof. For any f ∈ D(A) there is g ∈ bCξ(E) so that f = Uβg. Then the definition
of Af and the resolvent equation yields

Uα(α − A)f = Uα(αf − βf + g) = (α − β)UαUβg + Uαg = Uβg = f,

giving the first assertion. For any f ∈ bCξ(E) we first use the resolvent equation to
see

Uαf = Uβf + (β − α)UβUαf = Uβh,

where h = f + (β − α)Uαf . Therefore

(α − A)Uαf = αUαf − AUβh = αUαf − βUβh + h = f.

That gives the second assertion. �
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Theorem A.46 Let (A,D(A)) be the weak generator of (Pt)t≥0. Then for f ∈
D(A) we have

Ptf(x) = f(x) +
∫ t

0

PsAf(x)ds, t ≥ 0, x ∈ E. (A.34)

Proof. Suppose that f = Uβg for g ∈ bCξ(E). Then UαAf = αUαf − f for
α > 0 by Proposition A.45. Using this relation it is easy to show

∫ ∞

0

e−αtdt

∫ t

0

PsAf(x)ds =
∫ ∞

0

e−αt(Ptf − f)(x)dt.

Since f is finely continuous relative to ξ, the function t �→ Ptf(x) is right continu-
ous for every x ∈ E. Then (A.34) follows by the uniqueness of Laplace transforms.

�


Corollary A.47 Let (A,D(A)) be the weak generator of (Pt)t≥0. Then for f ∈
D(A) we have

Af(x) = lim
t→0

1
t

[
Ptf(x) − f(x)

]
, x ∈ E. (A.35)

Proof. Since Af ∈ bCξ(E), we have (A.35) from (A.34). �


In the remainder of this section we consider the semigroup (πt)t≥0 defined by
(A.32) in the special case with K(ds) = ds being the Lebesgue measure. Given
a function b ∈ bB(E), we define a locally bounded semigroup of Borel kernels
(P b

t )t≥0 on E by the following Feynman–Kac formula:

P b
t f(x) = Px

[
e−

∫ t
0 b(ξs)dsf(ξt)

]
, x ∈ E, f ∈ bB(E). (A.36)

Then we can rewrite (A.32) into

πtf(x) = P b
t f(x) +

∫ t

0

P b
t−sγπsf(x)ds, t ≥ 0, x ∈ E. (A.37)

Lemma A.48 (Gronwall’s inequality) Suppose that t �→ g(t) ≥ 0 and t �→ h(t)
are integrable functions on the interval [0, T ]. If there is a constant C > 0 such that

g(t) ≤ h(t) + C

∫ t

0

g(s)ds, 0 ≤ t ≤ T, (A.38)

then

g(t) ≤ h(t) + C

∫ t

0

eC(t−s)h(s)ds, 0 ≤ t ≤ T. (A.39)

Proof. Let f(t) denote the right-hand side of (A.39). By integration by parts,
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∫ t

0

f(s)ds =
∫ t

0

h(s)ds + C

∫ t

0

[

eCu

∫ u

0

e−Csh(s)ds

]

du

=
∫ t

0

h(s)ds + eCt

∫ t

0

e−Csh(s)ds −
∫ t

0

h(s)ds

=
∫ t

0

eC(t−s)h(s)ds.

It follows that

f(t) = h(t) + C

∫ t

0

f(s)ds, 0 ≤ t ≤ T. (A.40)

Let Δ(t) = f(t) − g(t). From (A.38) and (A.40) we have

Δ(t) ≥ C

∫ t

0

Δ(s)ds ≥ C2

∫ t

0

ds

∫ s

0

Δ(r)dr = C2

∫ t

0

(t − r)Δ(r)dr

≥ C3

∫ t

0

(t − r)dr

∫ r

0

Δ(s)ds =
C3

2

∫ t

0

(t − s)2Δ(s)ds

≥ · · ·

≥ Cn

(n − 1)!

∫ t

0

(t − s)n−1Δ(s)ds.

The right-hand side goes to zero as n → ∞. Then Δ(t) ≥ 0 and (A.39) follows. �


Proposition A.49 For any f ∈ bB(E) the solution to (A.37) is also the unique
locally bounded solution to

πtf(x) = Ptf(x) +
∫ t

0

Pt−s(γ − b)πsf(x)ds, t ≥ 0, x ∈ E. (A.41)

Moreover, we have ‖πtf‖ ≤ ‖f‖ec0t for all t ≥ 0, where c0 = ‖b−‖ + ‖γ(·, 1)‖
and b− = 0 ∨ (−b).

Proof. Let (t, x) �→ πtf(x) be the unique locally bounded solution of (A.37). We
can use the Markov property of ξ and Fubini’s theorem to write

∫ t

0

ds

∫

E

b(y)P b
s f(y)Pt−s(x,dy)

=
∫ t

0

Px

{
b(ξt−s)Pξt−s

[
e−

∫ s
0 b(ξu)duf(ξs)

]}
ds

=
∫ t

0

Px

[
b(ξt−s)e−

∫ t
t−s

b(ξu)duf(ξt)
]
ds

= Px

[

f(ξt)
∫ t

0

b(ξt−s)e−
∫ t
t−s

b(ξu)duds

]

= Px

{[
1 − e−

∫ t
0 b(ξu)du

]
f(ξt)

}

= Ptf(x) − P b
t f(x).
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By similar calculations,

∫ t

0

ds

∫

E

[

b(y)
∫ s

0

P b
s−rγπrf(y)dr

]

Pt−s(x,dy)

=
∫ t

0

ds

∫ s

0

Px

{
b(ξt−s)Pξt−s

[
e−

∫ s−r
0 b(ξu)duγπrf(ξs−r)

]}
dr

=
∫ t

0

ds

∫ s

0

Px

[
b(ξt−s)e−

∫ t−r
t−s

b(ξu)duγπrf(ξt−r)
]
dr

= Px

[ ∫ t

0

γπrf(ξt−r)dr

∫ t

r

b(ξt−s)e−
∫ t−r
t−s

b(ξu)duds

]

= Px

{ ∫ t

0

γπrf(ξt−r)
[
1 − e−

∫ t−r
0 b(ξu)du

]
dr

}

=
∫ t

0

Pt−rγπrf(x)dr −
∫ t

0

P b
t−rγπrf(x)dr.

Then we can add up the two equations and use (A.37) to get (A.41). For any solution
(t, x) �→ πtf(x) of (A.41) we have

‖πtf‖ ≤ ‖f‖ + c0

∫ t

0

‖πt−sf‖ds = ‖f‖ + c0

∫ t

0

‖πsf‖ds.

Then Gronwall’s inequality implies ‖πtf‖ ≤ ‖f‖ec0t. That gives the uniqueness of
the solution since (A.41) is a linear equation. �


Now we prove some analytic properties of the semigroup (πt)t≥0 defined by
(A.37) or (A.41). By Proposition A.49 we have ‖πtf‖ ≤ ‖f‖ec0t for t ≥ 0 and
f ∈ bB(E). Then we can define the operators (Rα)α>c0 on bB(E) by

Rαf(x) =
∫ ∞

0

e−αtπtf(x)dt, x ∈ E, f ∈ bB(E). (A.42)

Proposition A.50 For every α > c0 and f ∈ bB(E) we have

Rαf(x) = Uαf(x) + Uα(γ − b)Rαf(x), x ∈ E.

Proof. By taking the Laplace transforms of both sides of (A.41) we have

Rαf(x) = Uαf(x) +
∫ ∞

0

e−αtdt

∫ t

0

Pt−s(γ − b)πsf(x)ds

= Uαf(x) +
∫ ∞

0

ds

∫ ∞

s

e−αtPt−s(γ − b)πsf(x)dt

= Uαf(x) +
∫ ∞

0

e−αsUα(γ − b)πsf(x)ds

= Uαf(x) + Uα(γ − b)Rαf(x).

That proves the desired equation. �
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Proposition A.51 Let f ∈ bB(E). Then we have f ∈ (α− Ã)Uαf for α > 0 and
f ∈ (α − Ã − γ + b)Rαf for α > c0.

Proof. Let h = f + (β − α)Uαf . By the resolvent equation we have Uαf = Uβh.
Then the definition of Ã implies f = (α − β)Uαf + h ∈ {αUαf − βUαf + g :
g ∈ bB(E) and Uβg = Uαf} = (α − Ã)Uαf , which gives the first assertion. For
α > c0 we get from Proposition A.50 that

(α − Ã − γ + b)Rαf = (α − Ã)Rαf − (γ − b)Rαf
= (α − Ã)Uα[f + (γ − b)Rαf ] − (γ − b)Rαf.

By the first assertion, the set represented by the first term on the right-hand side
includes f +(γ−b)Rαf . Then (α− Ã−γ +b)Rαf includes f , proving the second
assertion. �


Lemma A.52 Let α > c0 and f ∈ D(Ã). Then for any h ∈ (α − Ã − γ + b)f we
have ‖h‖ ≥ (α − c0)‖f‖.

Proof. For h ∈ (α−Ã−γ+b)f we have αf−γf +bf−h ∈ Ãf . By the definition
of Ã, there exist g ∈ bB(E) so that Uαg = f and αf − γf + bf − h = αf − g.
Therefore ‖f‖ ≤ α−1‖g‖ and h = g− γf + bf . It follows that ‖h‖ ≥ ‖g‖−‖(γ +
b−)f‖ ≥ (α − c0)‖f‖. �


Lemma A.53 If f1 and f2 are distinct functions from D(Ã), then for any α > c0

the intersection (α − Ã − γ + b)f1 ∩ (α − Ã − γ + b)f2 is empty.

Proof. Suppose that h ∈ (α− Ã− γ + b)f1 ∩ (α− Ã− γ + b)f2. Then there exist
h1 ∈ Ãf1 and h2 ∈ Ãf2 so that h = (α− γ + b)f1 −h1 = (α− γ + b)f2 −h2. By
the definition of Ã, there exist g1, g2 ∈ bB(E) so that fi = Uβgi and hi = βfi−gi

for i = 1 and 2. It follows that (f2 − f1) = Uβ(g2 − g1) and h2 − h1 = β(f2 −
f1) − (g2 − g1). Those imply h2 − h1 ∈ Ã(f2 − f1), and so

0 = (α − γ + b)(f2 − f1) − (h2 − h1) ∈ (α − γ + b − Ã)(f2 − f1),

which is in contradiction to Lemma A.52. �


Lemma A.54 For any α > c0 and f ∈ D(A) we have f = Rα(α − A − γ + b)f .

Proof. Clearly, for f ∈ D(A) the set (α − Ã − γ + b)f contains the function
h := (α − A − γ + b)f . By Proposition A.51 we have h ∈ (α − Ã − γ + b)Rαh.
Then the sets (α − Ã − γ + b)f and (α − Ã − γ + b)Rαh have a non-empty
intersection. Thus Lemma A.53 implies that f = Rαh. �


Theorem A.55 Let f ∈ D(A) and let (t, x) �→ πtf(x) be defined by (A.37) or
(A.41). Then we have

πtf(x) = f(x) +
∫ t

0

πs(A + γ − b)f(x)ds, t ≥ 0, x ∈ E.
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Proof. By Theorems A.16 and A.20, any f ∈ D(A) is finely continuous relative
to ξ, so t �→ Ptf(x) is right continuous pointwise. Then Proposition A.42 implies
t �→ πtf(x) is right continuous pointwise. By integration by parts it is easy to show

∫ ∞

0

e−αtdt

∫ t

0

πs(A + γ − b)fds =
1
α

Rα(A + γ − b)f.

Using Lemma A.54 one can see the above value is equal to

Rαf − 1
α

f =
∫ ∞

0

e−αt(πtf − f)dt.

Then the desired equation follows by the uniqueness of the Laplace transform. �


A.7 Time–Space Processes

In this section we discuss briefly time–space processes associated with inhomo-
geneous Markov processes. For simplicity we only consider those processes with
Borel transition semigroups. Suppose that I ⊂ R is an interval and F is a Lusin
topological space. Let Ẽ be a Borel subset of I × F . For t ∈ I let Et = {x ∈ F :
(t, x) ∈ Ẽ}. Then each Et is a Lusin topological space. We fix an abstract point
∂ /∈ I × F and assume all functions on Ẽ ⊂ I × F have been extended trivially to
Ẽc ∪ {∂}.

Suppose that for each pair r ≤ t ∈ I there is a Markov kernel Pr,t from
(Er, B(Er)) to (Et, B(Et)). The family (Pr,t : r ≤ t ∈ I) is called an inhomoge-
neous transition semigroup with global state space Ẽ if it satisfies the Chapman–
Kolmogorov equation

Pr,t(x,B) =
∫

Es

Pr,s(x,dy)Ps,t(y,B) (A.43)

for all r ≤ s ≤ t ∈ I , x ∈ Er and B ∈ B(Et). In this work, we assume for every
f ∈ bB(Ẽ) the function

(r, x, t) �→ 1{r≤t}

∫

Et

f(t, y)Pr,t(x,dy)

is measurable with respect to the σ-algebra B(Ẽ × I).

Definition A.56 The collection ξ = (Ω,G , Gr,t, ξt,Pr,x) is called an inhomoge-
neous Markov process with global state space Ẽ and transition semigroup (Pr,t :
r ≤ t ∈ I) if the following conditions are satisfied:

(1) For every r ∈ I , (Ω,G , Gr,t : t ∈ I ∩ [r,∞)) is a filtered measurable space so
that Gs,t ⊂ Gr,u for r ≤ s ≤ t ≤ u ∈ I .
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(2) For every r ≤ t ∈ I , ω �→ ξt(ω) is a measurable mapping from (Ω,Gr,t) to
(Et, B(Et)).

(3) For every (r, x) ∈ Ẽ, Pr,x is a probability measure on (Ω,G ) such that for
every H ∈ bG the function (r, x) �→ Pr,x(H) is B(Ẽ)-measurable.

(4) For every (r, x) ∈ Ẽ we have Pr,x{ξr = x} = 1 and the following simple
Markov property holds:

Pr,x

[
f(ξt)|Gr,s

]
= Ps,tf(ξs), r ≤ s ≤ t ∈ I, f ∈ bB(Et).

We say ξ is right continuous if t �→ ξt(ω) is right continuous for every ω ∈ Ω.

Given an inhomogeneous transition semigroup (Pr,t : r ≤ t ∈ I) with global
state space Ẽ, we can define a homogeneous Borel transition semigroup (P̃t)t≥0 on
Ẽ by

P̃tf(r, x) = 1I(r + t)
∫

Er+t

f(r + t, y)Pr,r+t(x,dy), (A.44)

where t ≥ 0, (r, x) ∈ Ẽ and f ∈ bB(Ẽ). We call (P̃t)t≥0 the time–space semi-
group associated with (Pr,t : r ≤ t ∈ I). Suppose that ξ = (Ω,G , Gr,t, ξt,Pr,x)
is a right continuous inhomogeneous Markov process with transition semigroup
(Pr,t : r ≤ t ∈ I). Let Ω̃ = I × Ω. For (v, ω) ∈ Ω̃ define

ξ̃t(v, ω) =
{ (v + t, ξv+t(ω)) if t ≥ 0 and v + t ∈ I ,

∂ if t ≥ 0 and v + t /∈ I .
(A.45)

Let (F̃ , F̃t) be the B(Ẽ)-natural σ-algebras generated by {ξ̃t : t ≥ 0}. For
(r, x) ∈ Ẽ let P̃r,x be the probability measure on (Ω̃, F̃ ) induced by Pr,x via
the mapping ω �→ (r, ω).

Theorem A.57 The system ξ̃ = (Ω̃, F̃ , F̃t, ξ̃t, P̃r,x) is a right continuous Markov
process in Ẽ with transition semigroup (P̃t)t≥0.

Proof. Let (r, x) ∈ Ẽ and t ≥ s ≥ 0. Let f = fv(x) = f(v, x) be a bounded Borel
function on Ẽ. Since P̃r,x is concentrated on {r} × Ω, if r + t ∈ I , we have

P̃r,x

[
f(ξ̃t)|F̃s

]
= P̃r,x

[
f(r + t, ξr+t)|σ({ξr+u : 0 ≤ u ≤ s})

]

= Pr,x

[
f(r + t, ξr+t)|Gr,r+s

]
= Pr+s,r+tfr+t(ξr+s)

= P̃t−sf(r + s, ξr+s) = P̃t−sf(ξ̃s).

If r + t /∈ I , both sides of the above equality are equal to zero. Then ξ̃ is a Markov
process with transition semigroup (P̃t)t≥0. �


We call ξ̃ = (Ω̃, F̃ , F̃t, ξ̃t, P̃r,x) the time–space process of ξ. By Theorem A.57,
the study of the inhomogeneous process ξ can be reduced to that of the homoge-
neous time–space process ξ̃. If ξ̃ has a right realization, we call (Pr,t : r ≤ t ∈ I)
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an inhomogeneous right transition semigroup. The following theorem shows that
the terminology is consistent with that in the homogeneous case.

Theorem A.58 Suppose that Ẽ = [0,∞)×E for a Lusin topological space E and
there is a homogeneous Borel transition semigroup (Pt)t≥0 on E so that Pr,t =
Pt−r for t ≥ r ≥ 0. Then (P̃t)t≥0 is a right semigroup if and only if (Pt)t≥0 is a
right semigroup.

Proof. Suppose that (P̃t)t≥0 is a right semigroup. Let ξ̃ = (Ω̃, G̃ , G̃t, (αt, ξt), P̃r,x)
be a right realization of (P̃t)t≥0. One can use Theorem A.16 to see that ξ =
(Ω̃, G̃ , G̃t, ξt, P̃0,x) is a right process with transition semigroup (Pt)t≥0. Then
(Pt)t≥0 is a Borel right semigroup. The converse was obtained in Sharpe (1988,
p.86). �


Starting from a realization of the corresponding time–space process we can
also reconstruct the inhomogeneous process with transition semigroup (Pr,t :
t ≥ r ∈ I). For this purpose, let us consider a right continuous realization
ξ̃ = (Ω, G̃ , G̃t, (αt, yt),Pr,x) of (P̃t)t≥0. In view of (A.44) we have αt = α0 + t
for t ≥ 0. For ω ∈ Ω define

ξt(ω) =
{ yt−α0(ω)(ω) if t ∈ I ∩ [α0(ω),∞),

∂ if t ∈ I ∩ (−∞, α0(ω)). (A.46)

Let F = σ({ξt : t ∈ I}) and let Fr,t = σ({ξs : r ≤ s ≤ t}) for t ≥ r ∈ I .

Theorem A.59 The system ξ = (Ω,F , Fr,t, ξt,Pr,x) is a right continuous inho-
mogeneous Markov process with transition semigroup (Pr,t : t ≥ r ∈ I).

Proof. Let (r, x) ∈ Ẽ and r ≤ s ≤ t ∈ I . Since Pr,x{α0 = r} = 1, for any
f ∈ bB(Et) we have

Pr,x

[
f(ξt)|Fr,s

]
= Pr,x

[
f(ξt)|σ({ξu : r ≤ u ≤ s})

]

= Pr,x

[
f(yt−r)|σ({yu−r : r ≤ u ≤ s})

]

= Pr,x

[
f(yt−r)|G̃s−r

]
= P̃t−sf(αs−r, ys−r)

= P̃t−sf(s, ξs) = Ps,tf(ξs).

That gives the desired Markov property of ξ. �


Example A.2 Suppose that E is a complete separable metric space. Let DE :=
D([0,∞), E) be the space of càdlàg paths from [0,∞) to E equipped with the usual
Skorokhod metric. Then DE is also a complete separable metric space. Suppose that
(Pt)t≥0 is a Borel right semigroup on E with a càdlàg realization. For simplicity
we consider the canonical realization ξ = (DE , F 0, F 0

t , ξt,Px), where (F 0, F 0
t )

are the natural σ-algebras of DE and ξt(ω) = ω(t) for t ≥ 0 and ω ∈ DE . Let
ys(t) = y(t∧s) for s, t ≥ 0 and y ∈ DE . Let S = {(t, y) ∈ [0,∞)×DE : y = yt}.
For t ≥ 0 let

Dt
E = {y ∈ DE : y = yt} = {y ∈ DE : (t, y) ∈ S}.
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Then we have Ds
E ⊂ Dt

E for t ≥ s ≥ 0. Given r ≥ 0 and y1, y2 ∈ DE we define
y1/r/y2 ∈ DE by

(y1/r/y2)(t) =
{ y1(t) if 0 ≤ t < r,

y2(t − r) if r ≤ t < ∞.

The operators y �→ ys and (r, y1, y2) �→ y1/r/y2 are Borel measurable; see Del-
lacherie and Meyer (1978, p.146). We can define an inhomogeneous Borel transition
semigroup (P̄r,t : t ≥ r ≥ 0) with global state space S by

P̄r,tf(y) = Py(r)[f(y/r/ξt−r)], y ∈ Dr
E , f ∈ bB(Dt

E). (A.47)

From Proposition 2.1.2 of Dawson and Perkins (1991, p.14) it follows that (P̄r,t :
t ≥ r ≥ 0) is a right transition semigroup. For ω ∈ DE and t ≥ 0 let ξ̄t(ω) = ωt ∈
Dt

E . It is easy to see F 0
r,t := σ({ξ̄s : r ≤ s ≤ t}) = F 0

t for t ≥ r ≥ 0. For r ≥ 0
and y ∈ Dr

E define the probability measure P̄r,y on (DE , F 0) by

P̄r,y(A) = Py(r)({ω ∈ DE : y/r/ω ∈ A}), A ∈ F 0. (A.48)

Then ξ̄ = (DE , F 0, F 0
r,t, ξ̄t, P̄r,y) is a càdlàg realization of (P̄r,t : t ≥ r ≥ 0).

This process is called the path process of ξ; see Dawson and Perkins (1991). Clearly,
the path process records all the information of the history of the sample path of ξ.
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303

E u : universal completion of E 302
EA : trace/restriction of E on A 302
Fμ : Pμ-completion of Fu 310
G μ : Pμ-completion of G 310
G μ

t : augmentation of Gt 310
I (E) : a convex cone of functionals on

B(E)+ 15
I : a convex cone of functions on [0,∞) 20
K (P ) : a set of entrance laws for (Pt)t≥0

181
K (P )◦ : = K (P ) \ {0}, where 0 is the

trivial entrance law of (Pt)t≥0 184

K (Q) : a set of entrance laws for (Qt)t≥0
183

K (Q◦) : a set of entrance laws for (Q◦
t )t≥0

183
K (π) : a set of entrance laws for (πt)t≥0

181
K a(Q) : a subset of K (Q) 184
K a(Q◦) : a subset of K (Q◦) 184
K a

m(Q) : set of minimal elements of K a(Q)
184

K a
m(Q◦) : set of minimal elements of

K a(Q◦) 184
L 0

K(E) : set of step processes in L 2
K(E)

164
L 0

λ (F ) : set of step processes in L 1
λ (F )

236
L 1

λ (F ) : a space of two-parameter predictable
processes 235

L 2
K(E) : a space of two-parameter predictable

processes 163
N (G ) : family of null sets in Ḡ 310
N μ(G ) : family of Pμ-null sets in G μ 310
R : rational Ray cone of a resolvent 316
S (Rd) : Schwartz space on R

d 286
S α : set of α-excessive functions for a

semigroup 307
S ′(Rd) : dual space of S (Rd) 289
μ(f) : integral of f with respect to μ 2, 301
μA : trace of μ on A 302
σ(G ) : σ-algebra generated by G 1, 301
d1(·, ·) : a metric on L 1

λ (F ) 235
d2(·, ·) : a metric on L 2

K(E) 163
| · | : Euclidean norm 44, 131
‖ · ‖ : supremum/uniform norm of functions

1, 301
‖ · ‖ : total variation norm of signed measures

233
‖ · ‖K,T : a seminorm on L 2

K(E) 163

‖ · ‖λ,n : a seminorm on L 1
λ (F ) 235
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